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Branching fractions of decays τ → K0π−ηντ, τ → K−π0ηντ, τ → K−K0ηντ, and τ → K−ηηντ are
calculated in the Uð3Þ ×Uð3Þ chiral Nambu–Jona-Lasinio quark model. The contact, vector, axial-vector,
and pseudoscalar channels are considered. It is shown that the axial vector channel is dominant. The
obtained results are in satisfactory agreement with experiment.
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I. INTRODUCTION

The study of hadronic τ decays is of great importance
for a deeper understanding of strong interactions at low
energies (< 2 GeV). At this energy scale, the perturbation
theory of quantum chromodynamics is not applicable.
Therefore, it is necessary to apply various phenomenologi-
cal models. One of these models that has been successfully
used for the description of low-energy meson interactions is
the Uð3Þ × Uð3Þ chiral symmetric Nambu–Jona-Lasinio
(NJL) quark model [1–15]. In the framework of this model,
numerous τ lepton decays and processes of electron-
positron annihilation into meson states were successfully
described [16].
The NJL model is based on the chiral symmetry of strong

interactions. This symmetry is partially broken by the
current masses of the u, d, and s quarks within the limits
of 15% [17]. In the case of including heavier quarks, the
chiral symmetry breaking becomes unacceptably strong.
That is why, in the existing versions of the NJL model,
the symmetry higher thanUð3Þ ×Uð3Þ is not applied. In the
case of η mesons, it is also necessary to take into account
the mixing of light u and d quarks with a heavier s quark.
This mixing arises when the gluon anomaly is taken into
account, which is well described by using the ’t Hooft
interaction [18,19]. The processes considered here include
both strange kaons and ηmesons, in the description of which
the breaking of the chiral symmetry pointed out above
continues to play a very important role. This is partially the

reason why these processes are theoretical and not well
studied at the present time. However, more satisfactory
results from the experiments have been obtained here. The
most interesting results were presented by the Belle
Collaboration [20] from an experiment on measuring the
branching fractions of τ lepton decays containing η mesons,
where higher statistics were obtained than in other experi-
ments [21,22].
As for theoretical studies, a number of works have been

published describing the decays of τ into three pseudo-
scalar mesons: τ → 3πντ [23–25], τ → Kππντ [26,27],
τ → KKπντ [28,29], and τ → 3Kντ [30,31]. It is natural to
continue these studies for decays involving the kaon and η
meson. In the present paper, we give a theoretical
description of three-meson τ decays containing K and η
mesons τ → K0π−ηντ, τ → K−π0ηντ, τ → K−K0ηντ, and
τ → K−ηηντ in the framework of the NJL model. We take
into account the contact contributions and the contribu-
tions from the intermediate axial vector, vector, and
pseudoscalar states.

II. LAGRANGIAN OF THE NJL MODEL

For the calculation of the processes τ → K0π−ηντ,
τ → K−π0ηντ, τ → K−K0ηντ, and τ → K−ηηντ we need
the vertices containing the meson statesK,K�,K1, π, and η.
The fragment of the quark-meson Lagrangian of the NJL
model with such vertices takes the following form [15]:
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where q and q̄ are triplets of the u, d, and s quarks with
the constituent masses mu ≈md ¼ 270 MeV and ms ¼
420 MeV; λ are the linear combinations of the Gell-
Mann matrices; θ̄ ¼ θ0 − θ is the mixing angle of the
mesons η and η0; and θ ¼ −19° is the deviation of the ideal
mixing angle θ0 ¼ 35.3° [19].
The strange axial vector meson K1A appearing in

the Lagrangian represents the combination of two
states that are the results of the mixing of the states
K1A and K1B [32,33]:

K1A ¼ K1ð1270Þ sin αþ K1ð1400Þ cos α; ð2Þ

where α ¼ 57°.
The quark-meson coupling constants appear from the

renormalization of the free Lagrangian [15]:
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s
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where Zπ , Zs, and ZK are the factors describing
π − a1, η − f1, and K − K1 transitions; and Ma1 ¼
1230 MeV, Mf1 ¼ 1426 MeV, MK1ð1270Þ ¼ 1253 MeV,
and MK1ð1400Þ ¼ 1403 MeV [34] are the masses of the
axial vector mesons a1 and K1.
The integrals in the definitions of the coupling constants

as well as appearing in the quark loops as a result of the
renormalization of the free Lagrangian take the form

Inm ¼ −i
Nc

ð2πÞ4
Z

θðΛ2 þ k2Þ
ðm2

u − k2Þnðm2
s − k2Þm d4k; ð5Þ

where Λ ¼ 1265 MeV is the cutoff parameter [15].

