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Abstract
This study focuses on the static neutron star perspective for two types of cosmo-
logical inflationary attractor theories, namely the induced inflationary attractors
and the quadratic inflationary attractors. The two cosmological models can be
discriminated cosmologically, since one of the two does not provide a viable
inflationary phenomenology, thus in this paper we investigate the predictions
of these theories for static neutron stars, mainly focusing on the mass and
radii of neutron stars. We aim to demonstrate that although the models have
different inflationary phenomenology, the neutron star phenomenology predic-
tions of the two models are quite similar. We solve numerically the Tolman–
Oppenheimer–Volkoff equations in the Einstein frame using a powerful double
shooting numerical technique, and after deriving the mass-radius graphs for
three types of polytropic equations of state, we derive the Jordan frame mass
and radii. With regard the equations of state we use polytropic equation of
state with the small density part being either the Wiringa–Fiks–Fabrocini, the
Akmal–Pandharipande–Ravenhall or the intermediate stiffness equation of
state Skyrme–Lyon (SLy). The results of our models will be confronted with
quite stringent recently developed constraints on the radius of neutron stars with
specific mass. As we show, the only equation of state which provides results
compatible with the constraints is the SLy, for both the quadratic and induced
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inflation attractors. Thus nowadays, scalar-tensor descriptions of neutron stars
are quite scrutinized due to the growing number of constraining observations,
which eventually may also constrain theories of inflation.

Keywords: neutron stars, modified gravity, scalar tensor gravity,
static spacetimes

(Some figures may appear in colour only in the online journal)

1. Introduction

The current and future status of theoretical cosmology and astrophysics is updated day by day,
since astrophysical and cosmological observations are offered in high frequency. For astro-
physics, the starting point of profound importance was the kilonova merging event known as
GW170817 [1, 2] in which a direct observation of gravitational waves was first recorded. After
that event, neutron stars (for reviews and textbooks see [3–7]) and other astrophysical com-
pact objects enjoy an elevated scientific role. Specifically, neutron stars are at the crossroads
of many scientific eras, like nuclear theory [8–18], high energy physics [19–23], modified
gravity [24–33] and astrophysics [34–46]. The role of modified gravity in neutron star physics
is still questioned and under investigation. To date, the need of modified gravity descriptions
for the large scale structure of our Universe seems rather compelling, since dark energy cannot
be described in a consistent way by the use of General Relativity and scalar fields solely. To
date, many works have been devoted on the physics of neutron stars in the context of modified
gravity [27, 28] and its scalar-tensor counterpart theories [47–66]. In scalar-tensor theories,
there exists a subclass of inflationary phenomenological models, which have the spectacular
property of being inflationary attractors in the Einstein frame [67–105]. Specifically, distinct
theories in the Jordan frame where the scalar field is non-minimally coupled to gravity, lead
to Einstein frame counterpart theories which have the same inflationary observational indices,
namely the same expressions for the spectral index of the primordial scalar curvature perturb-
ations and the same tensor-to-scalar ratio. Most of the distinct attractor models are compatible
with the Planck data [106], thus most of these are cosmologically viable theories. In this work
we shall be interested in two types of distinct cosmological attractors, the quadratic attract-
ors and the induced inflation attractors, see [67] for a description of both the models. These
two models correspond to different limiting cases of the coupling of the scalar field to gravity
in the Jordan frame. We are interested in examining the implications of such attractor poten-
tials on static neutron stars. After describing in brief the essential cosmological features of the
two distinct attractors in the Jordan and Einstein frames, we shall derive the Einstein frame
Tolman–Oppenheimer–Volkoff, which we shall solve numerically using a powerful double
shooting method in order to obtain optimal initial conditions at the center of the star. The
numerical method is a python 3 LSODA integrator technique which relies on double shooting
for the central values of the scalar field and the metric function [107]. The integration shall be
performed for three distinct piecewise polytropic [108, 109] equations of state, the low density
part of which shall be the Wiringa–Fiks–Fabrocini (WFF1 hereafter) [110], the Skyrme-Lyon
(SLy hereafter) [111], or the Akmal–Pandharipande–Ravenhall (APR hereafter) equation of
state [112]. The numerical analysis will yield the Einstein frame radii and Arnowitt–Deser–
Misner (ADM) masses [113] of neutron stars, so by using appropriate formulas we derive the
Jordan frame masses and radii. For all the cases studied we will confront the outcomes with
stringent observations and constraints of specific mass neutron stars radii. We shall consider
three types of constraints, developed in [34, 38, 43]. As we show, the constraints eliminate
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completely the APR and WFF1 descriptions of neutron stars, and only the SLy equation of
state satisfies all the constraints. This work is aligned with the new physics era discipline,
where constraints on astrophysical objects may affect to some extent cosmological theories.
In our case, both the inflationary attractors can describe static neutron stars consistently, how-
ever only when the matter is described by an intermediate stiffness equation of state. This is
contrary to previous works, where the inflationary attractors could provide a viable description
of neutron stars for all the equations of state we discuss in this paper, see for example [61–63].

