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TAME AND WILD AUTOMORPHISMS
OF DIFFERENTIAL POLYNOMIAL ALGEBRAS OF RANK 2

B. A. Duisengaliyeva, A. S. Naurazbekova, and U. U. Umirbaev UDC 512.5

ABSTRACT. It is proved that the tame automorphism group of a differential polynomial algebra k{z,y}
over a field k of characteristic 0 in two variables x, y with m commuting derivations d1,...,dn is a free
product with amalgamation. An example of a wild automorphism of the algebra k{z,y} in the case of
m > 2 derivations is constructed.

1. Introduction

It is well known [3,4,8,12] that every automorphism of a polynomial algebra k|[x, y] and a free associa-
tive algebra k(x,y) in two variables over an arbitrary field k is tame. Moreover [3,12], the automorphism
groups of algebras k[x,y] and k(z,y) are isomorphic, i.e.,

Auty k[z,y] = Auty k(z,y).

It is also known that automorphisms of two-generated free Poisson algebras over fields of characteristic
zero [13] and automorphisms of two-generated free right-symmetric algebras over arbitrary fields [7] are
tame. P. Cohn [1] proved that automorphisms of free Lie algebras of finite rank are tame. An analog
of this theorem is true for free algebras of any homogeneous Schreier variety of algebras [10]. We recall
that the varieties of all nonassociative algebras [9], commutative and anticommutative algebras [20], Lie
algebras [19,26], and Lie superalgebras [14,22] are Schreier varieties.

The automorphism groups of polynomial algebras [17,18,25] and free associative algebras [23,24] in
three variables over a field of characteristic zero cannot be generated by all elementary automorphisms,
i.e., there exist wild automorphisms. U. U. Umirbaev proved [23,24] that the Anick automorphism

5= (x4 2(az — 2y),y + (22 — 29)2, 2)

of the free associative algebra k(z,y, z) over a field of characteristic 0 is wild.

The main notions of differential algebras can be found in [5,6,16]. We will consider differential algebras
with the set of commuting derivations A = {01, d2, ...,y }. Let k be a differential field of characteristic 0
and k{z,y} be the differential polynomial algebra over k in two variables z,y. If |A| = 0, then k{x,y}
becomes the usual polynomial algebra k[z,y]| over the field k. W. van der Kulk [8] and M. Nagata [15]
proved that the group Aut(k[z,y]) can be represented as an amalgamated free product

Aut(klz,y]) = A*c B,

where A is the affine automorphism subgroup, B is the triangular automorphism subgroup, and C' = ANB.

In this paper, we prove that the tame automorphism group of the algebra k{z,y} admits a similar
structure of an amalgamated free product for any set of derivations A. Moreover, using this structure
we construct an example of a wild automorphism of the algebra k{xz,y} for |A| > 2. This example is an
analog of the well-known Anick automorphism [2, p. 398].

Thus, the automorphisms of the algebra k{z,y} are tame for |A| = 0 and k{z,y} has wild automor-
phisms for |A| > 2. The problem of tame and wild automorphisms of the algebra k{z,y} remains open
for |A| = 1.
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The paper is organized as follows. In Sec. 2, some necessary definitions are given and some well-known
statements are formulated. Section 3 is devoted to the representation of the tame automorphism group
of the algebra k{x,y} in the form of an amalgamated free product. In Sec. 4, we prove the reducibility of
any non-affine tame automorphism of the algebra k{z,y}. An example of a wild automorphism is given
in Sec. 5.

2. Definitions and Preliminary Facts
Let R be an arbitrary commutative ring with unity. A mapping d: R — R is called a derivation if
d(s+1t) =d(s)+d(t), d(st)=d(s)t+ sd(t)
holds for all s,t € R.

Let A = {d1,...,0m} be a basic set of derivation operators.

A ring R is called a differential ring or A-ring if d1, ..., 6, are commuting derivations of the ring R,
i.e., the derivations ;: R — R are defined for all ¢ and 9;0; = d;0; for all 7 and j.

Let © be the free commutative monoid on the set A = {d1,...,d,} of derivation operators. The
elements

0=2061...6m
of the monoid © are called derivative operators. The order of 6 is defined as || = i1 + - - - + iy, We also
put v(0) = (i1,...,4m) € Z7, where Z, is the set of all non-negative integers.
Let R be an arbitrary differential ring and let X = {z1,...,z,} be a set of symbols. Consider the set
of symbols X© = {zf | 1 <i < n, § € O} and the polynomial algebra R[X®] on the set of symbols X©.
We turn R[X®] into a differential algebra by

8ilf) = 2

forall 1 <i<m,1<j<n, 0 cO. The differential algebra R[X®] is denoted by R{X} and is called the
differential polynomial algebra over R on the set of variables X [5].

