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Abstract: The paper considers the main ways of describing the process that characterizes the arrival
of packets to a multiservice node of a telecommunications network. The features of the process
under consideration are best represented by the cumulative distribution function A(t). It determines
the distribution of the interval size between the moments of arrival of neighboring packets to the
multiservice node. These intervals are random values. If it is not possible to perform measurements
that allow the choosing of the A(t) function, then the distribution law of random variables is selected
based on reasonable assumptions. For telephone switching nodes, the Poisson flow hypothesis was
used, which is often similar to the symmetric distribution of the number of calls at time interval t. The
results of traffic measurements for multiservice switching nodes showed that the studied distribution
is inherently asymmetric. This paper mainly considers the possibility of choosing the A(f) function
based on the measurement results presented in a form of the histogram a(t), which contains a series
of values. This histogram allows us to obtain the desired distribution as a stepwise function by
integration of the a(t). Practical interest is associated with the possibility of reducing the number
of readings used to assess the A(t) function. The methods used by some authors are based on the
application of arbitrarily chosen functions A(t) with so-called heavy tails. The proposed approach is
based on real distributions defined at a finite time interval. As a result of this research, a methodology
has been developed to accurately describe the process of packet arrival at the input of the multiservice
node. The proposed methodology is based on analytical methods. It guarantees error minimization
when investigating the probabilistic characteristics of a switching node in a multiservice network.

Keywords: function; histogram; packet; scale; symmetry; quality of service

1. Introduction

In communication networks, the first problems of choosing a cumulative distribution
function (CDF) denoted here as A(t) arose in the 19th century when building telegraph
networks. However, the mathematical theory that makes it possible to perform the required
calculations arose during the creation of telephone networks. It was called teletraffic
engineering. Agner Krarup Erlang is considered its founder [1,2]. He was a Danish
mathematician, statistician, and engineer.

In the teletraffic theory, a call attempt made by a subscriber is considered to be a
request, as applied to the telephone network. A number of operations should be carried
out with this request in order to provide the subscriber with the opportunity to receive
the requested service. A modern multiservice network usually considers a packet that
should be processed for the correct exchange of information between users as a request.
The name of the related mathematical theory has also changed. Now, it is more often called
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the queuing theory [3,4]. This name is used because the request can stay in the buffer
memory (in other words, in the queue) waiting for servicing.

Measurements of traffic parameters in telephone networks showed that the CDF A(t)
in most cases obeys the exponential law [5] with the parameter A:

Alt)y=1—eM, 1)

The value of the parameter A is inversely proportional to the average value of the
interval between the moments of arrival of requests A1). The queuing theory calls the
value A the intensity of the arriving request flow. An exponential distribution of the
form (1) indicates that the request flow is of a Poisson process [3,4]. For a Poisson flow, the
probability of arrival of exactly k requests over a time interval with duration of ¢, denoted
as p(t), is determined by the following formula:

pr="pe . @)

Note that as the product of At increases, the function py (t) becomes close to symmetric.

With the formation of multiservice networks, in which all types of information (speech,
data, and video) are transmitted as a sequence of packets, the Poisson flow hypothesis
became unacceptable. CDF A(t) that differed from (1) began to be used. Note that the
coefficient of variation is equal to the ratio of the standard deviation to the mean of a
random variable. Typically, these distributions have a coefficient of variation, C4, greater
than one. For a Poisson flow, this coefficient is equal to one. Moreover, self-similar processes
began to be used to describe the function A(t) [6].

Modern telecommunication equipment allows the collection of statistical data, based
on which a histogram a(t) is being built. It allows highly reliable assessments to be obtained
that are able to reveal the nature of the arriving request flow. For this purpose, it is necessary
to develop a method for analyzing the function a(t). The solution to such a problem is the
main topic of this paper.

2. Mathematical Model of a Multiservice Node

A multiservice node can be viewed as a black box [7], as shown in Figure 1. This black
box is used as a model for a queuing system. Four more processes are defined for such a
system in addition to the function A(f).

C®

A(t) D(t)

E(®)

Figure 1. Model of the multiservice node.

The process B(t) is the CDF of the holding time of requests (packets) in a queuing
system that is used as a model of a multiservice node. Using the process C(t), various
control algorithms for a queuing system can be specified. The process D(t) is the CDF of
the interval between the moments at which successfully processed requests depart from
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the queuing system. Some requests cannot be processed for a number of reasons, and they
are lost. The process E(t) allows this phenomenon to be described.