2. Induced and quadratic inflationary attractors and their inflationary
phenomenology

The quadratic and induced inflationary attractors belong to a much more general class of cos-
mological inflationary attractors [67–105], and constitute basically two different non-minimal
coupling limits of the same Jordan frame non-minimally coupled scalar-tensor theory. Spe-
cifically, the gravitational action of the common Jordan frame non-minimal coupled theory is,

SJ =

ˆ
d4x

√
−g
[
Ω(ϕ)R− 1

2
gµν∂µϕ∂νϕ−U(ϕ)

]
+ Sm(gµν ,ψm) , (1)

where ψm denotes the perfect matter fluids in the Jordan frame, which have pressure P and
energy density ϵ, and g is the determinant of the Jordan frame metric gµν . Note that for the
inflationary models which shall be considered in this work, the kinetic term of the scalar field
has a canonical minimal coupling and appears as−ω(ϕ)

2 gµν∂µϕ∂νϕ and not as− 1
2g

µν∂µϕ∂νϕ.
Also in the case at hand the non-minimal coupling function in the Jordan frame Ω(ϕ) and the
scalar potential U(ϕ) has the following form [67],

Ω(ϕ) = (1+ ξ f(ϕ)) , U(ϕ) =M4
pλ(Ω(ϕ)− 1)2 , (2)

where Mp =
1√
8πG

is the reduced Planck mass and G is Newton’s gravitational constant. The
parameters λ and ξ are dimensionless in natural units, and also the same applies for the non-
minimal coupling function f(ϕ). Also we shall refer to the parameter ξ as the non-minimal
coupling hereafter. The induced and quadratic inflationary attractors correspond to different
limits of the non-minimal coupling ξ, namely the strong coupling limit ξ≫ 1 and the weak
coupling limit ξ≪ 1 respectively. Let us consider the essential inflationary features of the
induced inflationary attractors, so the strong coupling limit of the initial theory. In this case,
the non-minimal coupling function Ω(ϕ) and the potential take the form,

Ω(ϕ) = ξ f(ϕ), U(ϕ) = λM4
pξ

2f(ϕ)2 . (3)

We can obtain the Einstein frame theory which has the inflationary attractor property by per-
forming an appropriate conformal transformation [114, 115],

g̃µν =
M2

p

2
Ω2gµν , (4)

with the Einstein framemetric being g̃µν , and the ‘tilde’ will indicate the Einstein frame quant-
ities hereafter. The minimally coupled Einstein frame canonical scalar theory action reads,

SE =

ˆ
d4x
√
−g̃

[
M2

p

2
R̃− 1

2
g̃µν ∂̃µφ∂̃νφ−V(φ)

]
+ Sm

(
Ω−2 2

M2
p
g̃µν ,ψm

)
, (5)
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and the Einstein frame scalar potential of the canonical scalar field φ, namely V(φ) takes the
following form,

V(φ) = Vs

(
1− e

−
√

2
3

φ
Mp

)2

, (6)

where Vs =
M4

pλ

ξ2 , and also in terms of the canonical scalar field, the non-minimal coupling
function Ω(φ) takes the form,

Ω(φ) = e
√

2
3

φ
Mp . (7)

Also note that the matter fluids in the Einstein frame are not perfect fluids, since their energy-
momentum tensor satisfies the following continuity equation,

∂̃µT̃µν =− d
dφ

[lnΩ]T̃∂̃νϕ. (8)

The Einstein frame amplitude ∆2
s of the canonical scalar field scalar perturbations,

∆2
s =

1
24π2

V(φf)
M4

p

1
ϵ(φf)

, (9)

is constrained to be [106],

∆2
s = 2.2× 10−9 , (10)

where φf is the value of the scalar field at the end of the inflationary era. Thus the parameter
Vs is constrained to be,

Vs ∼ 9.6× 10−11M4
p . (11)

