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1 Introduction and formulation of the result

Linear second-order elliptic equations and systems defined in unbounded domains have
received considerable progress thanks to important applications in stochastic analysis,
biology, and financial mathematics (see [1-6] and the references therein). Solvability and
properties of solutions of this system are significantly influenced by growth and properties
of coefficients near infinity. Therefore, they are quite different from those elliptic equations

and systems defined in a bounded domain. For the following equation
-Au+F-Vu+Vu=f(x), x€eR" (1)

the solvability, regularity, and other related issues were discussed in [7-12] in the case
when the intermediate coefficient (drift) F at the infinity grows, but not faster than
|2[In(1 + |¢|), and its growth is not always controlled by the potential V' (for example,
in [7] the authors considered the case that the intermediate coefficient has a linear
growth, [9] and [11] considered the case that the intermediate coefficient has a growth
as |x|In(1 + |x])). At the same time, there are correctly solvable elliptic equations with in-
termediate coefficients, the growths of this intermediate coefficients are different orders.

For example, the following second-order elliptic equation:

B
Tw=wzz—§zwz—|3|2w=ﬂ (2)

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-023-01727-0
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01727-0&domain=pdf
https://orcid.org/0000-0002-5480-2178
mailto:kordan.ospanov@gmail.com
http://creativecommons.org/licenses/by/4.0/

Ospanov Boundary Value Problems (2023) 2023:42 Page 2 of 11

where z = x + iy € E (E is the complex plane)) w; = 1/4Aw, wz = 1/2(w, + iwy) and B, =
1/2(By — iB,). If the coefficient B is continuously differentiable and satisfies the following
conditions:

Re B(z)

|ReB|>1, sup
20eE:|z—0]<1 Re B(6)

< +00, (3)

then (2) is uniquely solvable for each F in Ly(E). In fact, (2) is reduced to the following

system:
wz — B® = 2Bp, (4)
where
Bj-—F (5)
-+ =—-——"r.
bz +bp 2B

If (3) holds, then first-order systems (4) and (5) are correctly solvable (see [13, 14]), and
for their solutions w and p, respectively, the following estimates hold:

lwxlloe + llylly  + 1B@llye < Co

’

2,E

1
=F
B

1Dxllo,z + 12yl g + 1BPlo e < G

’

2,E

1
—F
2B

where || - |2, is the norm in Ly (E).

In general, this naturally leads to the following question: does there exist a more or less
general class of correct elliptic equations of the form (1) such that the intermediate coef-
ficient F has a higher growth than |x|In(1 + |x|) and not controlled by the potential V?

In this paper, we discuss this question for equation (1) in an infinite strip Q2 = {(x,y) :
—00 < x < 00,—1 <y < 1}. We consider the following problem:

Lu = —ttyy — 1ty + a(X)i + b(x)u = f (x, ), (6)

u(x, —m) = u(x, ), uy (%, —77) = uy(x, ), (7)

where a(x) is continuously differentiable, b(x) is continuous, and f € L,(£2). We assume
that the growth of the intermediate coefficient « at infinity does not depend on the behav-
ior of the lower term b. Our goal is to find sufficient conditions for the correct solvability
of problem (6), (7). We found conditions for the coefficients of equation (6), these condi-
tions are also applicable to the case that the coefficients are growing at infinity and quickly
fluctuate (see Examples 1.1 and 1.2).

The forms of equation (6), where the coefficients depend only on x, and of periodic con-
ditions (7) are motivated by application of the Fourier method. First, we consider prob-
lem (6), (7) with b = 0 and reduce it to a one-dimensional differential equation in L,(R)
(see equation (15) below). We show that the latter is correctly solvable under our con-
ditions. We use the well-known perturbation theorem for a linear operator to prove the
well-posedness of problem (6), (7) in the case of b #0.
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For equation (1) with F = 0, the solvability conditions and regularity estimates were es-
tablished in a number of works (see [15—17]). In [18], the regularity estimate was applied to
the study of nonlinear Schrédinger equation. In the case # = 1, the correctness of equation
(1) with a rapidly growing drift was shown in [19] (see also [20-22]).