Below, mainly the function A(t) is reviewed, with reference to its properties that make
it possible to choose the distribution B(t), calculate the main parameters of the D(t) and E(t)
processes, as well as to choose the ideal control algorithms represented as the process C(t).

2.1. Two Models of the Arrival Process

It is expedient to consider the request flow as a sequence defined on the “Time’
axis, which is usually denoted by the letter f. On this axis, it is possible to single out
time moments, x;, at which requests arrive at the queuing system input. The x; values
correspond, for example, to those time moments when packets arrive at a multiservice
node. The request flow is random. There are also deterministic request flows. For them,
the values of x; are given by the predetermined schedule. The analysis of such a request
flow is not related to the study of random variables.

Figure 2 shows five moments of time, x;, at which requests arrive at the queuing system
input. The size of the i-th time interval between the moments of arrival of neighboring
requests is t;. Therefore, t; = x; — x;_; foralli > 1.

7

t 2 t3 ts
1 — 1 1 > 1

Xo X1 X X3 X4

Figure 2. First model of the arrival process.

The model shown in Figure 2 contains all the necessary information about the arriving
request flow under the condition that at any moment of time, x;, only one request may
arrive. Otherwise, it is necessary to set the values of k;, which determine the number of
requests arriving at the time moment, x;. For the model under consideration, k; = 1.

Let us suppose that, at time moments x; and x4, two requests arrive at the queuing
system input at once. The second request flow model should be used then. This is shown
in Figure 3. The “Number of Requests” ordinate axis, which allows the specification of all
the values of k;, is added to it. The second request flow model is rarely used in practice.

Number of requests

2 - kl k4

t1 to t3 s
| |
Xo X1 X X3 Xq

A\ 4
—

Figure 3. Second model of the arrival process.

Let us return to Figure 2. Statistical information on the t; values allows the determina-
tion of the CDF A(t). Methods for solving this problem will be described below.

Let us suppose further that, for the selected function A(t), there is a Laplace-Stieltjes
transform [8], which is denoted as a(s). Then, the average value of the interval size
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between the arrivals of neighboring requests A1) is determined via one of the following
two formulas:

A = /Ooo tdA(t), AY = —dD;(SS), with s = 0. ®3)

The values of A and A%, as stated above, are related to each other by a simple relationship:

A= ik 4)

The A(t) function can be built based on the measurement results that is the histogram

a(t). The distribution A(t) will be then a stepwise function. In this case, there is always

a Laplace-Stieltjes transform for it. It is obvious that when using the Laplace-Stieltjes

transformation, the calculation of the value AV and other characteristics of the random
variable is simplified due to the use of differentiation instead of integration.

2.2. Handling of the Function a(t)

The histogram a(t) built following the measurement results can be represented by its
Laplace-Stieltjes transform «(s):

a(s) =3 gpie . )

In this formula, 7 is the period, with which the increments of the measured function
equal to p; are sampled. The value n defines a point on the abscissa axis for the last
pi value. The following condition always holds: n < oco. Let us note that most of the
approximations of the function A(t) in the queuing theory are based on distributions
defined in [ty, c0). Moreover, ty = 0 for a significant part of the studied models. Typically,
all such approximations lead to significant errors in the study of queuing systems.

It is necessary to select the value of T before taking measurements. It is appropriate to
define it as the greatest common divisor for the entire set of fixed values of time intervals
between packet arrivals [9]. In this case, the CDF A(t) represents the law of packet arrival
more accurately.

The top of Figure 4 shows an example of a histogram a(t). Below are the transformed
ay(t) and agpp (f) histograms for which the period 7 is doubled and quadrupled, respec-
tively. The subscript “U” (the first letter in the word “upper”) indicates the fact that
the ordinate values for the histograms a1 (t) and ayjp(t) are calculated by summing them
(within the time interval under consideration) to the nearest larger value of t/t. This method
of transforming the a(t) histogram, which is proposed for example in [10], is hereinafter
referred to as option I. In the general case, the histograms describe asymmetric distributions
of the form A(t).