Hence the induced inflation parameters λ and ξ can be chosen in such a way so that λ
ξ2 ∼ 10−11,

so a large ξ ∼ 105 and aλ∼ 1 can sufficiently produce a viable inflationary era. For the induced
inflationary attractors case, the spectral index of the primordial scalar curvature perturbations
ns and the ratio of the tensor perturbations over scalar perturbations in terms of the e-foldings
number N take the form,

ns = 1− 2
N
, r=

12
N2

. (12)

Apparently, the phenomenology of the induced inflationary scenario is identical to the Starob-
insky R2 model. In fact, even the potential (7) is identical to the Starobinsky model, and this
justifies the terminology attractors for the induced inflation Jordan frame theories. Note that
the whole analysis is performed without even defining the form of the function f(ϕ) in the
Jordan frame. An arbitrary f(ϕ) can lead to the same Einstein frame theory, and this justifies
the terminology inflationary attractors. The Einstein frame theory and the corresponding phe-
nomenology constitutes the inflationary attractor theory, regardless the exact functional form
of the Jordan frame function f(ϕ). Notice that, by conformal invariance, the Jordan frame the-
ory and the Einstein frame ones should produce the same inflationary phenomenology. Hence,
the induced inflationary theory in the Einstein frame has the following final form,

SE =

ˆ
d4x
√
−g̃

[
M2

p

2
R̃− 1

2
g̃µν ∂̃µφ∂̃νφ−Vs

(
1− e

−
√

2
3

φ
Mp

)2
]
, (13)

which is identical with the Starobinsky model in the Einstein frame.
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At this point let us discuss an important issue. The inflationary attractor models are basic-
ally non-minimally coupled scalar field theories in the Jordan frame which yield in most
cases an identical phenomenology in the Einstein frame. For example in the present case,
the induced inflation attractors in the Einstein frame yield an inflationary phenomenology
which is identical to the Starobinsky model in the Einstein frame. Thus these two attractors
are indistinguishable when the cosmic microwave background inflationary modes are probed.
These models provide a viable phenomenology and always lead to the same spectral index and
tensor-to-scalar ratio which do not depend on the specific free parameters of the models, see
for example equation (12). However, the parameters of each model, like the amplitude of the
scalar perturbations are constrained by the Planck data, see equation (10), thus the coefficient
of the potential is not a free parameter in the theory and should not be treated as being such.
In most neutron star works in the context of non-minimally coupled scala-tensor theories, the
coefficient of the potential is treated as a free parameter, and this is not correct. One of the
major contributions of this work is the fact that we do not actually consider the coefficient of
the potential as a free parameter, but on the contrary we take its values to be compatible with
the cosmological constraints, see for example equation (11). Thus with our work we actually
see the effects of a viable inflationary theory directly on neutron stars, and we examine what
phenomenology we would get. The ultimate goal is to see cosmological theories effects on
the neutron star level. The contrary however, is not possible, that is to constrain cosmological
theories via neutron stars. This is because we already use a viable cosmological theory, so the
free parameters are pretty much fixed. What is possible though is to discriminate otherwise
indistinguishable cosmological theories in neutron stars. Thus what we did in this paper is to
choose the correct inflationary non-minimally coupled theory, like in [116, 117] and the other
inflationary theories we mentioned in this paper, choose the parameters in the way so that these
models are viable inflationary theories, and then apply the theory to neutron stars in order to
see what kind of neutron star predictions are obtained. This is a striking difference between
this work and already existing neutron star physics works, in which all the parameters of the
models are chosen freely, which is incorrect from a cosmological point of view.

Now let us turn our focus to the quadratic attractors, in which case the parameter ξ must
take small values, so this is the weak coupling limit of the Jordan frame theory describe by
equations (1) and (2). Thus in the case at hand, in the weak coupling limit, the function Ω(φ)
and the potential in the Einstein frame take the following form at leading order [67],

Ω(φ) = ξ

(
ξ−1 +

g1
Mp

φ

)
, V(φ) = λ

g21
M2

p
φ2 , (14)

with g1 ≪ ξ−1, and g1 is the expansion parameter. The present theory results from the weak
coupling expansion in terms of the canonical scalar field around the minimum of the theory
which is Ω(ϕ) = 1, see [67] for details on the full analysis. In the case at hand, the Einstein
frame theory has the following spectral index of primordial scalar perturbations and tensor-to-
scalar ratio,

ns = 1− 2
N
, r=

8
N
. (15)

Note that in this case too, the exact form of the function f(ϕ) is not given, so basically many
different functional forms of f(ϕ) can lead to the same small coupling expansion forms given in
equation (14). The constraints on the amplitude of the scalar inflationary perturbations indicate
that λg21 ∼ 10−11 and this can easily be achieved by choosing λ∼O(1) and g1 ∼O(10−5),
while ξ can be of the order ξ ∼ 10−2 in this case. As we show shortly though, the values of ξ
and g1 do not affect significantly the behavior of the mass-radius diagrams. It is the functional
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form of the function Ω(φ) that will mainly affect the neutron stars phenomenology. Before
closing, and in order to make smoother contact with the astrophysics notation for the Einstein
frame action, we provide here a useful expression for the gravitational action of the Einstein
frame theory,

