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Abstract. The geometric-gauge equivalent of the famous Ishimori spin equation is the
(24+1)-dimensional Davey-Stewartson equation, which in turn is one of the (241)-dimensional
generalizations of the nonlinear Schrodinger equation. Multicomponent generalization
of mnonlinear integrable equations attract considerable interest from both physical and
mathematical points of view. In this paper, the two-component integrable generalization of
the (2+1)-dimensional Davey-Stewartson I equation is obtained based on its one-component
representation, and the corresponding Lax representation is also obtained.

1. Introduction

It is known that integrable nonlinear Schrodinger type equations (NSE) are key models in
the theory of integrable equations. Recently, their multicomponent generalizations have been
actively studied. In the work [1] it is shown that the Manakov two-step system is integrable.
The geometrical connection with the last system and the two-layer spin model was established in
[2] - [4]. The geometric gauge equivalent of the Ishimori spin equation [5] is a (2+1)-dimensional
Davy-Stewartson (DS) equation, which is one of the (2+1) -dimensional generalizations of the
NSE [6].

Consider the (2+1)-dimensional DS equation

. 1
i+ 5(0% 0 + ay) = (0 ar)a, (1)

. 1
—iry + 5(027"“ + ryy) = (v —gqr)r, (2)
Vpw — szyy = 2(q7) gz, (3)

where 7 = +¢*, ¢* is the complex conjugate of q. For ¢ = 1, the system of equations 1-2 is
called the Davy-Stewartson Type I equation (DSI), and for 02> = —1 — the Davy-Stewartson
Type II equation (DSII) [7]. We focus on the (2+1)-dimensional DSI equation, and in the next
section we give some well-known data on the single-component (241)-dimensional DSI equation.
Our goal is to derive a two-component generalization for the last equation.

The result of the study is formed in the form of approval and is proved in the second
paragraph.
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2. A single-component (2+1)-dimensional DSI equation
As it is known, the standard Lax representation of the DSI equation is

F, = AyF,+ A1F, + AoF, (5)

(1 0 0 g¢q
(o ) (5 6)

_ . C11 C12 _o:( 0 ¢ — 9
Ao—Z<c21 022), A1—2’L<_q 0), A2—2’LO'3.

where

The elements of the matrix Ag satisfy the following conditions:

1
C12 = 5(63: + ay)Q:

1
Co1 = _5(833 - ay)ra

1
(02 = dy)en = —5(x + 9y (ar),
1
(02 + 9y)eaz = 50z — 9y)(ar),
here 0, = 0/0,, 0y = 0/0, and the field v in the system of DS equations (1)-(2) is defined as

v = —i(co2 — c11) + qr.

The compatibility condition for the equation (4) and (5) F,; = Fy, implies the following series
of equations:

[037 AQ] =0, (6)

03A2, — Agy + [03, A1] + [Q, A2] = 0, (7)

03A1; — A1y + 03, Ag] + [Q, A1] — 242Q, =0, (8)
0340z — Aoy + Q1 + [Q, Ao] — A2Quz — A1Q, = 0. 9)

From the system of equations (6)-(9) it is not difficult to obtain a one-component (2+1)-
dimensional DSI equation [8].

3. A two-component (241)-dimensional DSI equation
Theorem. If the matrices ¥, Q and A belong to the group SU(3), then a two-component
(2+1)-dimensional DSI equation has the following form:

—
=}

iq1t + 1z + qlyy — V191 — W1q2 = 0,
192t + Q220 + Qoyy — W2q1 — V2q2 = 0,
=11t + Taz + T1yy — V171 — w12 = 0,

_ =
[N

—1T2¢ + Togg + Toyy — Wary — vary = 0,

Vigze — Vigy = (2r1q1 +7202)ze + 2(7202) 2y + (271G1 + 72G2)yy,
Vozz — Vayy = (T1q1 + 2242)ze + 2(r1G1) 2y + (11q1 + 272G2) yy,
Wizge — Wigy = (q172)zz — 2(q172) 2y + (q172)yy>

Wazz — Wayy = (q271)zz — 2(q271)zy + (9271)yy,

e e N T N T N N
= =
>~ W

— — Y ' ~— —

—
J

= =
S Ot
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where q and r are complez-valued functions, and v; and w; are real functions.
Proof. For proof, we require that the column matrix F satisfies the following Lax
representation

F, = XF,+ PF, (18)
F, = B2sz+B1FI+BOFa (19)

1 0 0
=0 -1 0 |,
0 0 -1

the remaining matrices belong to the group su(3):

0 @1 @
P= -r1 0 O ,
—T9 0 0

c11 c12 Ci13 bi1r bz b3 ai1 a2 a3
Bo=| ca co2 co3 |, Bi=| bar ban b3 |, Bo=| a1 az a3 |.

