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Abstract. Soliton surfaces associated with integrable systems play a significant role in physics
and mathematics. In this paper, we investigate the relationship between integrable equations
and differential geometry of surface by the example of the Yajima-Oikawa equation. The
integrability of nonlinear equations is understood as the existence their Lax representations.
Using the connection between classical geometry and soliton theory, we have found the soliton
surface related with the Yajima-Oikawa equation. The surface area, curvature, the first and
second fundamental forms are found.

1. Introduction

Nonlinear wave interactions lead to many interesting physical phenomena in various fields of
science, including nonlinear optics, plasma physics, theory condensed matter and biophysics [1]-
[6]. Among the systems of coupled wave dynamics is long- short-wave resonance interaction is a
fascinating physical the process in which the resonant interaction between the weakly dispersing
long-wave and short-wave packet, when the phase velocity of the first exactly coincides with the
group velocity of the second. A theoretical study of this long-short-wave resonance interaction
was first performed by Zakharov on a plasma of Langmuir waves. In the case of the propagation
of long waves in one direction, the General Zakharov system was reduced to the Yajima-Oikawa
(YO) system [7]-[8]. The system consists of two differential equations [9]:

1
1By + §Em —mE =0, (1)
mg +mg + B[} =0, (2)
where F - short-wave, m - long-wave components of the resonance interaction, indices x and ¢
denote partial derivatives of the arguments x and ¢ , ¢ - imaginary unit. Lax representation of
the system of YO equations (1)-(2) has next form:

v, = UV, (3)
U, = VU, (4)
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where
1
v = Q;Z)Q ) (5)
V3
and
U = Ag+2iMA1+ (20N 1A, (6)
V = —U-+2i)\A? +\By + By +i(4\)"'B_;. (7)
Here

10 0 0 —¢* 0
A1:(00 0), AO:(O 0 0),
00 —1 0 ¢* 0
0
0
0

—mi 0 —mi 0 —o*
A1=< ¢ 0 ¢ ), 312(0 0

mi 0 mi 0 of
0 igt+e" 0 6> 0 ol
Bo=| 16 "0 —3¢ |, Ba=| ¢ 0 o |, (8)
0 —35¢95—90* 0 —[ol” 0 —|9]

where

gb:EeXp{i(;—x)}. 9)

The symbol * denotes complex conjugation. A - complex parameter of eigenvalues (constant).

2. The first fundamental form of the surface
If the surface is introduced curvilinear coordinates, then we say that the surface is parameterized.
In this case, any pair of x and ¢ parameter values corresponds to a certain surface point. Consider
a parameterized surface

r=r(x,t). (10)

The dependence of the radius vector of a parameterized surface point on the curvilinear
coordinates of this point is called the parametric equation of the surface. The full differential
dr of the radius-vector r of the current surface is represented as a vector differential form

dr = rydx + rdt. (11)
The scalar square of this form is a scalar quadratic differential form [10]
dr? = drdr = r2dz® + 2rridzdt + ridt>, (12)

The scalar square of the total differential dr of the radius vector of the current surface point is
called the first I fundamental form of the surface:

I =dr?. (13)

The basic idea of the soliton surfaces approach is to relate to a given integrable system of
nonlinear partial differential equations a class of surfaces immersed in the Lie algebra of a
corresponding linear problem using the so-called Sym-Tafel formula [11]

r=o"19,. (14)
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Enter the notation
F=r,r;,, G= rf.

where
ry = O U\D,

r = N9,
rere = OTHULVAD

and determine the coefficients E, F, G. By using equations (6)-(7) the values are found:

. 1 2
Ti = ¢_1 <2ZA1 — 2A2A1) q),
2 — ¢! A 1 A \A2 + B L B 2q>
ry = —21 1+ﬁ -1+ 4iNAT + 1_TZ 1 ,

_ . 1 1
LTt = [6)) 1(27,141—2)\214 )< 27,A1—|— )\ A 1+4Z)\A1+Bl 4)\

substituting (19)-(21) into equation (15) we obtain:

E = %tr(r%)z%tr(Ui),
¢ = gu()=gu(vd),
Fr = %tr (rere) = %tr(U,\VA)

Let’s rewrite equations (12)
1 2\ 7.2 2\ 7,2
1= (tr (UA) da? + 2tr (U\Vy) dadt + tr (V,\) dt ) .

Find alternately the terms of the equation (25)

4m 2|9
2 Il b S 2
tr (VA)— 8= 12 )\2 3202,
_ |01
tr (Ua\V) = 8+)\2+ BYE

Substituting equations (26)-(28) into equation (12), we obtain

2m 2 2
I:( 4—)d +<4++‘¢| )dxdt+(—4—m—|¢—16)\2>dt2.

A2 A2 2)2
Expanded view of the first fundamental form

I = Edz? + 2Fdzdt + Gdt>.