Figure 5 shows the histogram a(t) and two results of its transformation, as determined
by option II. The subscript “L” (the first letter in the word “lower”) indicates the fact that
the ordinate values for the histograms a;1(t) and aj,(t) are calculated by summing them
(within the time interval under consideration) to the nearest smaller value of t/t. The two
options for the transformation of the function a(t) make it possible to obtain the lower and
upper limits for the numerical characteristics of the investigated random variable. Usually,
such assessments are enough to solve the problem. However, if necessary, other methods
of transformation of the function a(t) can be used.

As a result of the transformation of the function a(t) in both options, the numerical
characteristics of the measured random variable vary. This can be seen from Table 1,
which shows the average value of A1) and the coefficient of variation C4 of the studied
random variable.
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Figure 4. Function a(t) and its two transformations. Option I.
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Figure 5. Function a(f) and its two transformations. Option IL
Table 1. Characteristics of the measured function.
Types of the Studied Functions
Characteristics
a(t) a1 (t) ayz(t) ar1(t) ars(t)
A 3.444 4.000 2.889 4.889 2.000
Ca 0.776 0.667 0.958 0.582 1.374

Based on the numerical values given in Table 1, the occurring errors are very significant.
This allows two conclusions to be drawn on the reasonable choice of scales when processing

measurement results:
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e option I, in which “enlarging” the scale, provides an upper estimate for the mathemat-
ical expectation and a lower estimate for the coefficient of variation;

e option II, in which “enlarging” the scale, provides a lower estimate for the mathemati-
cal expectation and an upper estimate for the coefficient of variation.

This means that, when processing the measurement results, it is not advisable to
enlarge the scale along the abscissa, that is, it is recommended to use the minimum value
of 7. In this case, the accuracy of the obtained results will be maximum (this aspect of
processing the measurement results is described in more detail below). The complexity of
assessing all numerical characteristics of random variables at a minimum value of T does
not increase substantially due to the possibility of automatic input of statistical data and
calculations on a personal computer or another computing device.

It should also be noted that a queuing system with a stepwise function A(t) and a
constant packet processing time knows a method for calculating the moments of waiting
and delay duration [11]. These moments make it possible to assess the characteristics
of the quality of service for packet multiservice networks and compare them with the
standardized indicators [12].

2.3. Choice of Function A(t) Based on a Reasonable Hypothesis

Let us suppose that approximate assessments of A and C, are known. However,
there are no measurement results that allow the choice of the function A(t). It is appropriate
to distinguish two classes of distributions A(t). The first one is set for a limited time interval,
[to, t1]. In some cases, o = 0. Further, similar CDFs are denoted as A; (t). The subscript “1”
is the first letter in the word “limited”. The subscript “u” (from the word “unlimited”) is
used to denote the Ay (t) as determined on the interval [fj, o).

Estimates of A1) and C, allow the choice of two-parameter distributions: A;(t) and
Ay (t). A suitable example of a function from the A, () family is the beta distribution [13,14].
Of practical value is a case in which the coefficient of variation C4 exceeds one. For this
condition, it is appropriate to choose the Weibull distribution from the functions of the
Ay (t) family [14]. However, other types of the A;(t) function lead to results close to those
of the Weibull distribution.

A particular interest in ensuring the normalized quality of service indicators for
multiservice traffic is associated with the operation of queuing systems under conditions
of increased load, p. Taking into account the accepted designations, the value of p is
determined by the ratio of A to the service intensity p:

== 6
p= (6)

Approximate formulas for assessing the average request delay time SV in a queuing
system at a high load are given for example in [15,16] for a model with arbitrary CDFs A(t)
and B(t). For Ay (t) and A;(t), the results, which are given in [15,16], can be represented in
the following form [17], under the condition of a constant request holding time:

sM ~ B[l + chﬁ] For Au(t), if 1> p > 07;
2(1-p) | UAs) p="57
@)

s ~B [1 + z(plcg*p)}, for Ay(t),if 1 >p >0.7.

The choice of a model with constant holding time is justified by the fact that all packets
in the switching nodes of the multiservice network are processed in the same way. This
allows the introduction of a reasonable assumption about the constancy of the request
processing time [18].

Clearly, the average value of the packet delay time for distributions of the form A; ()
will be greater in comparison with that of the model, which is characterized by the function
Ay(t). A significant difference between the A;(t) and Ay;(t) is also observed for the
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probability of packet loss, 7. Figure 6 shows the dependences of the probability of packet
loss on the load for two distributions of the form A;(t) and Ay (t). The coefficient of
variation, Cy, for both types of distribution is chosen to be equal to ten.