€31 €32 €33 b31 b3z b33 az1 azz2 as3

where

Then, from the compatibility condition F,; = Fj, of the system (18) and (19), we obtain

[X, Ba] =0, (20)

Y Byy — Boy + (2, B1] + [P, B2] = 0, (21)

Y Bz — Biy + [Z, Bo] + [P, B1] — 2B2 P, = 0, (22)

Y Boy — Boy + P; + [P, By] — BoPyy — B1 P, = 0. (23)

Now we define elements of the matrices By, B and Bs. From the equation 20 it is determined
that
ajz = ag = a1z = agy = 0.

a1l 0 0
By = 0 a2 a3 |.
0 a3 ass

Similarly, from the equations (21) and (22) we get a number of restrictions for the elements of
the matrices By, B; and Bs.
Namely, for the elements a;; (7,5 = 1,2, 3) of the matrix By:

Therefore, we have

a1z + aiy = 0,
a2y + agzy =0,
a3z + azzy = 0,
a23; + a3y = 0,
asze + agzy = 0,

for the elements b;; (i, = 1,2,3) of the matrix By:

1
bi2 = —§(a2211Q1 + as2q2),
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1
bo1 = §(a22117“1 + asra),

1
b1z = —§(a3311(J2 + a23q1),

1
b3 = 5(6133117"2 + azory),
b11z — b11y =0,

1

baoy + bagy = —§(a23q1r2 — asaqari),
1

b33z + b33y = 5((1236117’2 — az2qari),

1
bazs + bagy = 5(03322%7"1 + az3(qim1 — q212)),

1
b3os + b32y = —§(a3322q1r2 +az(qir1 — q2r2)),

where a;ij; = ai; —aj; (1 > j). And for the elements ¢;; (i, j = 1,2, 3) of the matrix By, we have

1
cl2 = 1[(3(111 + a22) 12 — A2211G1y + 432G22 — a32q2y + (A220 — @22y — 2b2211)q1 + (4320 — @32y — 2b32)G2),

1
Co1 = Z[(?)an + a22)712 — 221171y + 3a3272; — A2372y + (@112 + @11y + 2b2211)71 + 2b2372)],

1

c13 = Z[a‘23q1$ — a23q1y + (3a11 + a33)q2s — 331192y + (@232 — 23y — 2032)q1 + (a332 — a33y — 2b3311)¢2],

c31 = 1[3%27‘19: — a3ory + (@11 + 3a33)r2, — 331172y + 203011 + (@112 + @11y + 2b3311)72).

From the equation (23) we get the following system of equations:

)
=~

q1t = a11qQ1zz + D11q12 — €122 + €12y — C2211q1 — €32G2,

[\
t

G2t = A11G2zz + b11G2z — €13z + €13y — 331192 — €23q1,
Tl = 22712z + A2372z2 + 022712 + b23T2e — €212 — C21y + C221171 + C23772,

Tot = A32T1zz + 4337202 + 032712 + b33T27 — €312 — C21y + 331172 + C3271,

[N ]
~N O

Cliz + e21q1 + €31G2 + c1271 + 1372 + biariy + bigray — ci1y = 0,

[\V)
Nej

—C2; — C1271 — €21q1 — b21G12 — C22y = 0,

N N AN N /S /N /S /S /N
w [\
= oo

~— N ' N ' ' ~—

—C23; — C1371 — €21G2 — b21G2x — c23y = 0,

w
—

—C32; — C12T2 — €31q1 — b31G12z — 32y = 0,

w
[\)

—C33z — C1372 — €31G2 — b31q2s — ¢33y = 0.
Then, taking into account the above results, the equation (10) can be rewritten as

1

4

1

4

7

4

7 7
108202y + —(—a2 — a11)qizy —

1q1t + —a2211q122 + a32Q22x + 5

a221141yy +

7 ) 7
— 5032420y + 5((1321 — a3gy — b32)qos + 5(—(13235 + agay + b32)q2y +

.

1

2(a22x + agey + bao — bi1)qiy +

+ (a2, — a2y — bao — b11)q1z +

[\

)
+Z[a22:px — 2a924y + a22yy — 2(ba2e — bagy) + 4ca211]q1 +
)
+Z[a32xa} — 20395y + a32y — 2(b32y — b32y) + 4esa]ga = 0. (33)
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Assuming that the coefficients of the second derivative of ¢ with respect to z and y in the
equation (33) are equal to unity, i. e. iamn = 1, we obtain ag11 = a9 — a1 = —4¢. Without
loss of generality, take a1 = 2¢ and ag = —2i.