III. THE τ → Kπηντ DECAY AMPLITUDE

Since the decays under consideration are four-particle,
the corresponding diagrams can contain up to two inter-
mediate states. As the first intermediate state, the axial
vector, vector, or pseudoscalar meson can be considered.
Therefore, the axial vector, vector, and pseudoscalar
channels can be distinguished. As the second intermediate
resonance, only vector mesons may take place. Besides,
contact diagrams where the W boson does not produce the
first intermediate resonance but directly decays into two
meson states are also possible. Since the contact diagram
contains the vector and axial vector parts, the contact
contributions can be included in the appropriate axial
vector and vector channels.
The diagrams of the processes τ → Kπηντ are presented

in Figs. 1 and 2.
The amplitude of the process obtained in the framework

of the NJL model takes the following form:

M ¼ GFVusLμfMA þMV þMPgμ; ð6Þ

where Lμ is the weak lepton current; MA, MV , and MP

are the axial vector, vector, and pseudoscalar channels,
respectively; and for the process τ → K−π0ηντ they take
the form

FIG. 1. The contact diagram of the decays τ → K�ηðK�πÞ →
Kπηντ.

FIG. 2. The diagram with the intermediate mesons describing
the decays τ → K�ηðK�πÞ → Kπηντ.
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where pK , pπ , and pη are the momenta of the final mesons,
qKπ ¼ pK þ pπ , qKη ¼ pK þ pη, and q ¼ pK þ pπ þ pη.
The intermediate states are described using the Breit-

Wigner propagator

BWp
M ¼ 1

M2
M − p2 − i

ffiffiffiffiffi
p2

p
ΓM

; ð8Þ

where M designates a meson and MM, ΓM, and p are its
mass, width, and momentum, respectively.
The factors ZK1

, Za1 , and Zη appear as a result of the
explicit allowance for transitions between the axial vector
and pseudoscalar states in the different diagram vertices:
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The factors hK1
and hK� appear as a result of the

summation of the diagrams with intermediate mesons
and the appropriate parts of the contact diagrams:

hK1
¼ M2

K1
− i

ffiffiffiffiffi
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q
ΓK1

−
3

2
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hK� ¼ M2
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3

2
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In the vector channel, the combinations of the convergent
integrals appear:

Icu ¼ I21 þmuðms −muÞI31;
Ics ¼ I12 −msðms −muÞI13; ð11Þ

where I21, I31, I12, and I13 were defined in (5).
The partial width of this decay calculated by using the

above amplitude takes on the following value:

Brðτ → K−π0ηντÞ ¼ ð3.9� 0.6Þ × 10−5: ð12Þ

There are many sources of model uncertainty. The main
source is the partial conservation of the axial current
principle (PCAC). On this basis, the model error can be
estimated at 15% [17]. The next source of uncertainty is
associated with taking into account the gluon anomaly in
the model [19]. Here the ’t Hooft constant is fixed by the
experimental values of the η and η0 meson masses with an
accuracy of 10%. We also rely on a statistical analysis of
numerous calculations of various processes carried out
within the NJL model, and in this case the error can be
estimated at the level of 10% [16]. Considering these facts,
the accuracy of the model cannot exceed 15%.
Our result does not contradict the experimental value

within the errors [34]:

Brðτ → K−π0ηντÞexp ¼ ð4.8� 1.2Þ × 10−5: ð13Þ

The amplitude of the process τ → K̄0π−ηντ almost
coincides with the amplitude of the process τ →
K−π0ηντ. The only difference is the additional factorffiffiffi
2

p
. Besides, in one of the subprocesses, the neutral

meson K�0 takes place as the second intermediate reso-
nance. As a result, one can obtain the following value for
the partial decay width of this process:

Brðτ → K̄0π−ηντÞ ¼ ð7.8� 1.2Þ × 10−5: ð14Þ
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This result is also consistent with the experimental data
within the theoretical and experimental uncertainties [34]:

Brðτ → K̄0π−ηντÞexp ¼ ð9.4� 1.5Þ × 10−5: ð15Þ

IV. THE AMPLITUDES OF DECAYS τ → K½Kη;ηη�ντ
The amplitudes of τ → K½Kη; ηη�ντ decays, as in the

case of the τ → Kπηντ decay, contain contributions from
contact diagrams and diagrams with intermediate axial-

vector, vector, and pseudoscalar mesons. The decay of τ →
KKηντ, unlike other processes, proceeds through intermedi-
ate nonstrange states a1, ρ, and π. In this process, the second
resonances are K�− and K�0 mesons. In the case of decay
with the production of two η mesons τ → Kηηντ, inter-
mediate channels with strange mesons operate, in which the
second resonance is only the K�− meson.
The process amplitude of τ → K−K0ηντ can be repre-

sented as (6). Then the corresponding contributions take
the form

Mμ
A ¼ i

3
ffiffiffi
2

p

4
ð3mu −msÞZK

Vud

Vus

h
gηu sin θ̄ þ

ffiffiffi
2

p
gηs cos θ̄

i
BWq

a1 ½gμνha1 − qμqν�

×

�
BW

qK−η

K�−

�
1

Zη
pK− − pη

�
ν

þ BW
qK0η
K�0

�
1

Zη
pK0 − pη

�
ν

�
;

Mμ
V ¼

ffiffiffi
2

p
ZKg2K�

Vud

Vus
muIcuhρ

h
gηu sin θ̄ þ

ffiffiffi
2

p
gηs cos θ̄

i 1þ Zη1

Zη1

BWq
ρ

n
BW

qK−η

K�− þ BW
qK0η
K�0

o
eμνλδpK−νpK0λpηδ;

Mμ
P ¼ i

3
ffiffiffi
2

p

2
mu

Vud

Vus
ZK

h
gηu sin θ̄ þ

ffiffiffi
2

p
gηs cos θ̄

i
qμBWq

π

�
BW

qK−η

K�−

�
1

ZK1

pK0 þ 1

Za1

q

�
ν

�
1

Zη
pK− − pη

�
ν

þ BW
qK0η

K�0

�
1

ZK1

pK− þ 1

Za1

q

�
ν

�
1

Zη
pK0 − pη

�
ν

�
; ð16Þ

where pK0 , pK− , and pη are meson momenta in the final states; q ¼ pK0 þ pK− þ pη is the momentum of the first
intermediate meson; qK−η ¼ pK− þ pη; and qK0η ¼ pK0 þ pη. The factors ha1 and hρ take the form

ha1 ¼ M2
a1 − i
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ρ − i
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q
Γρ: ð17Þ

Using the obtained amplitude, we get the following estimate for the branching fraction of τ → KKηντ:

Brðτ → KK−ηντÞ ¼ ð1.6� 0.2Þ × 10−6: ð18Þ

This result does not exceed the experimental limit for the branching fraction [34]:

Brðτ → KK−ηντÞexp < 9.0 × 10−6: ð19Þ

The axial-vector, vector, and pseudoscalar channels give the following contributions to the decay amplitude of
τ → K�η → Kηηντ:

Mμ
A ¼ −i

3

2

ZK

gK
ms

�
gηu sin θ̄þ

ffiffiffi
2

p mu

ms
gηs cos θ̄

�	
gηu sin θ̄þ

ffiffiffi
2

p
gηs cos θ̄


h
ðgμνhK1ð1270Þ − qμqνÞBWq

K1ð1270Þsin
2α

þ ðgμνhK1ð1400Þ − qμqνÞBWq
K1ð1400Þcos

2α
i
BWqKη

K�

�
1

Zη
pK −pð1Þ

η

�
ν

þ
	
pð1Þ
η ↔ pð2Þ

η



;