Let M be the free commutative monoid on the set of variables xf, where 1 < i <n and 6§ € ©. The
elements of M are called monomials of the algebra R{z1,xa,...,z,}. Every element a € R{z1,z2,..., 2}
can be uniquely written in the form

a= Z mm

meM

with a finite number of nonzero r,, € R.

For any z¢ € X© we put a(2f) = (ei,'y(ﬁ)) S Z?ﬁm, where €1,...,¢e, is the standard basis of Z}.
If m =ay...as € M, where ay,...,as € X©, then put a(m) = a(a1) + --- + afas). Then a(m) is the
vector of multilinear degree of the monomial m with respect to the variables x1, ..., x, and the derivation
operators 61, ..., 0. The sum of the components of the vector a(m) is called the degree of the monomial
m and is denoted by deg(m).

Moreover, for any w € Z""™ we can define a w-degree function deg,, as deg,,(m) = w - a(m), where
- denotes the usual scalar product. Obviously, deg,, coincides with deg if all components of w are equal
to 1. If the first n components of w are equal to 1 and the other components are equal to 0, then deg,, is

a general degree of w in the variables x1,...,x,. Any w € Z"™™ defines a graduation
C=pc
1EL
of algebra C' = R{z1,x9,...,2z,}, where C; is the R-span of monomials of w-degree i. Each nonzero

element ¢ € C is uniquely represented in the form
c=¢Cy +Cip - Foe,, 11<iz<-o-<dig, O#Cij ECZ']..

The element ¢;, is called the highest homogeneous part of the element ¢ with respect to the w-degree deg,,.
We denote by ¢ the highest homogeneous part of ¢ with respect to the degree function deg.
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Let k be an arbitrary differential field of characteristic 0 and B = k{X} = k{z1,...,x,} the differ-
ential polynomial algebra over k on the set of variables X. For any 0 # f,g € B, we have

a(fg) = a(f) +alg), deg(fg) = deg(f)+deg(9), fg=1r3

An element f € B is called differentially algebraic over k if there exists a nonzero element g €
k{z} such that g(f) = 0. Otherwise f € B is called differentially-transcendental over k. Elements
f1, fo, ..., fs € B are called differentially algebraically dependent over k if there exists a nonzero element
g € k{z1,...,2s} such that g(fi1, fo,..., fs) = 0. If f1, fo,..., fs are differentially algebraically indepen-
dent, then the homomorphism k{z1,...,2s} — k{f1,..., fs} defined by z; — f; is an isomorphism.

Lemma 1. Every element of the algebra B = k{z1,...,x,} that does not belong to the field k is differen-
tially transcendental over k.

Proof. The statement of the lemma is an easy consequence of the well-known theorems on the differential
transcendence degree [5, Chap. 2]. Here we propose a direct proof, using the usual algebraic dependence
of the elements.

For any u,v € X©, we put u < v if deg(u) < deg(v) or deg(u) = deg(v) and a(u) < a(v) with respect
to the lexicographic order in Z?fm.

Let 0 # f € B. Let u be the largest element of X© that present in f. Such an element u is called
the leader of f with respect to the order < on X© [5, Chap. 1]. It is easy to understand that the leader
of the element f? is u?, i.e., u® is the set of leaders of the set of elements of f©.

We put W = X©\ u®. Then the set of all elements of u® is algebraically independent over k[W],
since u® and W define a partition of the set X©, which is algebraically independent over k.

Note that f is differentially algebraic over k if and only if the set of elements of f© is algebraically
dependent over k. Any algebraic dependence of elements of f© over k leads to an algebraic dependence
of u® over k[IW], but it is impossible. O

If f1, fa,..., fr € B, then we denote by k{ f1, fa, ..., fr} the subalgebra of B generated by the elements
f1, fa, ..., fr- Note that this type of designation does not mean the differentially algebraic independence of
the elements f1, fo,..., fr, .., K{f1, f2,..., fr} is not necessarily isomorphic to a differential polynomial
algebra. A similar designation is often used to denote the subalgebras of polynomial algebras in affine
algebraic geometry. The statement of the following lemma is true for any homogeneous free algebras (see,
for example, [21]).