Similarly, we consider the equation (25). We get that
i

)
4a23Q1yy + 5(—a33 — 11)q2zy —

192t + 1a3311Q2m + Za3311q2yy + Zd23£]1m +

7 ) )
— 502301y + §<a23x — a3y — b32)q1z + 5(_02317 + agsy + b32)q1y +

) )
+§(033x — azgy — b3z — b11)q2, + §(a33x + agsy + b3z — b11)qay +

7
+—[a33z0 — 20332y + a33yy — 2(b332 — b3zy) + 4c3z11]g2 +

4
i
+1[a2311 — 20232y + 23y — 2(bazy — bazy) + 4caz]qr = 0. (34)
We assume that in the equation 34%&3311 = 1. Then we determine that ags = —2i. Given

the above, the matrix By takes the form

2t 0 0 0 O 0
By = 0 —2¢ ass =X+ 0 0 as3 .
0 azo —2 0 a2 O

In the case when as3 = ags = 0, the matrix By takes the form
By = 2i3%.

Now we list all the equations obtained from 20 - 23 for the elements b;; and c;;. We have

bi2 = 2iq,

big = 2iq,

bo1 = —2iry,
bi1z — b11y = 0,

boog + bagy = 0,
b33s + b33y = 0,
ba3z + ba3y = 0,
b32s + b3y = 0.

The last five equations have a solution
b1 = bag = b3 = b3z = bzg = 0.
Thus, for the elements of the matrix B; we get
0 2iq1  2iqs

Bi=|[ —2iry O 0 = 2iP.
—2irg 0 0
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Similarly, we define the expressions for the elements c;; of the matrix By in the form

c12 = i(q1z + quy),
c13 = i(qaz + q24),
C21 = z(7’1:10 - rly)v

C31 = Z(Tgw — ’I“gy) .

The remaining five elements ci1, co9, ¢33, €23, c32 satisfy the following nontrivial equations:

Cliz — Cliy = —i(r1q1 + r2q2)s — i(r1q1 + r2q2)y, (35)

220 + C22y = 1(r1q1) 2 — 1(r1q1)y, (36)

332 + €33y = i(12G2)x — 1(T2q2)y, (37)

23z + ca3y = i(11G2)x — 1(T142)y, (38)

320 + €329 = 1(r2q1)e — 1(q172)y- (39)

Let us introduce the notations vy = —icgo11, v2 = —ic3311, w1 = —icge and we = —icog.

Acting on vy with operators D™ = 8, + 8, D~ = 9, — 0y, we get
D™ DT (—icas) = —i(cazaa — C22yy),

DT D™ (—icaa) = (r1q1)zz — (M1@1)yz — (M1@1)zy +1(11q1)yy = (11@1) 2z — 2(r1¢1)zy + (111 gy,

DtYD vy = (2r1q1 + 12q2) 2z + 2(12q2) 2y + (271q1 + 72024y

As a result, we have

Vizge — Viyy = (2r1q1 + 7202)ze + 2(72¢2) 2y + (271G1 + 72G2)yy,

which in turn gives the equation (14).
Similarly, acting by the operators DTy D~ and vs, w; and ws, we obtain the following
equations, respectively:

Voze — Vayy = (T1q1 + 27242) gz + 2(711) 2y + (r1q1 + 272¢2) 4y,

Wigy — Wiyy = (QITQ)x;U - 2<q17"2)xy + (Q17“2)yy7
W2y — W2yy = (Q2r1):c;r - 2<Q27'1)zy + (Qer)yy

As we can see, the last three equations obtained above turn out to be the equivalent equations
(15)-(17). Furthermore, using the above notation (35)-(39), we can write for equations for gy,
qot, m1¢ and 79 in the form

1q1t + 1z + qlyy — V141 — W1q2 = 0,
192t + Q220 + Qoyy — W2q1 — V2q2 = 0,
—ir1g + Tigz + Tyy — V171 — wirg = 0,

—irgt + Togy + Toyy — wary — vorg = 0.

Thus, we obtained the system of equations (10)-(12), which was required to prove.
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4. Conclusion

In conclusion, we note that the obtained two-component generalization of the DSI (10)-(17)
equation and its Lax representation (18)-(19) are new. A detailed study of the algebraic and
geometric properties of the (10)-(17) system is the subject of our further research.

The work was supported by the MES RK on the GF, contract N132, 03/12/2018.
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