N A(t)

0.020
0.015
0.010 A

0.005

. . —> P
0.7 0.8 0.9

Figure 6. Probability of packet loss as a function of load.

More significant packet losses for the functions A;(t) are associated with the fact that
the duration of the idle period in the corresponding queuing model is limited to f;. There is
no such limitation for the functions Ay (). To assess the upper limit 77, which corresponds
to the model with the function A, (f), an approximate formula was proposed in [17] if the
packet processing time is constant and the capacity of the queue is limited to r:

e (1—p)ph. ®)

Formulas (7) and (8) make it possible to assess the characteristics of the quality of
service with an error of no more than 20%. This statement applies to a wide class of
distributions included in the Ay;(t) family. It is also true for the beta distribution in the A, (t)
family. Among other distributions of the form A,(t), the correctness of Formulas (7) and (8)
was checked by analyzing the histograms obtained as a result of traffic measurements in the
operated multiservice network. It turned out that both relationships are quite acceptable
for the analysis of models with an arbitrary nature of the distribution included in the
family A;(t).

2.4. Reducing the Number of Samples in the Histogram a(t)

As a result of measurements of the request flow, a histogram with a very large number
of readings can be generated; this number is determined by the value of n. In this case, the
clarity of the function A(t) is sometimes lost. The coefficient of variation, C4, will be used
for a number of subsequent assessments. For Function (5), it is calculated as follows:

Yiso i2p;
(T gipi)

To construct the initial a(t) histogram, the number of values of the measured random
variable, which is equal to n + 1, is used. An example of such a histogram is shown in the
upper part of Figure 7. It is assumed that 25 values of the measured random variable, which
are denoted, in the general case, as the set {Z}, are obtained. In this case, the readings at
the points 77, 97, and 117 are considered rare phenomena that insignificantly affect the
nature of the distribution A(t). In some cases, there is a desire to discard them, that is, to

Ca

1 )
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reduce the set {Z}. Subsequently, a histogram g(t) is generated (option (b)). The third
solution, as shown at the bottom of the same figure, is to replace the rare it values with
one increment observed x times and located at the mt point. In the example used, m = 9.
Then, another histogram #(t) that is represented by option (c) is generated.

a(t)

6

5
: 3
2 2
I i 1 1 1
1 1 1 .

[ [ [ [ | T [ T [ T [ > thr

0 1 2 3 4 5 6 7 8 9 10 11

a) Initial histogram

A9t
6
5
| | | |
2 | I 2
1 1 1 1 ! > tr
0 1 2 3 4 5
b) Histogram with three bars dropped
4 h(t)
6
5
4
3
2 | |10 i
1 ! ! ! ! ! > tr
0 1 2 3 4 5 m

¢) Histogram with one shifted bar
Figure 7. Results of measurements and transformation of the obtained data.

First, let us consider an option of transforming the initial histogram, for which the
results in the region £ > 5 are neglected. In this case, to construct the histogram g(t) and
the corresponding distribution function, the set {Z} will include 22 elements.

The last reading for the histogram h(t) is denoted as x. In the example under consid-
eration, x = 3. It is necessary to choose a value m, for which the value of x is transferred
to the mt point. The criteria for choosing the value of m are the proximity of the values
of A and Cy4 for both histograms. The value of m is estimated numerically using the
following approach:

I. Characteristics of a random variable A and C, for the a(t), g(t), and h(t) histograms
are denoted as Al (a), Cal(a), A(l)(g), Ca(9), AR, and Cx(h), respectively.

II. The values of m,4 and m. are found by numerical solution of the equations
A (@) = AD() and Cx(a) = Ca(h).

III. One value of m that is equal to the maximum value of the pair of m, and m,
is selected.

In fact, you may choose a value for m that is not an integer. However, in the case of a
small value of T, such an approach will not lead to a noticeable increase in the accuracy
of the main investigated characteristics of a random variable. It is possible to use the two
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values of m, which are denoted below as m; and m;, respectively. The m; value is obtained
by discarding the significant digits after the period (comma) in the resulting m value. Then,
my =mq + 1.

2.5. Three Numerical Examples

The first numerical example is related to the estimation of the error when discarding
the last three readings. For this purpose, one should use formulas that allow the calculation
of the values of errors obtained the investigated characteristics of a random variable. For
the value AW, the relative error was about 26%, and for the C, values it was about 25%.
Typically, these error values are not considered acceptable. For this reason, the use of
histograms of the form g(t) does not seem reasonable.