Lemma 2. Let f1, fa,..., fr € B and w € k{f1, fo...., fr}. If J1, fo, ..., [r are differentially algebraically
independent, then @ € k{f1, fo,..., fr}.

Proof. Let uw = u(z1,...,2r) € k{z1,...,2} and let also deg(f;) = n;, where 1 < i < r. Put w =
(n1,ng,...,np,1,...,1) and consider the degree function deg,, in the algebra k{zi,...,2.}. Then u =

u' + @, where 4 is the highest homogeneous part of u with respect to deg,, and deg,,(u") < deg,, (). Let
deg,, (u) = k. Note that f; = f/ + f; for all i. Then

u(flv"'afr) :u,(fla'-'afT)+a(f17"'7f7') :w/+a(f17f2a"'7fr)a

where deg(w’) < k. Since fi. fo, ..., fr are differentially algebraically independent, it follows that
@(f1, f2, ..., fr) is not zero and has degree k by the choice of w. Consequently, 4 = u(f1, f2,..., fr) €
S

k{flufZa"' } O
Corollary 1. Let 0 # f € B. Ifa € k{f}, then a € k{f}.

Proof. 1t follows immediately from Lemmas 1 and 2. O
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3. Amalgamated Free Product

Let A = k{x,y} be the differential polynomial algebra in two variables x, y and let Aut(A) be the
group of automorphisms of the algebra A. We denote by ¢ = (f1, f2) the automorphism of A such that
o(z) = f1, ¢(y) = f2. Automorphisms of the form

o(1,a,f) = (ax + f(y),y), 0(2,a,9) = (z,ay + g(z)),

where 0 # a € k, f(y) € k{y}, g(z) € k{x}, are called elementary. The subgroup T'(A) of the group
Aut(A) generated by all elementary automorphisms is called the tame automorphism subgroup. Non tame
automorphisms are called wild.

We define a degree of an automorphism 6 = (f1, f2) € Aut(A) by

deg(0) = deg(f1) + deg(f2).
If

9:(f17f2)7 @:(91792)7
then the product in Aut(A) is defined by

009 = (q1(f1, f2),92(f1, f2)).

Let Afy(A) be the affine automorphism group of the algebra A, i.e., the group of automorphisms
of the form (a1 + b1y + c1, a9z + bay + c2), where a;,b;,¢; € k, arby # azby; Tra(A) be the triangular
automorphism group of the algebra A, i.e., the group of automorphisms of the form (ax + f(y), by + ¢),
where 0 # a,b € k, c € k, f(y) € k{y}; and let C = Afy(A) N Tra(A).

Let G be an arbitrary group, Gg, G1, and G2 be subgroups of the group G, and Gy = G; N G2. The
group G is called the free product of the subgroups G1 and Go with the amalgamated subgroup Go and is
denoted by G = G *qg, G2 if

(a) G is generated by the subgroups G and Go;
(b) the defining relations of the group G consist only of the defining relations of the subgroups Gy
and Gs.

If 57 is a complete system of representatives of the left cosets of Gy in G and S5 is a complete system
of representatives of the left cosets of Gg in Ga, then the group G is a free product of the subgroups Gy
and G2 with the amalgamated Gy (see, for example, [11]) if and only if each g € G is uniquely represented
in the form

9g=91---9kC

where g; € S1U S, i =1,...,k, g; and g;11 are neither both in S1, nor both in Sy, and ¢ € Gy.

The notation h;(y) in the proofs of the following several lemmas means that h;(y) € k{y} is a ho-
mogeneous differential polynomial of degree i with respect to the degree function deg in k{y}. It is clear
that ho(y) € k.

Lemma 3.

(a) The system of elements

Ao ={id=(z,9), v= (y,x+ay) | a € k}

is a left coset representative system for Afs(A) modulo C.
(b) The system of elements

Bo={8=(z+q(y),y) | a(y) = haly) + -+ ha(y)}

is a left coset representative system for Tra(A) modulo C.
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Proof. We verify the condition (a). Let [ € Afy(A). We must show that for any [ there exist v € A,
n € C such that [ = yon.
If | = (a12 + b1y + c1, a2x + bay + c2), where az # 0, then we put

bo a1by
y=\y,ze+—y), n=|(b——|r+ay+tc,ay+c).
as a9

Then [ is represented in the form

b a1b
l= <y,:c~|—2y> o <(b1—12>$—|—a1y—|—cl,a2y—|—02> =on.
a2 a2

Ifag =0, theny=id, n =1, i.e., [ =idol.
Assume that v1 = (y,x + a1y), 72 = (y,x + a2y), and 71C = 72C. Then
Moy = (—amz +y,x) 0 (y, & + agy) = (z, (—a1 + az)z +y).