SE =

ˆ
d4x
√
−g̃
[

1
16πG

R̃− 1
2
g̃µν ∂̃µφ∂̃νφ− 16πGV(φ)

16πG

]
, (16)

and recall that M2
p = 1

8πG .
Finally let us discuss at this point an important motivational issue regarding this work. Cur-

rently we live in the era of precision cosmology, so many cosmological models of inflation are
put to test by either the Planck data which provide constraints on the inflationary parameters
through the cosmic microwave background radiation. So far no evidence of B-modes in the
cosmic microwave background radiation has been found, so inflation itself will be probed by
the stage four cosmic microwave background radiation experiments in 2027, or by the gravita-
tional wave experiments like LISA and the Einstein telescope in 2035. However, neutron stars
themselves may provide useful information for the modification of gravity, if this is the cor-
rect description of strong gravity regimes. If by studying neutron stars, it proves that modified
gravity is needed to assist the general relativistic description, then inflationary models are in
the first line of candidate theories. The reason is that if indeed inflation ever occurred, then the
inflationary theory will in some way make its presence clear in strong gravity astrophysical
objects. Thus studying neutron stars using inflationary models is of vital importance because it
may help in two things: firstly revealing the correct modified gravity behind the observational
reality and secondly, inflationary models may be discriminated in neutron stars. Also we have
it in good authority that by studying multiple inflationary models in neutron stars, we may pin
down the optimal equation of state for the neutron stars. We aim to report on this issue very
soon.

3. Neutron stars with induced and quadratic inflationary attractors

We shall now use an astrophysics context and notation [47] and we shall derive the Tolman–
Oppenheimer–Volkoff equations for the induced and quadratic inflationary attractors. The
physical units system we shall adopt is the Geometrized units in which G= c= 1. Let us
translate the expression for the gravitational action in the Jordan frame developed in the pre-
vious section in an astrophysics context, so we have,

S =

ˆ
d4x

√
−g

16π

[
Ω(ϕ)R− 1

2
gµν∂µϕ∂νϕ−U(ϕ)

]
+ Sm(ψm,gµν) , (17)

and by performing a conformal transformation,

g̃µν = A−2gµν , A(ϕ) = Ω−1/2(ϕ) , (18)

we get the Einstein frame action,

S =

ˆ
d4x
√
−g̃
(

R̃
16π

− 1
2
g̃µν∂

µφ∂νφ− V(φ)
16π

)
+ Sm(ψm,A

2(φ)gµν) , (19)

with φ being the Einstein frame canonical scalar field and

V(φ) =
U(ϕ)
Ω2

. (20)

The important quantities for the Einstein frame extraction of the Tolman–Oppenheimer–
Volkoff equations are the potential in the Einstein frame, and the function A(φ) = Ω−1/2(ϕ).
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Let us quote the expressions of A(φ) expressions for the induced and quadratic inflationary
attractors, and in the case of the induced inflation case we have,

A(φ) = e−
1
2

√
2
3φ , (21)

and also for this case, the function α(ϕ) defined as,

α(φ) =
dlnA(φ)

dφ
, (22)

is equal to,

a(φ) =−1
2

√
2
3
. (23)

Finally the scalar potential for the Einstein frame induced inflation theory is,

V(φ) = Vs

(
1− e−

√
2
3φ
)2
. (24)

Now let us turn our focus on the quadratic attractors case in the Einstein frame. In this case,
the scalar potential in the Einstein frame reads,

V(φ) = λg21φ
2 , (25)

while the function A(φ) reads,

A(φ) = (1+ ξ g1φ)
−1/2

, (26)

and finally the function α(φ) defined in equation (27) in the quadratic attractors case, is
equal to,

a(φ) =−1
2

ξ g1
1+ ξ g1φ

. (27)