The second numerical example is related to the choice of the m value. For this purpose,
it is first required to solve two equations: AM(a) = AD(h) and Cx(a) = Ca(h), clause 1T of the
previous section of the paper. This will allow the choice of the m value.

For the histogram h(t), it is appropriate to choose the value of m = 9. Then, the values
A® and Cy for the histograms a(t) and h(t) will compose the following pairs: 3.08 and
3.08, 0.86 and 0.84. This means that the mean values coincide, and the relative error in
calculating the coefficient of variation is about 2.3%. It is possible to choose another value
of m, for which the relative error in calculating the coefficient of variation will be zero. Then
there will be differences in the mean values. If the error in estimating the coefficient of
variation at the level of 2.3% seems to be acceptable, then the choice of the value of m =9
should be considered justified.

A more general methodological approach is based on the use of both m4 and m,
values, that is, the operation specified in clause III is not required. The m 4 and m, values
allow the original histogram to be converted into two new functions.

It should be noted that, in order to obtain guaranteed upper values of the studied
characteristics, it is better not to neglect the operation provided for in clause III. In other
words, it is advisable to use only one value of m for further analysis, which is the larger
among the pair of m4 and m..

The third numerical example is related to the influence of the location of the last
reading on the abscissa axis. The size of this reading is also significant. This is the last
increment on the histogram h(t). Let us suppose that the last reading is shifted to the right
along the abscissa axis at different distances. The last increment for the histogram h(f) is
0.04. Table 2 shows the dynamics of growth of characteristics A and C,4 during the shift
of the last reading of the measured random variable. The location of the last reading is
indicated by the letter “m”. For the second row in Table 2, the condition m = n is true.

Table 2. Dependence of the values of A) and C4 on the value of .

Value m Value AD Value Cy
11 3.08 0.86
21 3.48 1.19
31 3.88 1.52
101 6.68 2.90
501 22.68 431

The data given in the table indicate that even small values of p,, that are located at
a noticeable distance (along the abscissa axis) from the main part of the observed values
will significantly affect the characteristics of the studied random variable. For this reason,
ignoring the tail of the distribution function is fraught with dramatic distortions of the
measurement results.

The value of the last p,, increment in this example may seem significant. For this
reason, it makes sense to repeat the calculations by artificially increasing the number of
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observations for the process under investigation to the n7 point. If all the initial ordinate
values (except for the last one) are increased ten times in the h(t) histogram, then the values
of AN and C4 will become different. They are shown in Table 3. As in the previous table,
the point where the last reading is located is denoted by the letter m.

Table 3. Changes in the values of A) and Cy.

Value m Value AD Value Cy
11 2.36 0.70
21 2.41 0.82
31 2.45 1.00
101 2.77 2.45
501 4.56 7.31

Both tables illustrate the fact that the last reading remains an important quantity for
assessing the CDF A(t). It cannot be neglected. The correctness of replacing several readings
located at a distance from their main mass by the value of the histogram located at the mt
point requires a detailed discussion. Another very important conclusion that can be drawn
from the data of both tables is that, for small values of the last reading, AWM increases not so
noticeably, but Cy4 increases faster.

Another important issue should be the definition of that range of values of the studied
distribution, ¢ > t,, which can be considered as a tail. If the CDF A(t) is obtained as a
result of measurements, then it is not difficult to set the value of the sought function at
this point, which is denoted below as Ry, for the value of ¢,. In mathematical statistics, the
correlation of a part of the distribution of a random variable with the concept of “tail” is
carried out subjectively. Let us take the following definition as an initial hypothesis: the
tail is the part of the distribution that includes all values of t > ty, for which A(t) > Ry,
along the abscissa axis. The Ry threshold is usually 0.90, 0.95, or 0.99. If the distribution
under investigation is given analytically, then the value of ¢, is usually found numerically
by solving the equation A(ty ) > Ry. In rare cases, the value of t, can be found explicitly
after solving this equation.

2.6. Accuracy Criteria for Solving the Problem

The closeness of the mean values and the coefficients of variation for the two distribu-
tions does not mean that the output of the model, which is a queuing system, will yield
results with acceptable accuracy [19]. Practical interest is associated with the quality of
service indicators, standardized for multiservice networks [12]. Of which, it is appropriate
to single out the average request delay time in the queuing system, S1), and the p-quantile
of the same random variable, t,. The closeness of these values for different distributions
becomes a criterion for the accuracy of solving the problem.