Hence it follows that ~; Lo~y € C if and only if a; = as. Consequently, y1 = 2.

Now we verify the condition (b). Let ¢ = (ax + h(y),by + ¢) € Tra(A) and let h(y) = hp(y) +--- +
hi(y) 4+ ho(y). We must show that for any 1 there exist § € By and p € C such that ¢ = S o pu. Put
B=(x+q),y), u = (ax+hi(y)+ho(y), by +c), where q(y) = hn(y)+- - -+ ha(y). Then ¢ is represented
in form

1
v = (o4 5 a0)v) o 0ot tao) + sty + ) = o
Assume that 51 = (z + q(y),y), B2 = (m + q(l)(y),y), and $1C = (GoC. Then we have

BitoBy=(z—q(y),y) o (z+qVW),y) = (= —a¥) + ¢V (W), v)-
Hence, 5;1 o f € C if and only if ¢(y) = ¢/ (y). Consequently, 31 = fs. O
Lemma 4. Let Ag and By be the sets defined in Lemma 3. Then any tame automorphism ¢ of the
algebra A decomposes into a product of the form
p=m0B1070B20: 07,0 [ 0Ykp10A, (1)
where v; € Ag, V2,---,Y # id, 8; € By, B1,.-.,0k #id, and X € C.
Proof. We have

(@ + 1)) = (4 5 at0)w) o @+ o) + ho(0).)

where h(y) = hn(y) + - + ha(y) + hi(y) + ho(y), ¢(y) = hn(y) + - + ha(y), and

(ot + 1) = (2o (4 5 000 0) o (b 100 + 1 1),

where R (y) = b (y) + -+ + 557 () + BV () + B6Y (1), ¢V (y) = hia () + -+ + B5 (). Consequently,
every elementary automorphism has the form
liofoly,

where 8 € By, l1,1s € Afg(A)

Any tame automorphism ¢ is represented as a composition of elementary automorphisms
P1,92, - -« s Pn, 1€,

Y =¥10¥20:---0Pn.
Consequently, we have
p=1Iliofiolyofso---0ly,0fB,0lu11, (2)

where 3; € By, l; € Afy(A).

We prove by induction on n that ¢ is represented as a product of the form (1), with k < n.

818



By Lemma 3, the automorphism [y is written as v, o A1, where v; € Ag, A1 € C. Then
l1oB1=910A100.
Let A\; = (ax + by + ¢,y + c1), B1 = (z + q(y),y). Then

1
AMoBroA ! = <$+ a‘](bly+01),y) :

We denote by g<2(b1y + c1) the linear part of the differential polynomial q(b1y + ¢1). Let

1
A= <33 - EC]<2(bly+ Cl)ay> .

It is clear that A € C and )\1_1 oA € C. We denote )\1_1 oA by )\2_1. Then
liofi=m0AoB =500 0N,
where
Bi=XMofio' = <m + §Q(b1y +e1) - %kz(bly + 61),y> € By.

We have

p=mopo(Aaols)ofro-0lyofyolyyr
By the induction hypothesis, the product

()\20l2)oﬂ2o---olnoﬁnoln+1

is written as

20830930 0o frovkt1oN, Kk <n
Consequently,

p=m00B10y0By0 0Y 0B oYkt
If v9 # id, then this representation is of the form (1). Now consider the case where 79 = id. Since
B 0 B4 = B € By, it follows that

p=mofioforzo--oyofoqoA="100 0730 0700 k10N

Since k — 1 < n, by the induction hypothesis ¢ is written as (1). O

Lemma 5. Let ¢ = (f1, f2) be an automorphism of the algebra A, representable as the product