For the numerical analysis, in the case of induced inflation we shall use the values ξ ∼O(105),
λ∼O(1) and for the quadratic inflationary attractor we shall use ξ ∼O(10−2), λ∼O(1) and
g1 ∼O(10−4), in order to have a viable phenomenology. Contrary to what is usually done in
similar astrophysical works in the literature, the free parameters of specific non-minimally
coupled theories in the Einstein frame, including the R2 model, are not free parameters of the
theory. As we showed earlier these parameters are constrained by the inflationary theory, so
these must take specific values. The spacetime metric which describes static neutron stars is,

ds2 =−eν(r)dt2 + dr2

1− 2m(r)
r

+ r2(dθ2 + sin2 θdϕ2) , (28)

with the functionm(r) describing the gravitational mass of the neutron stars and r is the circum-
ferential radius. Our aim is to find numerically the functions ν(r) and 1

1− 2m(r)
r

. The procedure

is the following, the function ν(r) is assumed to have a non-zero central value at the center
of the star. Beyond the surface of the star, in contrast to the General Relativity case, there is
no matching with the Schwarzschild metric, because the metric functions receive contribution
from the scalar field effects, thus the only matching of the metric above with the Schwarzschild
metric will be done at numerical infinity. Indeed, the presence of the scalar potential, and of
the function A(φ) crucially affects the metric functions beyond the surface of the star, thus no
matching at the surface of the star is required. The whole scalarization procedure is based on

7
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the effects of the scalar field beyond the surface of the star. The Tolman–Oppenheimer–Volkoff
equations for the scalar-tensor theory in the Einstein frame are,

dm
dr

= 4π r2A4(φ)ε+
r
2
(r− 2m(r))ω2 + 4πr2V(φ) , (29)

dν
dr

= rω2 +
2

r(r− 2m(r))

[
4πA4(φ)r3P− 4πV(φ)r3

]
+

2m(r)
r(r− 2m(r))

, (30)

dω
dr

=
4π rA4(φ)

r− 2m(r)

(
α(φ)(ϵ− 3P)+ rω(ϵ−P)

)
− 2ω(r−m(r))
r(r− 2m(r))

+
8πωr2V(φ)+ r dV(φ)

dφ

r− 2m(r)
, (31)

dP
dr

=−(ϵ+P)

[
1
2
dν
dr

+α(φ)ω

]
, (32)

ω =
dφ
dr
, (33)

and recall that the function α(φ) is firstly defined in equation (22). With regard to the pressure
P and the energy density ϵ, we need to note that these are Jordan frame quantities. Another not-
able feature is that the spacetime in the interior and the exterior of the neutron star is uniformly
described by the spherically symmetric metric (28). However, the Tolman–Oppenheimer–
Volkoff equations shall be solved for the interior and the exterior of the star, since beyond
the surface, the pressure and energy density are zero. The set of the initial conditions we shall
use is the following,

P(0) = Pc , m(0) = 0 , ν(0) ,=−νc , φ(0) = φc , ω(0) = 0 . (34)

We shall use a double shooting method in order to determine the values of the metric function
νc and φc at the center of the star, by optimizing the parameter values using as a rule the
optimal decay of the scalar field at the numerical infinity. We shall use three distinct piecewise
polytropic equations of state [108, 109] with the low density part corresponding to the SLy,
WFF1 or the APR equations of state. Since the temperature of neutron stars is much lower
than the Fermi energy of the particles that constitute neutron stars, the neutron star matter can
be described by a one-parameter equation of state that accurately governs cold matter beyond
the nuclear density. The problem that arises though is that the uncertainty in the equation of
state is large, with the pressure as function of the baryon mass density being uncertain to
at least one order of magnitude beyond the nuclear density. Furthermore, the actual phase
of matter in the core of neutron stars is also uncertain. Thus a parameterized high-density
equation of state can be helpful and an optimal choice of an equation of state is a high-density
parameterized equation of state. This piecewise polytropic equation of state, take into account
astrophysical phenomenological constraints regarding the nature of neutron stars matter. The
piecewise polytropic equation of state we shall use in this paper are also take into account the
causality constraints, so causality is respected, see [111, 112] for further details. In general a
piecewise polytropic equation of state can be constructed by using a low-density part ρ < ρ0,
which is usually chosen to be a well-known and tabulated crust equation of state, and also the
piecewise polytropic equation of state has a high density part ρ≫ ρ0. The numerical analysis
we shall perform shall yield the Einstein frame mass of the neutron star, and from this we shall
calculate the ADM mass in the Jordan frame, using the following formula [61–63],

MJ = A(φ(rE))

(
ME −

r2E
2
α(φ(rE))

dφ
dr

(
2+α(φ(rE))rE

dφ
dr

)(
1− 2ME

rE

))
. (35)

8
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Figure 1. The constraints CSI [34], CSII [43] and CSIII [38]. This figure is inspired
from Credit: ESO/L.Calçada: www.eso.org/public/images/eso0831a/..

with rE being the radius of the neutron star in the Einstein frame asymptotically and in addition
dφ
dr = dφ

dr

∣∣∣
r=rE

. Also, the Jordan and Einstein circumferential radii of the neutron star are related

as follows,

R= A(φ(Rs))Rs . (36)

For notational simplicity, we shall denote withM the Jordan frame mass of the star, measured
in solar masses M⊙ and R denotes the Jordan frame radius expressed in kilometers.