Let ®,, = {(x,5) : —00 < x < +00,—-m < y < m} for m > 0. We denote by Cy(R) the set of
continuous functions v(x) (x € R) with compact support, i.e., there is a constant 7, > 0
such that for any x € (—o0,n,) U (n,, +00), v(x) = 0. Set

_u(-y) € Co(R) for each y € [-m, m] and u(x,-) is
Com(®m) = qulx,y) € C(O,) :
a periodic function with period 2m for each x € R

Let

o differentials of u of first and second orders
C(),m(®m) = u(x:y) € CO,m(®m) :
belong to Co,,(®,)

Definition 1.1 The function u € Ly(2) is called a solution of problem (6), (7) if there exists
a sequence {u,},_ < C(()?J)T(Q) such that [|u, — ully,q — 0, |Luty — fll5q —> 0as n— oo.

We introduce the notations

agin(®) = 181200 1h 1oy >0
Ben(@) = gl aco [ 1y oy (T <O)s
Yeh = Max(sup ag(t), sup (7)),
t>0 <0
where g and /1 # 0 are given continuous functions.
The following statement is a special case of Lemma 2.1 [23].

Lemma 1.1 Ifg and h # 0 are continuous functions with v, < 0o, then

/ gv)|*dx < C / I (0" dx, Vv e CPR).
R R
Moreover, if C is the smallest constant for which this inequality holds, then

2
4[min<sup ot (1), supag,h(r)>] < C < Ayen)™
0

t>0 T<

Theorem 1.1 Let a(x) be a continuously differentiable function, b(x) be a continuous func-
tion, and the following conditions be fulfilled:

@) la@)| =1, vy, a1 < 005

(B) Vi, a1 < 0.

Then, for each f € Ly(L2), there exists a unique solution u of problem (6), (7) and the
following estimate holds:

|V1als] g + [ (161 + 1)u] o < Csllf o ®)
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We will prove Theorem 1.1 in Sect. 3. Further, we will prove all our statements for the
case a(x) > 1. The case a(x) < —1 is reduced from this case by replacement of independent
variable.

Example 1.1 In Q, we consider
—Uyx — Uyy + (x2 + S)aux +x3cose™u = fi(x,y) 9)

with boundary conditions (7). It is easy to show that if « > 4, then the conditions of The-
orem 1.1 are satisfied. Thus, for any f; € L,(£2), problem (9), (7) has a unique solution u
and

| (+*+ 3)%”’6”2,9 + [ (1 [cos ™| + 1)””2,9 = Gillfillzq-
Example 1.2 Let
—Uyy — Uyy — [1 + 20em(3 +2sin 4x)]ux +x%" cos® 5xu = fo(%, ), (10)

where (x,7) € Q, n € N, and f, € L,(€2). Then the conditions of Theorem 1.1 hold. So,
problem (10), (7) has a unique solution # and

I[x+ 20em(3 + 23in4x)]1/2ux||2,9 + || (" cos® 5x + 1) u| 20 = Csllalze

2 Thecaseb=0
In ©®,, = {(x,y) : x € (—00, +00), —-m < y < m} (m > 0), we consider the following problem:

—Uyx — Uyy + La(X)u, = g(x, ), (11)

ulx,—m) = ulx,m),  uy(x,—m) = u,(x, m), (12)
where g € L,(©,,), A > 1.

Let by = —ttyy — 1y + Aa(x)u, for u € Cé?;(@m). It is easy to show that /, is a closable

operator in the norm of L,(©,,). We still denote by /; its closure.

Definition 2.1 The function u € Ly(®,,) is called a solution of problem (11), (12) if u €
D(l,)and Lu=g.

Lemma2.1 Leta(x) > 1 be continuously differentiable and satisfy the condition y, s < 00.
If there exists the solution u(x, y) to problem (11), (12), then u is unique and

[VAiausllye,, + 14lze, < 2yi,ya+Dlgle, (13)
holds.