@ =1(f1,f2) =Broy20PBr0-- 070 P,

where id # v; € Ao, id # 5; € By for alli. If B; = (x + ¢i(y),y), deg(qi(y)) = n;, and s; is the function
degree of q;(y) on the variable y for all 1 < i <k, then

deg(fl) =ny + (nk_l — 1)81C + -+ (’I’Ll - 1)Sk8k_1 ...892,
deg(fg) =Ng_1+ (nk_g — 1)8k_1 + 4 (n1 — 1)Sk_18k_2 .o.89 if k>1
deg(fo) =1 if k=1.
Proof. We prove the lemma by induction on k. If £ =1, then ¢ = 31 and
deg(f1) = deg(q1(y)) = n1,
deg(f2) = 1.
Suppose that the statement of the lemma holds for & — 1. Assume that
o1 =P1oy200B20 010 Br_1=(g1,92)
By the induction hypothesis, we have
deg(gl) =Ng_1+ (nk,Q — 1)8]6,1 + -+ (m — 1)816,18]6,2 ... 89,
deg(g2) = ng—o + (ng—3 — 1)sg—2 + -+ -+ (n1 — 1)s_28k—3 . .. s2.
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Then

o= (f1,f2) =Br1oy20P20-- 0,0 B = w1070 Bk = (91,92) © Yk © Bk

Applying v = (y, > + ay) to (g1,92), we obtain
(u1,u2) = (91, 92) © V& = (92, 91 + agz).

Then
deg(uy) = deg(g2) = ng—o+ (ng—3 — D)sg_o+ -+ (n1 — 1)sk_28k_
deg(ug) = max{deg(g1),deg(g2)} = ng—1 + (ng—2 — 1)sg—1+ -+ (n1 — 1)Sk_15k—2 . .
Further,
¢ = (f1,f2) = (u1,u2) o B = (u1,u2) o (z + (), y) = (w1
Consequently,

deg(f1) = max{deg(ul), deg(qk(uQ))},
deg(f2) = deg(ug).
Recall that deg(qr) = nx and

3...59,

+ Qk(UQ), 'LLQ).

deg(ug) = ng—1 + (ng—o — 1)sg—1 + -+ -+ (n1 — 1)sg_18k—2 . . . s2.

Note that
gk (u2) = gr(u2),

Then

m

deg(qr(uz)) = deg(gr(uz)) = deg(gr(t2)) = deg,,(qx) = (t,1,1,...,1) - a(q)

= deg(qx) + (t — 1)sg = nge + (ng—1 — 1)sg + (ng—2 — 1)sgsp—1 + -+ + (1 — 1)ssp—1 ..

Consequently,

deg(f1) = ng + (np—1 — L)sp + -+ (n1 — 1)spsp—1 . ..

52,

deg(f2) = ng—1 + (ng—2 — 1)sg—1 + -+ (n1 — 1)sp_15k—2. .. S2.

Lemma 6. The decomposition (1) of an automorphism ¢ from Lemma 4 is unique.

Proof. 1t suffices to show that

Y10P10720 820 07,0 B0 Yp1 0 A F id,
where k > 1, v; 6A05727"'77k7£ida B; € Bo, Bla"'aﬁk#idv AeC.

Let us prove this by contradiction. Assume that

vy10fB10y2 0030 09,0 0Yrr1 0 A= id.
Then

Broyaofao-oyofe =97 oA oyl
By Lemma 5, the automorphism

o= (f1,f2) =Brov20PB20- 07,0

has degree

deg(p) = deg(f1) +deg(f2) = ng + (np—1 — 1)sg + -+ (11 — 1)sgSp—1- -
R (?7,1 - 1)8k_18k_2 ..

+ 1+ (g2 — 1)sp—1 +-
We denote the right-hand side of the equality (3) by p, i.e.,

p:*yl_lo)\_lofyk__il.

820
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It is clear that p € Afy(A) and deg(p) = 2. Consequently, deg(y) # deg(p), which contradicts the
equality (3). O

Theorem 1. The tame automorphism group of the algebra A = k{xz,y} is a free product of the affine
automorphism subgroup Afs(A) and the triangular automorphism subgroup Tra(A) with an amalgamated
subgroup C' = Afa(A) NTra(A), ie.,

Proof. Since Ay and By are, respectively, left coset representative systems for Afy(A) and Tra(A) modulo
subgroup C, by Lemma 4 and by Lemma 6 any automorphism is uniquely represented in the form (1).

According to [11],
T(A) = Afg(A) * TI‘Q(A). ]

4. Reducibility of Tame Automorphisms

Recall that f is the highest homogeneous part of f with respect to the degree function deg and the
degree of an automorphism 6 = (fi, f2) is defined as

deg(0) = deg(f1) + deg(fa).