3.1. Results of the numerical analysis

In this subsection we present the results of our numerical analysis. Our aim is to find the
M−R graphs for the two inflationary attractor models (Jordan frame quantities) and to con-
front the data of the M−R graphs with existing constraints on neutron stars masses and radii
which were developed nearly after the GW170817 event. We will consider five in total con-
straints which we classify in three distinct constraints, to which we will refer to as CSI,
CSII and CSIII. The CSI was developed in [34] and constrains the radius of an 1.4M⊙
mass neutron star as R1.4M⊙ = 12.42+0.52

−0.99 and the radius of an 2M⊙ mass neutron star as
R2M⊙ = 12.11+1.11

−1.23 km. The constraint CSII was developed in [43] and constrains the radius
of an 1.4M⊙ mass neutron star to be R1.4M⊙ = 12.33+0.76

−0.81 km. Finally the constraint CSIII is
developed in [38] and constrains the radius of an 1.6M⊙ mass neutron star to be larger than
R1.6M⊙ = 12.42+0.52

−0.99 kmwhile the radius of a neutron star corresponding to themaximummass
must be larger than RMmax > 10.68+0.15

−0.04 km. For reading convenience in figure 1 we present the
pictorial representation of the constraints CSI, CSII and CSIII on neutron stars. For the numer-
ical analysis we shall employ a python 3 numerical code (variant of pyTOV-STT code [107]),
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Figure 2. The M−R graphs for the quadratic attractor model for the WFF1, APR and
SLy equations of state.

Figure 3. The M−R graphs for the induced inflation attractor model for the WFF1,
APR and SLy equations of state.

using the LSODA integrator and a double shooting method for determining the optimal values
of the metric function νc and of the scalar field φc at the center of the star, which make the
scalar field and metric function values vanish at numerical infinity. The numerical infinity is
taken to be r∼ 67.943 km. For all the plots that follow we added the NICER constraint for
M= 1.4M⊙ neutron stars which 90% credible [118] and constrains the neutron stars radius to
be R= 11.2− 13.3km. To start with, in figures 2 and 3 we present the M−R graphs of the
quadratic and induced inflationary attractors neutron stars respectively, for the WFF1 equation
of state (blue curve), the APR equation of state (green curve) and the SLy equation of state (red
curve). As it is apparent, the three distinct equations of state lead to different maximummasses
and radii, as it was expected. Also the largest maximum mass is achieved for the stiffer APR
equation of state. Also a comparison of the models with the General Relativistic result is given
in the three plots of figure 4 where we present for each equation of state the M−R graphs of
the quadratic attractors (blue curves), the induced attractors (green curves) and the General

10



Class. Quantum Grav. 40 (2023) 085005 V K Oikonomou

Figure 4. TheM−R graphs for the quadratic, induced inflationary attractor models and
for the General Relativity case, for the WFF1, APR and SLy equations of state.

Relativistic (red curves) for the WFF1 equation of state (upper left plot) the SLy equation
of state (upper right) and the APR equation of state (bottom plot). In all cases the maximum
masses are larger that those of General Relativity, but the interesting part begins when the con-
straints CSI, CSII and CSIII are considered. The results of the confrontation of the inflation-
ary attractors models with the observational constraints are presented in tables 1–5. In tables 1
and 2we confront the model with the constraint CSI. As it is apparent, the SLy equation of state
respects all the constraints for both models, however theWFF1 case violates all the constraints.
With regard the APR equation of state, for the induced inflation case respects the second CSI
constraint (see table 2) and also satisfies the CSIII constraint (see table 3) but violates the rest
of the constraints. For the quadratic inflation case, the APR equation of state satisfies only
CSIII and violates all the rest. For the WFF1 equation of state, the models violate all the con-
straints. Thus in conclusion, the only equation of state which provides a viable neutron star
phenomenology that respects all the imposed constraints for the induced and quadratic infla-
tionary attractor models is the SLy equation of state. It is apparent that in the post-GW170817
era, a viable phenomenological neutron star model has to pass quite stringent tests in order to
be considered viable. Our result indicates that for the models studied, intermediate stiffness
equations of state can provide a viable phenomenology, but this is a model dependent result.
As we demonstrated, for the quadratic and induced inflation attractors, the only viable result
is obtained for the SLy equation of state. This is in contrast with previous work on attract-
ors, which more equation of state could provide a viable phenomenology. The result depends
strongly on the shape of theM−R graphs. It seems that the viability is guaranteed for curves
strongly bend to the right for radii between 11 km and 13 km. In a future work we shall provide
a large sample of attractor models and we shall verify this argument in an explicit way. Before
closing this section we need to discuss the necessity of finding the predictions of inflationary