To investigate the arising errors, it is appropriate to choose a model with one server of
the G/M/1 type in Kendall’s classification [20]. This model is convenient because it allows
an analytical search of all the necessary characteristics of a random variable, such as the
requests” delay time in the queuing system. The model assumes that the holding time
of requests is a random variable distributed exponentially. The value of the intensity of
servicing requests is equal to y. The distribution law A(f) can be arbitrary.

First, it is necessary to solve the equation given, for example, in [21]. Taking into
account Expression (5), it can be represented in the following form:

o=Y 1 pie ) (10)
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The value of ¢ is the only root of Equation (10) within the range from zero to one.
After finding the value of o, the values of SO and t, are calculated using the following
formulas [21]:

s L )= _In(1-p) 11)
pd-o) n(1-o)

When using different histograms, different values of the parameter ¢ are obtained.
This determines the occurring errors. Let us suppose that when analyzing two histograms,
the values of 07 and 0> were obtained. Using Formula (11), it is easy to show that the
relative errors in assessing the quantities S and tp are equal. This makes it possible to
denote the relative error with the letter 5 without using indices. Therefore, the following
relationship holds:

_ |~ o
° (1-0) (2

The values of o7 and 0> depend on the load of the queuing system p. The greater the
load of the queuing system, the closer the values of the parameters o7 and 0, to one. This
means, based on Expression (12), that the error § can noticeably increase at a large load
unless the values of 77 and 0y become very close to each other. To analyze the operation
of queuing systems under conditions of a dramatically increasing load, it is appropriate
to investigate the dependence of § = f(p). For this purpose, the value of the service
intensity, y, should be changed within the limits that allow investigation of the dependence
of § = f(p) in the high-load range of interest.

When solving problems of designing networks and their individual components, the
level of acceptable (permissible) load for which the investigation of the dependence of
0 = f(p) is rather irrelevant is selected. An important issue is the solution of the so-called
inverse problem. For the G/M/1 model, the assessment of the values of SM and tp calculated
using Formulas (11) is the simplest example of a direct problem. The inverse problem is to
assess the value of y under the given limitations on the permissible levels of the values of
SM and t,. For the G/M/1 model, the inverse problem is solved in an elementary way, but
the result is two values of the required service intensity, of y1 and y»:

1 In(1-p)
g1 = SO —0) po = o) (13)
Since both limitations should be met, the value of y is chosen as the maximum one
from the pair y1 and yy. It follows from Relationships (13) that the values of y1 and pp
are inversely proportional to the normalized value that can be denoted by the letter “z”.
The rest of the variables included in Relationships (13) represent a certain constant. Let us
denote the relative error in assessing the z as J,. After a series of simple transformations,
the following assessment can be obtained for the relative error in the calculation of the
service intensity, J,:
2
(1-6;)
In the area of generally accepted levels of J, (units of percents), when solving the
inverse problem, the relative error doubles. This conclusion should be taken into account
when carrying out calculations related to the design of those hardware and software
facilities, the models of which can be represented by a queuing system.

by < 5 (14)

2.7. Two Additional Tasks

The results obtained make it possible to solve two additional tasks of great practical
significance. The first task is related to the choice of the approximating function f(t), which
is a composition of two or more known distribution laws of random variables. The meaning
of the second task is to sample the histogram a(t), which is a continuous function using
Expression (5). Then the analysis of a number of models can be simplified.
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The measurement results show that, very often, the histograms a(t) have several
extrema. For this reason, the measurement results are difficult to represent using one
of the known distribution laws of random variables. It should be noted that such an
approximation is useful for clarity but ineffective for the subsequent analysis of models
due to the possibility of the occurrence of significant errors.

Analysis of a large number of histograms showed that the composition of two dis-
tributions given at different intervals along the abscissa axis is used more often. Figure 8
shows the original histogram a(t) with two extrema, as well as two functions, ¢;(t) and
@2(t). These functions approximate the histogram a(t). Figure 8 gives examples of the
Erlang distribution of the order k and the Simpson distribution [22], respectively.

a(t), ea(t), e2(t)
a(t) 91(t)

/
1’4
\4
~—

Figure 8. Example of approximation of the histogram a(t) by two functions.