.B—1> q)7

(15)

(25)

(29)
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2.1. Surface area
Consider some region S on the surface r = r (z,t). The area S is determined by the formula
[12]:

S— //|rx « 14| dudt. (31)

We formulate the modulus of the vector product via scalar products

Ity X ry| = \/r2r2 — (ryr;)”. (32)

Having expressions for the coefficients E, F, G of the first fundamental form, we obtain
‘I’x xrt\ =V EG—FZ. (33)

Respectively,

S = / / VEG — F2dudt, (34)

om o> |t 4
S://\/32m+64)\2 )\|4| |X|1+)\2dxdt. (35)

3. The second fundamental form of the surface

The second IT fundamental form of the surface is called the scalar product of the full differential
of the second order d?r of the radius vector r of the current surface point on the normal n at
this point [13] :

d’r = —drdn = — {(rmn) dz® + 2 (rym) dzdt + (ryn) dtz} (36)

or

I7=- {(rmn) dz® + 2 (rym) dzdt + (ryn) dtﬂ . (37)

Enter the notation
€= —Tyn, [=-ryn, g¢g=—ryn (38)

Determine the coefficients e, f, g

e = —% tr(rge - m), (39)
g = —% tr(ry - n), (40)
L )] (41)

Similarly, by using the Sym-Tafel equation we find

Tex = @ UND+ DU, U] D, (42)
Tet = (I)_IU)\tq) + (I)_l [U)\a V] (1)7 (43)
ry = OV + O, V], (44)
Next, we define normal
LUy, V] @
n= O VAl® (45)

%tr ([U)\, V)\]2>
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The final form of the coefficients of the second fundamental form has next form:
_ L ((Uns + [, UD (O, VA
’ L ([Un Wa?)
Lt (Une + [Un, V]) [Ux, W)
? L (U W?)
1t (Vae + [V, VD) [Un, Vi)

I 2 %tr ([U)\,V)\]Q) ‘

We find the commutators of equation (46)-(48) from equation (6) and (7)

1

[Ux, VA] = 2i (A1 B1 — BiA1) + 2 (A1B_1 — A_1B1+ B1A_1 — B_14) +
)
+W (A_lB_l — B_lA_l) s
. 1 ) 1
[Ux,U] = 2iA1 Ay — ﬁAlAO + X (AJA_1 — A1 A) + e (A1 A1 — A1Ay),

[Va, V] = 2i (A14g — A1Bo + BoAr + N A3B1) + 4i) (ATBy — A3 Ao — BoA3) +

21 1 3
+5 (Adoy = AL A) + 5 (AiBoy = Bidoy = BoAy) + 5 (BoaAT — AJBL ) +
1

A_1Bo+ AgA_1 — BOAfl) + N2

1
+27>\2 ( (B()B,1 — B,130 — Angl) + BlBo —
7
—ByB —B1B_
ob1 + oy 21P-1

[U)\, V] =2 ()\AlBl — AB1A] — A1Ag+ A1 By — BoAl) +1 (A%A,1 — AflA%) +

1 1 7
+ﬁ (BOA_l —A_1By — A()Al) + 5 (BlA_l + B_14; — AlBl) + @B—IA—l +
24
+X (A_1A; — A1A)
also
1 —img; 0 —imyg
U)\ac = _27>\2 ¢m 0 ¢m 5
im0 imy
1 —imt 0 —imt
e el O
im0 imy
_img ilgl; £ _img ilol;
A2 T AN A2 T AN
Vi = ﬁ—% 0 f;r’fi;
i|l; i|pl;

imyg * imy
a2 T I o o T

(49)

(50)

(51)

(52)
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Now, the equations (50)-(55) we substitute in (46)-(48)

(56)

416F  8m  ¢rdr  2X\|dL*  BiNdy  2idr  Apw  4iX2¢,
=4\ 2| - - — T — - (57
g 9| \ 3 o o + p + 5 + 5 + p (57)

906l* o —im _ 26

=1 2
f Om 4+ 8A° + i o2 " (58)
and can get the second fundamental form in following form
IT = eda?® 4 2fdxdt + gdt®. (59)

4. Total and mean curvatures of the surface

The Gaussian or total curvature as well as the mean curvature can be found directly by the first
and second fundamental forms. The Gaussian curvature of the surface is equal to the ratio of
the determinants of the second and first fundamental forms [14]:

o det Il eg — f?
~ detlI  EG-F?

(60)

mean curvature of the surface
_1Eg+Ge-2Ff

H
2 EG-F?

(61)

5. Conclusion

In this paper, we consider the YO equation, the integrability of which is realized by the
assumption of the Lax representation for it. We investigate the construction of a surface for
the 1+1-dimensional YO equation. The first and second fundamental forms of the surface with
the corresponding coefficients are found. The Sym-Tafel formula and the theory of differential
geometry of the surface are applied. The area, Gaussian and mean curvatures of the surface are
obtained.
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