Mμ
V ¼ 6gKmuIcu

�
gηu sin θ̄þ

ffiffiffi
2

p ms

mu

Ics
Icu

gηs cos θ̄
�	

gηu sin θ̄þ
ffiffiffi
2

p
gηs cos θ̄


Zη þ 1

Zη
BWq

K�hK�BWqKη
K�

× eμνλδpð1Þ
ην pK−λp

ð2Þ
ηδ þ

	
pð1Þ
η ↔ pð2Þ

η



;

Mμ
P ¼ 3

4
ðms þmuÞ

Z2
K

gK

	
gηu sin θ̄þ

ffiffiffi
2

p
gηs cos θ̄



2
qμBWq

KBW
qKη
K�

�
1

Zη
qþpð1Þ

η

�
ν

�
1

Zη
pK −pð2Þ

η

�
ν

þ
	
pð1Þ
η ↔ pð2Þ

η



: ð20Þ

M. K. VOLKOV, A. A. PIVOVAROV, and K. NURLAN PHYS. REV. D 109, 016016 (2024)

016016-4



The obtained estimate for the branching fraction of τ →
Kηηντ in the NJL model is

Brðτ → KηηντÞ ¼ 1.0 × 10−8: ð21Þ

The model prediction for the τ → Kηηντ decay also
does not exceed the experimental limit for the branching
fraction [34]:

Brðτ → KηηντÞexp < 3.0 × 10−6: ð22Þ

V. CONCLUSION

In this paper, within the standard Uð3Þ × Uð3Þ chiral
quark NJL model, theoretical descriptions of τ lepton
decays into three pseudoscalar mesons involving a kaon
and an ηmeson in the final state are given. The contributions
from contact channels and intermediate channels with axial-
vector, vector, and pseudoscalar mesons are considered. The
calculations show that the axial-vector channels play a
decisive role in all the cases considered. The mixing of the
K1A and K1B states is taken into account in the axial-vector
channel withK1ð1270Þ andK1ð1400Þ intermediate mesons.
The obtained results are in satisfactory agreement with the
experimental data within the experimental and theoretical
uncertainties.
As regards the estimate of the contribution from the

box diagrams, taking it into account in the pseudoscalar
decay channel of the decay τ → K−π0ηντ gives the value
Brðτ → K−π0ηντÞbox ¼ 6.4 × 10−8, which is 3 orders of
magnitude lower than the experimental result. The box
diagram in the vector channel does not exceed the con-
tribution of the rest of the vector channels, which itself, as a
rule, is 2 orders of magnitude lower than the experiment.
They were not explicitly taken into account in the

amplitude due to their small contributions. Taking into

account the box diagram in the axial-vector channel leads
to going beyond the framework of the NJL model that was
formulated in the lowest order in terms of the quark-meson
coupling constants. This order corresponds to logarithmic
divergent terms at the diagram vertices. The exception is
anomalous vertices, which should be taken into account in
this approximation. In the axial-vector channel, the box
diagram does not contain divergent integrals and is not an
anomalous vertex. Therefore, it goes beyond the NJL
model approximation considered here.
From a theoretical point of view, the decay of τ →

K−π0ηντ was previously described in [35]. However, a
relatively small branching fraction Brðτ → K−π0ηντÞ ¼
8.8 × 10−6 was obtained there. This was a consequence
of the assumption that the vector channel gives the main
contribution. This resulted in a small value for the partial
decay width. Among other works close to the description of
the decays considered here, we can note the paper [36]. In
this work, the decay of τ → K�ηντ was described, which in
our case is an intermediate process for the decays τ →
Kπηντ and τ → K−ηηντ. It was determined there that the
axial-vector channel is dominant, and the branching fraction
Brðτ → K�−ηντÞ ¼ 1.01 × 10−4 was obtained. Calculations
in the NJL model for this decay also showed the decisive
role of the axial-vector channel with the branching fraction
Brðτ→K�−ηντÞ¼ð1.23�0.18Þ×10−4 [37] at experimen-
tal value Brðτ → K�−ηντÞ ¼ ð1.38� 0.15Þ × 10−4 [34].
Thus, one of the main results of our work is the confirmation
of the dominant role of the axial-vector channel in these
processes.
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