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MATHEMATICAL MODEL OF NEURAL NETWORK
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In our talk we discuss how boundary control method can be applied to inverse problem for
differential equation on graph-tree. This is a new approach to the analysis of heat equation with
memory and a local reconstruction algorithm of source identification.

Differential equations on graphs are used to describe problems which arise in nano-technology,
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chemistry, biology, and other sciences and engineering.

We consider neural network. The first mathematical model of a neuron was created in 1943 by
the American scientist Warren McCulloch and his student Walter Pitts. Neuron is the structural and
functional unit of the nervous system. It is an electrically excitable cell that processes and transmits
information through electrical and chemical signals. A typical neuron consists of a cell body (soma),
dendrites, and an axon. The average healthy human brain contains roughly 100 billion neurons.
Neurons can connect to each other to form a biological neural network. Dendrite is a short and highly
branched part of a neuron. An axon is a long, slender branch of a nerve cell.

Dendrite

e

Schwann cell /\

Myelin sheath
Nucleus
Figure 1: Structure of a typical neuron
First we consider the algorithm on an interval.
It is well known, in the usual heat equation u,(x,t) = a?u,,(x,t), a ‘heat signal’ spreads with
infinite speed. If at the initial moment accept u(x, 0) = §(x), the ‘heat signal’ will be spread according
to the normal law in the form of a Gaussian curve:

—x2

e4a’t,

u(x,t) = e
I

N
7

Figure 2: heat kernel
The heat equation with memory was proposed by Cattaneo (1948) [1] and, in more general form, by
Gurtin and Pipkin (1968) [2]: u,(x,t) = [; N(t — $)uy(x, 5)ds.
Differentiating by t, we get a viscoelasticity equation:

t

U (x,8) = N(O)uy (x,t) + f N'(t — s)u,,(x,s)ds.
0

The speed of the wave distribution is /N (0).

N N
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X X
Figure 3: wave fronts

The usual heat equation does not describe physical phenomena in real situations. In 1949,
Landau theoretically proved that at very low temperatures heat is propagated as a wave. Later in the
same year this theory was verified experimentally. However, it is not clear for temperature phase
transition. Well as the usual heat equation does not describe the diffusion in materials with complex
molecular structure (polymers).

We consider the equation

ue(x, 6) = [ N(t = uee(x, )ds = f()g(x), (1)
with boundary and initial conditions

u(0,t) =u(,t) =0, u(x,0)=0; 0<x<I[, t>0 2
Here N,f € H'(0,T) are known function, and we assume that f(0) # 0, N(0) > 0. The function
g € L?(0,1) is unknown and can be recovered from the source of the surveillance u(t) = u, (0, t),

t € [0,T] (Neumann's condition). It is proved that this problem solvable for T > #0) For simplicity

of the presentation we assume that N(0) = 1. Then the speed of the wave distribution in the equation
(1) is one, and the identification problem is solvable for T > L.
Solution of the initial-boundary value problem (1)-(2) can be presented in the form:

- 2 nmnx
w0 = ) @ e, 9,00 = ﬁ sin
n=1
Substituting to (1) - (2) leads to the following equations for a,,(t):

t

l
N(t = $)an(s)ds = £(2) f 9OPa()dx,  an(0) = 0.
0 0

It follows that the coefficients a,, can be written as

a',(t) + w,zlj

an(t) = Yo Jy h(D) =2,
where v, = [J g()gn(0)dx, @, =7, h(t) = (&) + [, N(t = Df (D),

and s, (t) satisfies to the initial value problem

t

s, (1) + w?s, (t) + w,zlj N(t —1)s,(t)dt =0, s,(00=0, s,(0)=w,.
0
In [3] and [4] it was proved that the functions s, (t) are asymptotically close to sin w,t and

form a Riesz sequence in L2(0, T) for T > L. For the surveillance we have

1) = ur(0,8) = [[Ee1 97, (0) [y (D) =2 dr g, (x)] g ()dx == [, wlx, D) g(x)dx =

w

Jy wx, ) g(x)dx (3)
We have changed the upper limit in the last integral since w(x,t) = 0 for x > t as a solution to
the initial-boundary value problem
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we(x, t) — fOtN(t — )Wy (x,5)ds =0; 0<x<I[, t>0, 4)

w(0,t) = h(t),w(,t) =0,w(x,0) =0. (5)
The function w can be presented in the form

t
w(x, t) =h(t—x) + f k(x,s)h(t — s)ds,
0

where the kernel k is determined by N and k(x,s) = 0 for x > s. Substituting this presentation into (3)
we get

t

u(t) = f [A(t — x) +f k(x,s)h(t — s)ds]g(x)dx
0 0
and integrating by parts,

t

mo=mmm0+[

0
where G(x) = foxg(f)df. This is a second kind Volterra equation for G(x). Solving it, we find G(x)
and then, g(x).