11
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Table 1. CSI vs the Induced and Quadratic Attractors for the SLy, APR and WFF1
Equations of State for neutron stars Masses M∼ 2M⊙.

Model APR SLy WFF1

Quadratic
Attractors Masses

MAPR = 0.709M⊙ MSLy = 2.119M⊙ MWFF1 = 0.290M⊙

Quadratic
Attractors Radii

RAPR = 11.414 km RSLy = 10.898 km RWFF1 = 11.468 km

Induced Inflation
Attractors Masses

MAPR = 2.018M⊙ MSLy = 2.017M⊙ MWFF1 = 0.340M⊙

Induced Inflation
Attractors Radii

RAPR = 11.155 km RSLy = 11.291 km RWFF1 = 11.069 km

Table 2. CSI vs the Induced and Quadratic Attractors for the SLy, APR and WFF1
Equations of State for neutron stars Masses M∼ 1.4M⊙.

Model APR SLy WFF1

Quadratic
attractors masses

MAPR = 0.650M⊙ MSLy = 1.425M⊙ MWFF1 = 0.258M⊙

Quadratic
attractors radii

RAPR = 11.455 km RSLy = 11.733 km RWFF1 = 11.951 km

Induced inflation
attractors masses

MAPR = 0.620M⊙ MSLy = 1.392M⊙ MWFF1 = 0.270M⊙

Induced inflation
attractors radii

RAPR = 11.487 km RSLy = 11.777 km RWFF1 = 11.892 km

Table 3. CSII vs the Induced and Quadratic Attractors for the SLy, APR and WFF1
Equations of State for Neutron Star Masses M∼ 1.4M⊙.

Model APR SLy WFF1

Quadratic
Attractors Masses

MAPR = 0.593M⊙ MSLy = 1.425M⊙ MWFF1 = 0.258M⊙

Quadratic
Attractors Radii

RAPR = 11.523 km RSLy = 11.733 km RWFF1 = 11.951 km

Induced Inflation
Attractors Masses

MAPR = 0.563M⊙ MSLy = 1.392M⊙ MWFF1 = 0.270M⊙

Induced Inflation
Attractors Radii

RAPR = 11.569 km RSLy = 11.777 km RWFF1 = 11.892 km

potentials on the tidal deformability of neutron stars and also study the radial perturbation
effects and the stability of neutron stars in general, by also taking into account the constraints
of the GW170817 event. This is a non-trivial task and could be the subject of a distinct article
for the various distinct inflationary attractors. For some recent relevant work on the stability
properties and perturbations of neutron stars in scalar-tensor and unimodular gravity, see [119]
and [120] respectively.
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Table 4. CSIII vs the induced and quadratic attractors for the SLy, APR and WFF1
equation of state for neutron star masses M∼ 1.6M⊙.

Model APR SLy WFF1

Quadratic
Attractors Masses

MAPR = 1.619M⊙ MSLy = 1.584M⊙ MWFF1 = 1.606M⊙

Quadratic
Attractors Radii

RAPR = 11.285 km RSLy = 11.645 km RWFF1 = 11.115 km

Induced Inflation
Attractors Masses

MAPR = 1.584M⊙ MSLy = 1.609M⊙ MWFF1 = 1.075M⊙

Induced Inflation
Attractors Radii

RAPR = 11.320 km RSLy = 11.680 km RWFF1 = 10.423 km

Table 5. CSIII vs the induced and quadratic attractors for the SLy, APR and WFF1
equations of state for maximum neutron star masses.