The approximating f(t) function can be represented as follows [22]:

At le M, if0<t < oo

f(t) = 2 -2

(15)

th—t th—t }r ifty <t<t

The illustration above and Relationships (15) allow a better understanding of the
nature of the CDF A(f). In some cases, the physical nature of the process of request arrival
in the queuing system becomes clear.

For some types of the functions A(t), it is impossible to obtain relationships for analyz-
ing the parameters of the request delay time. Then, the A(f) can be replaced by a stepwise
function. The results of solving this task are given in [11]. They allow the sampling period,
d, to be determined, with which readings of the values of a(t) are required to be taken.

Let us assume that the admissible relative error, §, is given, which determines the accu-
racy of the estimation of the delay time parameters. If the coefficient of variation, C4 does
not exceed one, then the numerical value of d is determined from the following inequality:

26
d< — 16
= (16)
In some cases, the coefficient of variation, C4, significantly exceeds one. Therefore, it

is required to apply another formula:

20
d < AC, (17)
Expression (17) allows more accurate values of the sampling period, d, to be obtained
for the functions A(f) with a very high coefficient of variation. These functions often reflect
the actual processes of packet arrival to multiservice nodes. Moreover, high C4 values are
typical for multiservice node congestion modes. Such phenomena are often observed in
emergency situations that generate a dramatic increase in traffic [17].
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2.8. Areas for Further Research

According to the authors of this paper, further research should be carried out in four
main fields. These fields are indirectly related to each other since they pursue one goal. It
consists in optimizing a number of basic processes related to servicing multiservice traffic.

The first field of further research is related to the analysis of the stability of histograms,
which are obtained following the result of measuring traffic parameters. Packet traffic is
subject to dramatic fluctuations. For this reason, it is necessary to assess the results obtained
in terms of their stability.

The second field of further research is aimed at solving forecasting problems. Changes
in the form of the histograms and their parameters may serve as a good base for predicting
changes in the CDF A(t). The results of such a forecast are important, in turn, for the design
of telecommunication networks, as well as for their management in the event of congestion.

The third field is tied to the relevance of the analysis of the functions A(t), in which the
value of the intensity of the arriving request flow is not a constant value. In other words, it
is advisable to obtain results that will be similar to those obtained in this paper but after
the A(f) function has been introduced instead of a point assessment for the intensity of the
request flow.

The fourth field is related to the study of continuous functions that are represented
by histograms. This approach is relevant for the investigation of symmetric beta distribu-
tion [22]. It is recommended for the analysis of traffic related to the Internet of Things [13].

3. Conclusions

The proposed methodology aims at describing the process of packet arrival at the input
of a switching node in a multiservice network with acceptable accuracy. The developed
methodology is based on analytical methods. Its use minimizes the errors arising during
the study of multiservice network characteristics.

Author Contributions: D.S,, S.S., N.S. and V.G.: conceptualization; D.S. and V.G.: formal analysis;
S.S., L.R. and N.S.: resources; V.G., N.S., D.S. and S.S.: writing—original draft preparation; Z.A.:
validation; G.U.: visualization; S.S., D.S., Z.A., G.U. and L.R.: writing—review and editing. All
authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Informed consent was obtained from all subjects involved in the study.
Data Availability Statement: Data are contained within the article.

Acknowledgments: We deeply thank the anonymous reviewers for their insightful suggestions and
constructive comments, and we are also grateful to the editors for editing our manuscript.

Conflicts of Interest: The authors declare no conflict of interest.

1.  Erlang, AK. Lesning af nogle Problemer fra Sandsynlighedsregningen af Betydning for de automatiske Telefoncentraler.
Elektroteknikeren 1917, 13, 5-13.

2. Iversen, V.B. Teletraffic Engineering Handbook; ITU-D.; ITU: Geneva, Switzerland, 2003; 321p.

3. Akimaru, H.; Kawashima, K. Teletraffic: Theory and Applications; Telecommunication Networks and Computer Systems; Springer
Science & Business Media: Berlin/Heidelberg, Germany, 2012; 225p.

4. Gross, D.; Shortle, ].E.; James, M.; Thompson, ].M.; Harris, C.M. Fundamentals of Queueing Theory, 5th ed.; Wiley: Hoboken, NJ,

USA, 2018; 576p.

