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In this article we present the method for finding solutions to boundary value problems for
the homogenous g-fractional differential equation based on the reduction to Volterra integral
equations.

In this work we will use the following definitions of the Riemann-Liouville g-fractional
integrals and g-fractional derivatives on a finite interval. For more information see e.g. the books
[1], [2] and [3].

For q <(0,1), define

1-qg"
[m], “1q (meR)
The g-analog of the power function (n—m)* with ke N = {0,1,2,...} is
k-1 _
(n-m); =1, (n—m); = (h—g'm), keN, nmeR
i=0
More generally, if « €R, then
= n-q'm
1 O
=Tl @=0)
Note if m=0, thenny =n“. We also use the notation Og =0 for a >0. The g-gamma

function is defined by
(t-q);”
I, (05)=W, (¢ eR\{0,-1,-2,...})
Obviously, I, (a +1)= [a]q [, ().
The g-derivative of a function f is defined by

(qu)(t):w for t#0and (D, f }0)=lim(D,  Xt),
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and the g-derivatives of higher order are given by
(D2f)t)=f(t) and (Dff)t)=D,(DI*F)t), keN
The g-integral of a function f defined on the interval [0, b] is given by

(1, f)Xt)= jf(sd s=t(1— if(q‘t)qi, te[o,b]

If acfo,b]andfis deflned in the interval [0,b], then its integral from a to b is defined by
b

.[ f(s)dqs:i f(s)qu—i f(s)dqs

a 0 0

Similar to derivatives, an operator I: is given by
(18F)t)=f(t) and (14 FJE)=1, (142 F)t),  keN
For any s,t >0, the g-beta function is defined by
B,(s,t)= 'l[ts‘l(l— qt), d,t
0

The expression of g-beta function in terms of the g-gamma function can be written as

with
<1 T [a(jm+1)+1]

=1 Ck:lj_!l"q[a(jm+l+1)+l] (ken)

Definition 1. Let « >0 and f be a function defined on [0, T]. The fractional g-integral of

Riemann-Liouville type is given by (Ingt): f(t) and

(Ig‘f)(t):rqtaj; st Hs)d,s, @50, teoT]

Definition 2. The fractional g-derivative of Riemann-Liouville type of order >0 is
defined by (D th ) and

(Dg £ )t)=(D!1 £ )t), a>0
where | is the smallest integer greater than or equal to & .

The g-integral is defined by
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(130T )J00)= If (0, () =x@-a)Y. T(xa“J*  (0<[of<1)
k=0
The fractional g-integral is defined by

(15 )0 =2

a—l X

(e, 10,0 (x>aaeRr”)

a

The fractional g—derivative of Riemann-Liouville type is

« (' v )(X) a<0
(anf)(X)= [] q['a]_a
' (DLl £ )(x) a>0
where [« ] denotes the smallest integer greater or equal to & .
We consider the Cauchy type problem for the homogenous g-fractional differential
equation of order « >0 with the following initial conditions:

(D2, yNX)-x"y(x)=0 (& > 0,2 <R) 1)
(D&ky)o+)=b,, (b eRik=12..,n=-]-a) )

with g > —{a}.
Theorem 1. Let >0, n=—[-a] 4€R gnd #=0_ Then the Cauchy type problem (1)-

(2) has a unique solution y( )e Cy [a, b] and this solution is given by

q,n-a

n b

Y(X)er(—j-xij s ﬂ;[(ﬁxw)]

a—J+1) qa1+ N ERam
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