Model APR SLy WFF1

Quadratic
Attractors
Maximum Masses

MAPR = 2.417M⊙ MSLy = 2.248M⊙ MWFF1 = 2.342M⊙

Quadratic
Attractors Radii

RAPR = 9.899 km RSLy = 9.967 km RWFF1 = 9.281 km

Induced Inflation
Attractors
Maximum Masses

MAPR = 2.018M⊙ MSLy = 2.286M⊙ MWFF1 = 2.360M⊙

Induced Inflation
Attractors Radii

RAPR = 11.155 km RSLy = 9.981 km RWFF1 = 9.428 km

4. Concluding remarks

In this work we investigated the neutron star phenomenology of two inflationary attractor
potentials, that of quadratic and induced inflation attractor potentials. The two models are
known of providing distinct inflationary phenomenology, with the quadratic attractors provid-
ing a non-viable inflationary phenomenology, while the induced inflationary attractors provide
a viable inflationary phenomenology, identical to the R2 model of inflation in the Einstein
frame. We extracted the Tolman–Oppenheimer–Volkoff equations in the Einstein frame for
both models, and by using a Python 3 LSODA double shooting method we evaluated the
masses and radii of neutron stars. From the results we obtained the Jordan frame masses and
radii of the neutron stars and we constructed the M−R graphs for three distinct equations of
state, the WFF1, the SLy and the APR equation of state. Accordingly, we confronted the mod-
els with three constraints that constrain the radii of specific mass neutron stars. Specifically,
we considered the three following constraints, the CSI, CSII and CSIII. The CSI is studied
in [34] and constrains the radius of an 1.4M⊙ mass neutron stars to be R1.4M⊙ = 12.42+0.52

−0.99

and the radius of an 2M⊙ mass neutron star to be R2M⊙ = 12.11+1.11
−1.23 km. The constraint CSII

was studied in [43] and constrains the radius of an 1.4M⊙ mass neutron star to be R1.4M⊙ =

12.33+0.76
−0.81 km. Finally the constraint CSIII was studied in [38] and constrains the radius of an

1.6M⊙ mass neutron star to be larger than R1.6M⊙ = 12.42+0.52
−0.99 km while the radius of a neut-

ron star corresponding to the maximum mass must be larger than RMmax > 10.68+0.15
−0.04 km. As
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we showed, the SLy equation of state respects all the constraints for both models, however the
WFF1 case violates all the constraints. With regard the APR equation of state, for the induced
inflation case respects the second CSI constraint and also satisfies the CSIII constraint, but
violates the rest of the constraints. For the quadratic inflation case, the APR equation of state
satisfies only CSIII and violates all the rest. For theWFF1 equation of state, the models violate
all the constraints. Thus only the SLy equation of state respects all the constraints for both the
induced and quadratic inflationmodels. Also let us further note that if the two inflationarymod-
els are compared for each equation of state, the resulting neutron star phenomenology is quite
similar if not almost identical, see for example figure 4. This is contrast with the inflationary
phenomenology of the two attractor models, which is quite different, since the induced attract-
ors provide a viable inflationary phenomenology while the quadratic attractors are not viable
cosmologically. This behavior is not a general rule though, since the opposite can occur, that
is, two models might be identical in their inflationary phenomenology, while producing quite
different neutron star phenomenology. Work is in progress toward this research line. In general
let us comment that it seems that cosmologically indistinguishable models might be discrim-
inated using their neutron star phenomenology and vice versa. Intriguingly enough, scalar
models which are indistinguishable at frequencies of primordial cosmological perturbations
modes near the cosmic microwave background ones, can be distinguishable in future gravita-
tional waves experiments that can probe a stochastic tensor background. This is the opposite in
spirit to what we demonstrated in this paper, the fact that phenomenologically distinguishable
theories, can be distinguished using their neutron star predictions. We shall support this argu-
ment in future works. We need to note that the present framework is not advantageous over
some other modified gravity, it is one possible description of nature, among other modified
gravities in general.

With regard to this last perspective, an important comment is in order. In the present work
the choice of the function f(ϕ) in equation (2) is not specified and the potential is actually
independent of it and rather universal. This is the major difference with the α-attractors case,
studied for example in our previous work [61]. Also, we need to note that for the quad-
ratic attractors case, these are entirely different from the α-attractors case, for an inflation-
ary phenomenology point of view since the tensor-to-scalar ratio and the spectral index in
equation (15) are different from the ones corresponding to the α-attractors. Another useful
comment to add is that, although the induced inflation and α-attractors have the exact same
inflationary phenomenology described by equation (12), in spite the fact that these are basic-
ally different inflationary theories with the same phenomenology (this justifies the termino-
logy attractors), in neutron stars they lead to differentM−R graphs. In a future work we shall
directly point out this issue, namely, the fact that although distinct inflationary theories are
indistinguishable at the inflationary phenomenology level, they can be actually distinguished
in neutron stars.
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