Proof Letu(x,y) € Cé?,,(@m). Integrating by parts and using the boundary conditions, we
obtain that

(l,\u,ux)zf Aa(x)uﬁ(x,y)dxdy.
Om
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By the Holder inequality, we get
IViauclye,, < Ilhulse,-

It is easy to check that Yiia < Vi,va for A > 1. By Lemma 1.1,

[ sy ax <yl [ ra@lin s ye mm

o0

therefore we obtain that
[VAiaullye,, + 1ulze,, <1 +2y, 2DIhulse,,

If u is a solution of problem (11), (12), then there exists a sequence {u,}5.__ in Cé?,,(@m)
such that [lu, - ull,e,, — 0, lliu, — gll,e, — 0asn— co. Then we have

lim (w0, = l#l2e0,, lim (L, llye,, = lIglye,,- (14)
n—0Q Hn—0Q

Since
|V 2a(u), | 20, + 1tnll2ze, = Qvi,yz + Dilhunll20,,

taking limit as # — oo and using (14) and the closedness of the operator of generalized
differentiation, we obtain (13). It is clear that (13) implies the uniqueness of the solu-
tion. g

Remark 2.1 We note that if the condition y; Jlal < 00 in Lemma 2.1 is not satisfied, then
Lemma 1.1 implies that estimate (13), generally speaking, does not hold.

Remark 2.2 Lemma 2.1 is also true if a(x) > § > 0, § < 1. In fact, it suffices to prove (13)
for u(x,y) € Cé%;(@m). If we denote x = st, y = st (0 <s <3), u(t, t) = u(st,st), a(t) = a(st),
g(t,v) = g(st,s7), then instead of (11) and (12) we have

st = =520 — § 200 + AsTLA(0)is, =g

L?(t, —s‘lm) = Zt(t, s‘lm), 7 (t, —s_lm) =, (t,s‘lm),

where 571 > 1. As in the proof of Lemma 2.1, we get

|Vastain],o_, < |VisTaluil,e  , e Col s (O,).

Since As7'a > 1, ||V As~lai, loe, 1, = 5732V auy 2,0, we have that s73/2||v/Lau,| e, <
ILullze,,- For A > 1, v, sz < v1,ya- Using Lemma 1.1, we obtain (13).

Next, we prove the existence of a solution to problem (11), (12). Let the right-hand side
g of equation (11) be represented as follows:

¢= Y e,

0=—00
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It is known that g, € Ly(R), R = (-00,00). We denote 0, = 2" and consider the following

equation:
V" + ra@)V + o2y = g, (x). (15)

Let C(()Z) (R) be the set of twice continuously differentiable functions with compact support.
Since a is a smooth function, the differential operator l(()(;) v=—vV"+ra(x)V +o2vis defined

on C{?(R). Clearly, this operator is closable in L,(R). We denote its closure by lga).

Definition 2.2 The function v € Ly(R) is called a solution of equation (15) if v € D(li"))

and [y =g,.
The following statement is true.

Lemma 2.2 Ifv, is a solution of equation (15) foreach o € Z, thenv="y > _ v, (x)e~m
is a solution of problem (11), (12).

Proof Let GX = Zfi:_kgo (x)em7 1t is obvious that [|G*) - g|l,e, — 0 (k — o). If g is
replaced by G® in (11), then v¥ = ZI;:_,( Vo (x)e"m7 is a solution of problem (11), (12).
To verify this, we multiply (15) by e~ and sum up the obtained equality from o = —k to
o = k. Then we get equation (11) with respect to the unknown function v, It is clear that
W) satisfies condition (12). By Definition 2.2, there exists a sequence {w,,}% in C(()Z) (R)
such that |[we — Vs |l = O, ||l(()‘2ws(7 - g ||2,R — 0 as s — +oo, where || - ||,z is the norm
in Ly(R). Then

2

k
2
= W —vol3g—0
2,0, o=k

k
Z Wso (x)e—iomy - V(k)

o=—k

and

2

k
= w0

2,0, o=—k

k
L (Z Weo (x)ei“my> -GW

o=—k

as s — +00. Therefore, the function v¥) = Zl;:_k Vo (x)em is a solution to problem (11),
(12), where g = G®.
Further,

k
lA ( Z Wso (x)e—iamy> - g
o=—k

2,0,

k
Iy (Z wsg(x)e_i"”'y) -GgWw

o=—k

S

2,0m

+ ” G» —gszgm -0 (s— +00,k — +00). (16)

