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 (см. [2]). Данный порядок можно получить при более точной оценке 

количества точек в 𝐸𝜌: |𝐸𝜌| <
𝜌2
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+ 6𝜌 = 𝑁.  
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Let 0 0 ( )nL L R  be the set of all Lebesgue measurable functions : nf R C ; 
0 0( )nL L R  is 

the set of functions 
0f L , for which the non-increasing rearrangement of the *f  is not identical 

to infinity. Non-increasing rearrangement *f  defined by the equality: 

 

 *( ) inf [0, ) : ( ) , (0, )ff t y y t t R        , 

 

where 

 

 ( ) : ( ) , [0, )n

f ny x R f x y y       

 

is the Lebesgue distribution function [1]. 

The function ** : (0, ) [0, ]f     is defined as 
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We define the following classes of function. 

Definition 1. Let (0, ]R  . We say that a function : (0, )R R   belongs to the class ( )nA R  

if: 

(1)   decreases and is continuous on (0, )R ; 

(2) ( ) nr r  ,  (0, )r R . 

For example, ( ) ( )nt t A    , 0 n  . 

Definition 2 [2]. Let (0, ]R  . A function : (0, )R R   belongs to the class ( )nB R  if the 

following conditions hold: 

(1)   decreases and is continuous on (0, )R ; 

(2) There exists a constant C R  such that 

 

1

0

( ) ( )

r

n nd C r r     , (0, )r R . 

 

For example, 

 

( ) ( )n

n

       (0 )n  ;   ( ) ln ( )n

eR
R


   , R R . 

 

For ( )nB R  the following estimate also holds: 

 

1 1

0

( ) ( )

r

n nd n r r      , (0, )r R . 

 

Therefore 

 

1

0

( ) ( )

r

n nd r r     , (0, )r R . 

 

 ( ) ( ) 0 ; ( ) , (0, )n

n R r r r R       . 

 

Lemma 1. ( ) ( )n nB R A R . 

Definition 3. Let (0, ]R  . We will say that : (0, )R R   belongs to the class ( )nE R  if 

 

1/

0
( ) ( )

nr

n

ds C

s s r


  , (0, )t R  .      (1) 

 

Note that relation (1) is equivalent to the inequality (can be obtained by a change of variables): 

 

0
( ) ( )

r
dt C

t t t


  .        (1’) 

 

For example the function ( ) ( )n

nt t A     (0 )n  . Indeed in this case 
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,1/ / 1

0 0

1

( ) ( )

n nt t

n

nn n n

Cds ds
C

s s s t t



  
  

   , t R  . 

 

Lemma 2. ( ) ( )n nE R B R . 

Definition 4. Let : R R   . The generalized fractional-maximal function M f
 is defined 

for the function 1( ) ( )n loc nf E R L R   by the equality 

 

0
( , )

( )( ) sup ( ) ( )
r

B x r

M f x r f y dy


   , 

 

where ( , )B x r  is a ball with the center at the point x  and radius  r . That is, consider the operator 

1 0: ( ) ( )loc n nM L R L R  . 

In the case ( ) nr r  , (0, )n   we obtain the classical fractional-maximal function M f

[3]: 

 

0
( , )

1
( )( ) sup ( )

n
r

B x r

M f x f y dy
r

 


   

 

We denote by ( )n

E EM M R   the set of the functions u , for which there is a function 

( )nf E R  such that 

 

( ) ( )( )u x M f x , 

 

 inf : ( ),
E

n

M E
u f f E R M f u    . 

 

Theorem 1. Let ( )nA  . Then there exist a positive constant C  depending from n  such 

that 

 
* 1/ **( ) ( ) sup ( ) ( )n

t s

M f t C s s f s
 

  ,  (0, )t   

 

for every 1 ( )loc nf L R . 

Theorem 2. Let ( )nA  . Inequality (10) is sharp in the sense that for every 0 (0, ; )L     

there exists a function 1( )nf L R  such that *f   a.e. on (0, )  and  

 
* 1/ **( ) ( ) sup ( ) ( )n

t s

M f t C s s f s
 

  ,  (0, )t  , 

 

where, C  is a positive constant which depends only on n . 

Theorem 3. Let ( )nB  . Then there exist a positive constant C  depending from n  such 

that 

 
** 1/ **( ) ( ) sup ( ) ( )n

t s

M f t C s s f s
 

  ,  (0, )t   
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for every  1 ( )loc nf L R . 

 

References 

1. C.Bennett, R.Sharpley, Interpolation of operators. Pure and applied mathematics, Volume 

129. Boston, MA: Acad. Press Inc., 1988.  

2. M.L. Goldman, E.G. Bakhtigareeva Some classes of  operators in general Morrey-type 

spaces // Eurasian Mathematical Journal, Volume 11, №4, 2020, p.35-44. 

3. R.Ch. Mustafayev, N.Bilgicli Generalized fractional maximal functions in Lorentz spaces A 

// Journal of Mathematical Inequalities, Volume 12, №3, 2018, p.827-851. 

 

 

 

UDC 512.56, 512.57 

ON PROPERTIES OF QUASIVARIETIES 

GENERATED BY FINITE MODULAR LATTICES 

 

Lutsak Svetlana Mikhailovna
1
, Voronina Olga Alexandrovna

2 

1
sveta_lutsak@mail.ru, 

2
oavy@mail.ru 

1
PhD, Associate Professor of the Department of Mathematics and Computer Science of the M. 

Kozybayev North Kazakhstan University, Petropavlovsk, Kazakhstan 
2
Candidate of Physical and Mathematical Sciences, Senior Lecturer of the Department of 

Mathematics and Computer Science of M. Kozybayev North Kazakhstan University, 

Petropavlovsk, Kazakhstan 

 

The present work considers specific finite modular lattices and quasivarieties generated by 

these lattices, investigates their properties. 

Recall that a quasivariety is a class of lattices that is closed with respect to subalgebras, direct 

products (including the direct product of an empty family), and ultraproducts. Equivalently, a 

quasivariety is a class of lattices axiomatized by a set of quasi-identities. A quasi-identity is a 

universal Horn sentence with the non-empty positive part, that is of the form 

 

)]()()()(...)()([)( 11 xqxpxqxpxqxpx nn  , 

 

where nn qpqpqp ,,...,,,, 11  are lattice's terms. A variety is a quasivariety which is closed under 

homomorphisms. According to Birkhoff theorem [1], a variety is a class of similar algebras 

axiomatized by a set of identities. An identity is a sentence of the form 

 

)]()([)( xtxsx   

 

for some terms )(xs  and )(xt . The smallest quasivariety containing a class K is denoted by Q(K). 

If K is a finite family of finite algebras then Q(K)  is called finitely generated. In the case K={A} 

we write Q(A) instead of Q({A}). For more information about the basic concepts of universal 

algebra and lattice theory used in this work, we send the reader to [2] and [3]. 

A finite algebra A with discrete topology τ generates a topological quasivariety Qτ(A) 

consisting of all topologically closed subalgebras of non-zero direct powers of A endowed with the 

product topology. Profinite algebras are exactly those that are isomorphic to inverse limits of finite 

algebras. Such algebras are naturally equipped with Boolean topologies. A topology τ is Boolean if 

it is compact, Hausdorff, and totally disconnected. A topological quasivariety Qτ(A)  is standard if 

every Boolean topological algebra with the algebraic reduct in Q(A) is profinite. In this case we say 
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