Now we consider a star graph /" consisting of N edges e; identified with intervals [0,l;/, j=1,...,
N, connected at an inner vertex y, which we identify with the set of the left end points of the intervals.
The boundary vertices y; are identified with the right end points of the corresponding intervals.

t
[A'(t —x) — j k,(x,s)h(t — s)ds]G(x) dx,
0

Figure 4: A Star graph

The following initial boundary value problem is considered on each interval:

u,{(x, t) — fOtN(t —s)ul (x,s)ds = fiMg;(x), 0<x<l, 0<t<T,
u/(l;,t) =0, 0<t<T, (6)

uj(x,0)=u£(x,0)=0, 0<x<l.
At the inner vertex we impose the standard Kirchhoff — Neumann's matching conditions

ul(0,t) =...=uM(0,t), 0<t<T, .
ul(0,8) =0, 0<t<T. ()
In mechanical systems, the first condition expresses the continuity of the solution, the second is
the balance of forces (Newton's second law).
The problem is to recover unknown functions g;,j = 1, ..., N, from the surveillances
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wi® =ul(l,t), j=1..,N-1t€el[0Tl
Note, that we use the surveillances at all but one boundary vertices.
On the first step we recover the functions g;,j=1,..,N—1, using correspondingly
surveillances p;(t),j = 1,..., N — 1. It can be done in the case of one interval for
T = maszle_l{lj}.
Then, since the functions g;,j = 1,...,N — 1 are known, we can consider the initial boundary
value problem

t

{v{ (x,t) — f N(t - s)vl(x,8)ds = f;()g;(x), j#N,

0

t
Lol (x,©) — | N(t - $)vl(x,5)ds = 0.
kv (x,t) fo (t — s)v(x,s)ds

Subtracting solution of this problem from solution of (6), we reduce our identification problem to the
case where all g; except gy are equal to zero:

(i [t ;
u{—fN(t—s)uix(x,s)dszo,jiN, 0<x<l, 0<t<T,
0

t
Jud —f N(t —s)ul(x,s)ds = fy(®gy(x), 0<x<lIy, 0<t<T,
0

u/(l;,t) =0, 0<t<T,

\uj(x,O)zug(x,O)zo, 0<x<l
Now we can recover gy using any of the boundary surveillances pj,j = 1,...,N — 1, say, u.
Using the spectral representation of the solution (similar to the case of one interval), we obtain

() =ukl,6) = [} gy (W} (x, )dx. ®

In this formula wj (x, t) is the restriction to the edge ey of the solution of the heat equation with
memory on the graph 7" with the Dirichlet boundary control fy applied to the boundary vertex y;:

t

w/ (x,t) — f N(t — s)w),.(x,s)ds = 0, i=1,..,N,
0

wli(l,t) = fy(@®),wi(l;,t) =0,i #1, 0<t<T,

kwj(x,0)=wt](x,0)=0, 0<x<l,i=1,..,N.

This solution satisfies also the Kirchhoff — Neumann's matching conditions.

Based on this formula we can recover the function gy in the time interval [; <t <[, + Iy
using the method described for the case of one interval.

This method allows us to solve the source identification problems on arbitrary tree (a graph
without cycles). Since any tree consists of a finite number of star graphs, we need just to repeat the
steps described below. We use surveillances at all but one boundary vertices. It can be proved that we
have surveillances at less than all but one boundary vertices, the source identification problem does not
generally have a unique solution.
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OB OTHOH OPTOHOPMHUPOBAHHOW CUCTEME ®YHKIIUM
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Beenenue

B nannoii pabore, cuctema Xaapa [1], B onpeienieHHOM cMbIciie, 0000111aeTcsi, a UMEHHO,
BBOJIUTCS] HEKOTOPBIN mapaMeTp o >0, JoKa3bIBaeTCd OPTOHOPMUPOBAHHOCTD BBEJICHHOM CUCTEMBI U
UCclielyeTcs BIMSHUE JaHHOTO TapaMeTpa B Pa3jIoKeHUH HEKOTOPOil (CTeneHHON) pyHKIUH B Psiji IO
ornpezaeneHHoN cucteme [1,2], mpruueM ycTaHaBIMBAETCs YCIOBUE Ha BBEJACHHbBIN MapaMeTp.
JlanbHEeUIM MPOAOKEHHEM TEOPETUUYECKUX UCCIIE0BAaHU, TPpeIoaraeTcs UCCcae10BaHus 1Mo
Pa3JIOKEHHIO CUTHAJIOB HE CTENEHHOTO BUJIA, a QYHKIMK U3 Kiacca LP.

OO0 OpTOHOPMHPOBAHHOCTH CHCTEMbI THIIA Xaapa

Onpenenenne. ITycts naus uncna o > 10Q, (l+ J5 )—1 u nenoe M>1. Cucremy dyHkumii
Z&k)(X, 0!) k=12,..,2", onpedennennyio 6 suoe

2(m+1)(1+a) ) ( k _1)1+a (k _1)1+a N kl+a
e )
2 |:( k _1)1+a (1_ olta ) 1 ke j| 2m(l+a) 2(m+1)(1+a)

2(m+l)(l+a) (k 1 lta + k1+a, k1+a
Zn (X’ “) =\ XE 2(2+l)(l+a) ' om(iva)

2|:k1+a (21+a —1)—(k _1)1+a}
0, XZO,XE{(I_l)lm, i j | =k

m(l+a) 2m(l+a)

Ha30BeM cUcTeMoit Tuna Xaapa. [1]
Cnpasennua

Teopema 1. ITycts gansl uncino o > Iog2(1+ \/g )—l u yenoe M=1. Toeoa onpedenennas na
cezmenme [O,l] cucmema muna ;(rﬁ]”(x,a) k=12,..,2" suoa (m>1, k=12,..,2" u

k _1 Ita k(lJra)
(O’l) = U(( 2m(1+)a) ! 2m(1+a) J )

m
k=1
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