A transformation (f1, f2) that changes only one element f; (i = 1,2) to an element of the form af;+g¢,
where 0 # a € k, g € k{fj | j # i}, is called elementary.

The notation § — ¢ means that ¢ is obtained from 6 by a single elementary transformation. An
automorphism 6 is called elementary reducible if there exists an automorphism ¢ such that § — ¢ and

deg(p) < deg(#).

Lemma 7. Let 0 = (f1, f2) be a non-affine tame automorphism of the algebra A = k{x,y}. If f1 and fo
are linearly dependent, then the automorphism m s elementary reducible.

Proof. Let fi = vf,. Consider the elementary transformation

0= (f17f2) - (fl - 7f27f2) =0,
where v € k*. We have deg(f1) > deg(f1 —vf2). It follows that deg(6) > deg(o) and the automorphism 7
is elementary reducible. O

Theorem 2. Any non-affine tame automorphism of the algebra A = k{x,y} is elementary reducible.

Proof. Let 0 = (fi1, f2) be non-affine tame automorphism of the algebra A. By Lemma 4 6 is written
as (1). If yx41 o A = id, then
O =y10B1072080 0,0 B = (f1, f2).
Put
T=y10010900B0 0y = (g1,92)
If B, = (z + qr(y),y), then
0 = (91 + qx(92), 92)-

By Lemma 5, we have

deg() = deg(g1) + deg(g2) < deg(f) = deg(g1 + qr(g2)) + deg(g2).
Since § — 7, it follows that the automorphism 6 is elementary reducible. Assume that

Vi1 0 A = (@12 + b1y + c1, a2w + bay + c2) # id.

Put

T=7100B1070820 00 B = (91 + qr(g2),92) = (u1,u2).
By Lemma 5, deg(ui) > deg(us).
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Consequently,
0=mo Yk+1 © A= (a1u1 + brug + Cc1,Q2U1 + boug + 02) = (fl, fg)

If aj,as # 0, then f; and f, are linearly dependent and, by Lemma 7, the automorphism @ is
elementary reducible.
If a; = 0, then f; = uy and fo = 41 = qx(u2). In this case the automorphism 6 is elementary reducible

by using the automorphism ¢ = ( f1,s o — ar( fl)).
The case where ao = 0 is similar to the previous one. ]

Corollary 2. Let (f1, f2) be a non-affine tame automorphism of the algebra A = k{x,y}. Then there
exist i and g € k{f; | j # i} such that f; = g.

Proof. By Theorem 2, the automorphism (f1, f2) is elementary reducible. Assume that f; is a reducible
element of this automorphism. Then there exist g € k{fo} such that deg(fi — g(f2)) < deg(f1). This

means that f; = g(f2). O

5. An Analog of the Anick Automorphism
Lemma 8. Let |A| > 2. The endomorphism § of the algebra A = k{z,y} given as

0(z) =z +w?, S(y)=y+uw”,
where w = 2% — 4%, is an automorphism.

Proof. Assume that
fimatw® fo=y+u
We show that k{z,y} = k{f1, f}. It is obvious that k{fi, fo} C k{x,y}. We have

r=fi—w? y=fo—uw'

Consequently,

61

w=a" —y" = (fy — )" — (o= w™)? = [}~ [ € k{fr, fo}

and

x=fi —w? € k{fi, 2}, y=rfo—w" €k{fi, fo}.

This means that k{x,y} C k{f1, fo}. It follows that ¢ is a surjective homomorphism.
The linear parts of f; and fo are equal to x and y, respectively. Consequently, f; and f» are differ-
entially algebraically independent. This shows that § is injective homomorphism. O

Theorem 3. The automorphism § of the algebra A = k{x,y} is wild.
Proof. We have

5162 82

3 2 r 2 2
f1:x+x51527y(52:x — %2, f2:y+x5l7y5152:$517y5152'

Consequently, deg(x(sf — y%1%2) = 3 and deg(z%1% — y5§ ) = 3. Note that any homogeneous element of
degree 3 of the algebra k{21%2 — y6§} has the form a(z%1% — y‘sg) for some a € k*. Therefore, 201 — 39192 ¢
k{x002 — y‘sg}, since %1 — %192 = a(x01%2 — y‘sg) is impossible.

Similarly, 29192 — % ¢ k{20 — 0102},

Consequently, the automorphism ¢ does not satisfy the statement of Corollary 2, i.e., it is wild. [
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