5. Korn, G.A.; Korn, TM. Mathematical Handbook for Scientists and Engineers: Definitions, Theorems, and Formulas for Reference and
Review; Courier Corporation: North Chelmsford, MA, USA, 2000; 1152p.
6.  Harris, ].W,; Stocker, H. Handbook of Mathematics and Computational Science; Springer Science & Business Media: Berlin/Heidelberg,

Germany, 1998; 1028p.

7.  Bunge, M.A. General Black Box Theory. Philos. Sci. 1963, 30, 346-358. [CrossRef]


http://doi.org/10.1086/287954

Symmetry 2022, 14, 752 14 of 14

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.
22.

Mix, D.F. Fourier, Laplace, and z Transforms: Unique Insight into Continuous-Time and Discrete-Time Transforms. Their Definition and
Requests; Amazon: Washington, DC, USA, 2019; 374p.

Ermakov, A.V.; Sokolov, N.A. The choice of a distribution function to describe the process of packet arrival in a router. Inf. Space
2021, 3, 31-36.

Goikhman, V;; Seilov, S.; Sokolov, N.; Korganbayeva, L. Evaluating the Packet Traffic Parameter Measurements. Telecommun.
Radio Eng. 2019, 78, 489-499. [CrossRef]

Levakov, A.K.; Sokolov, A.N.; Sokolov, N.A. Using a Step Distribution Function to Describe the Incoming Packet Flow. In
Proceedings of the XXII International Scientific Conference Distributed Computer and Communication Networks: Control,
Computation, Communications, Moscow, Russia, 23-27 September 2019; pp. 469—-476.

ITU-T. Network Performance Objectives for IP-Based Services; Recommendation, Y.1541; ITU: Geneva, Switzerland, 2006; 50p.
3GPP Technical Report 37.868 (Release 11); ETSI: Sophia Antipolis, France, 2011; 28p.

Levakov, A K.; Sokolov, A.N.; Sokolov, N.A. Models of incoming traffic in packet networks. T-Comm-TenexommyHankarmm
Tpancnopm. 2015, 9, 91-94.

Kramer, W.; Langenbach-Belz, M. Approximate Formulae for the Delay in the Queueing System GI/G/1. In Proceedings of the
8th International Teletraffic Congress, Melbourne, Australia, 10-17 November 1976; pp. 1-8.

Kuhn, P. Analysis of Complex Queuing Networks by Decomposition. In Proceedings of the 8th International Teletraffic Congress,
Melbourne, Australia, 10-17 November 1976; p. 346.

Levakov, A K. Next-Generation Communication Network in Emergency Situations. Analysis of Teletraffic Models; IRIAS: Moscow, Russia,
2019; 124p.

Cabrera, B.D.; Gosar, J.; Lee, W.; Mehra, R K. On the Statistical Distribution of Processing Times in Network Intrusion Detection.
In Proceedings of the 43rd IEEE Conference on Decision and Control, Atlantis, Paradise Island, Bahamas, 14-17 December 2004;
pp- 75-80.

Samouylov, K.E.; Levakov, A K.; Sokolov, N.A.; Zaitcev, V.S. Method of Arrival Process Description for Packet Switch. In
Proceedings of the Selected Papers of the X Conference Information and Telecommunication Technologies and Mathematical
Modeling of High-Tech Systems, Moscow, Russia, 13-17 April 2020; pp. 47-56.

Kendall, D.G. Some problems in the Theory of Queues. |. R. Stat. Soc. Ser. B. 1951, 13, 151-173. [CrossRef]

Kleinrock, L. Queueing Systems: Theory; Wiley: Hoboken, NJ, USA, 1975; 448p.

Vadzinsky, R.N. Handbook on Probability Distributions; Nauka: Moscow, Russia, 2001; 296p.


http://doi.org/10.1615/TelecomRadEng.v78.i6.30
http://doi.org/10.1111/j.2517-6161.1951.tb00080.x

	Introduction 
	Mathematical Model of a Multiservice Node 
	Two Models of the Arrival Process 
	Handling of the Function a(t) 
	Choice of Function A(t) Based on a Reasonable Hypothesis 
	Reducing the Number of Samples in the Histogram a(t) 
	Three Numerical Examples 
	Accuracy Criteria for Solving the Problem 
	Two Additional Tasks 
	Areas for Further Research 

	Conclusions 
	References