Page 6 of 11



Ospanov Boundary Value Problems (2023) 2023:42 Page 7 of 11

By Lemma 2.1,
k k
Z Wso (x)e0mY <GCs| (Z Wy (x)ewmy) , s=1,2,....
o=-k 2,0m o=—k 2,0m

Therefore, functions Zl;?k W (x)e™m (s € N, k = 0,1,2,...) form a Cauchy sequence,
which converges to v € Ly(0®,,):

k
Z Wy (%)€Y —y -0 17)

o=—k

2,0,

ass — +oo and k > +00. By (16) and (17), v=) o2 _ v, (x)e~m? is a solution to problem

(11), (12). 0

Lemma 2.2 shows that the existence of a solution of (15) for any g, € Ly(R) (o € Z)
implies the solvability of problem (11), (12). We prove the following auxiliary statement.

Lemma 2.3 Let a(x) > 1 be continuously differentiable and y,, j; < 0o. Then

[/

Vet Ve < G |E7V], 0 YveD(E?), (18)

where C7 =2y, 7 + 1.

Proof Let v(x) € C(()Z) (R). Since v is finite,

(i&)v,v') = / h Aa(x)(v’)zdx.

o0

Using the Holder inequality and the condition a > 1, we get

[Vaav |, < 153V] o (19)
By Lemma 1.1, we obtain
IVllaz < 21,2 | V2aV | (20)

From (20) and (19) it follows that
“m‘/ ||2,R + ”V”ZR =G ||l(()(,7)\)"||2,13’ Yve C(()z)(R)‘

Letve D(l)(\")). Since l)(\g) is a closed operator, there exists a sequence {v}:°; in C(()z) (R)
such that

lvs = vllyz — O, ”l(()‘;)vs - li”)VHM — 0 ass— oo. (21)
According to (19) and (20), we have

|Vaav,], . + 1Vsllo < Co |15 vs (22)

e
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We denote by W21 m(R) the completion of C(()l)(R) with respect to the norm ||0]y, =
IV Aab'|ly g + 10115,z (21) and (22) imply that the sequence {v,};°, is a Cauchy sequence

in Wzlm(R)' Hence, there exists v € W; m(R) such that |lv; — v|ly, — 0 (s > 00). Then,
passing to the limit in (22) and using (21), we obtain (18). O

Remark 2.3 Lemma 2.3 remains true ifa > § > 0, where § < 1. This fact is verified similarly

to Remark 2.2.

It follows from Lemma 2.3 that the solution of equation (15) belongs to the space

Wl _(R).
2,/2a
Let Q € R. A complex number u is called a regular-type point of the linear operator

L:Ly(Q) — Ly(Q) if there exists a constant & > 0 such that

|(L = 1Bl ) = ellullyq)

for each u € D(L), where E is the identity operator.

The next result is known (see, for example, [24], Ch. 8).

Lemma 2.4 Let M be a connected subset of the set of complex numbers C, and let p € M
be a regular type point of a linear operator L. Then the dimensions of the spaces L,(Q) ©
(L — wE)D(L) (this is the orthogonal complement of the range of L — LE to Ly(Q)) are the
same for all values of 1.

The following is our main result in this section.
Lemma 2.5 Let a(x) > 6 > 0 be a continuously differentiable function and satisfy the con-
dition yy, /; < 00. Then, for any g € L»(©,,), there exists a unique solution u to problem (11),
(12) and (13) holds.
Proof By Remarks 2.2 and 2.3, we may assume that a(x) > 1. If & is a solution to problem
(11), (12), then by Lemma 2.1 u is unique and for it inequality (13) holds. By (18), the range

R(li”)) of lf\") is a closed set since l)(\”) is a closed operator. By Lemma 2.2, it suffices to show

that R(lf\g)) = Ly(R). For any u € C similar to Lemma 2.3, it is easy to prove that
|Vaau |, + lullog < Cs|| (57 - uE)u|,,, ueD(L?) (o €2), (23)
where Cg = 1 /; + 1 does not depend on u. This means that each point 1 € C is a regular
type point for the operator lf\g)u =—u" + ha(x)u' + o2u (o € Z). In particular, the point
=0 is a regular type point of the operator li‘” = lgf’) —02E. Let us prove that
R(LY) = Ly(R). (24)

If this does not hold, then there exists a nonzero element v € L,(R) © R(lf\o)) such that

(1) =0, ue D).
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Since D(l(()(,);) = C((,2) (R) is dense in Ly(R), we have that
(lg,);)*v =—(V+ sz)/ =0.

Then
(v(x) exp/ ra(t) dt) :c9exp/ ra(t)dt, 6 €R.
0 0

If Cy = 0, then v = Cygexp[— f; Aa(t) dt]. Since a(x) > 1, it follows that v ¢ Ly(R). If Cy #0,
then without loss of generality, we assume that Cy = —1. So,

(v(x) exp /x ra(t) dt) = —exp /x ra(t)dt < -1
) 0

for x > 0. We consider functions w; (x) = v(x) exp fgx ra(t) dt and wy(x) = —x + v(0) + 0. We
note that wy(0) = wa(0) = v(#), and by the last inequality, v(x) < wi(x) < wa(x) for x > 6.
However, wy(x) < -1 for x > max{v(0) + 6 + 1,0 + 1}. Consequently, v ¢ L,(R). This is a
contradiction. Hence, R(lfxo)) = Ly(R). Using (23) and Lemma 2.4, we get R(lg")) = Ly(R)
holds for any o. 0

3 Proof of the main result

Proof Without loss of generality, we assume thata > 1. Letx = kt, y = k7. We denote a(¢f) =
a(ke), b(t) = b(kt), w(t, ) = u(kt, kt),f(t, 1) = k*f (kt, kt). Then (6) takes the following form:

Wi — Wer + kDG W, + K2b(E)w = f(t, T), (25)
where

(£, 7)€ Opyp = (t,r):—oo<t<oo,—£<r<z .
k k

Conditions (7) pass to the following:

-2 ) =w(t > -2 ) =w,(t, 2 26
o(ei) = 5) (o) (ek) 0

Let Ak, be the closure in Ly(®,/) of the differential operator Aoy, w = —wy — Wy, +
kia(t)w; defined on C((f)% (®,/k). By Lemmas 2.1 and 2.5, we obtain that the operator Ay
is boundedly invertible in Ly(® ) and

IVkrawelze, o < lAWlae, . YW E D(Ak). (27)

It is easy to see that y2; 557 = \/gybyﬁ. By Lemma 1.1, condition (b) of Theorem 1.1 and
(27), we have the inequalities

= = k
[bw, e, = 272, vmalVkRaW 20, < 2/; VoallAkiWloe, - (28)
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We choose k such that k < + By (28), we obtain
16)/17‘\/;

- 1
vl , < SAeitne, >

Hence, by perturbation theorems (see, for example, [25], Chap. 4, Theorem 1.16), we ob-
tain that the operator Gg; = Ax + k2b(t)E corresponding to problem (25), (26) is closed
and boundedly invertible in L,(®, ). Using inequality (29), we have

1
1Ak wl20, 1 < 1GrWl20,, + 3 lAiwlze,

Therefore,

”Ak,}»w”Z,@ﬂ/k = 2||Gk,)»wll2,®n/k'
By (27) and (29), we obtain

IV kraw; |20

ot |RoW] o <31GkaWlse, (30)

Let wi(t,7) = (G,:;f)(t, 7) be a solution to problem (25), (26). Then u(x, y) = wi(kt, kt) is
a solution of problem (6), (7). And (30) implies the inequality

IVauslzg + lbullae < Cullf 0 (31)

By condition (a) of Theorem 1.1,

lulloe < 211, yallv a2

Therefore, for a solution u of problem (6), (7), estimate (8) holds. O
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