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Abstract: In this paper, for a wide class of integral operators, we consider the problem of their boundedness from a
weighted Sobolev space to a weighted Lebesgue space. The crucial step in the proof of the main result is to use the

equivalence of the basic inequality and certain Hardy-type inequality, so we first state and prove this equivalence.
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1. Introduction
Let I = (a,b) and —o00o <a <b<oo. Let 1 < p,r,qg < oo and %—i— 1% = 1. Suppose that v, p, v and w are
functions nonnegative on I such that v?, pP, WP, u", p‘p/, and w7 are locally summable on 1.

Denote by W, ,.(u,v) = W, .(u,v,I) the space of all functions locally absolutely continuous on I having
the finite norm

Ifllwa, = lluf Il + 0 fllps

where || - ||, is the usual norm of the Lebesgue space L,(I). In the case p = r and u = p, we suppose that
Wy p(psv) = Wy(p,v) and |[fllwy = [ fllw; -

Let L, = Ly(v,I) be the set of all functions measurable on I such that || f]|

pow = [[Uf]lp < o0.
Let AC (I) be the set of all locally absolutely continuous functions with compact supports on 1.
Denote by W;(p, v) = Vi/]}(p, v, 1) the closure of the set AC (I)N W (p,v) with respect to the norm of
the space W) (p, v).

Consider the operators
xT

Kt f(x) = /K(m,s)f(s)ds, x el (1)

with a kernel K(-,-) > 0 measurable on Q = {(z,s) :a < s <z < b}.
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Let T= KT or T = K~. In this paper, under some assumptions on the kernel K(-,-), we establish a

criterion of the boundedness of the operator T' from Wz}(p, v) to Ly (w, I), i.e. the validity of the inequality

WT fllg < Cllof Iy + 0 fllp)s | € Wy (p,0)- 3)

In the case where p = 0, the validity of the inequality (3) means the boundedness of the integral
operator T' from L, to Lg, . For the last few years, this problem has been the subject of many papers and
monographs (see, e.g., the papers [4, 10] and monographs [2, 3, 9]). In the works [5] and [7], the inequality
(3) for the operator (1) is studied for a more restricted class of kernels K(-,-) than in this paper. In [6], the
inequality (3) is characterized for the same class of kernels K(-,-) as here. However, the technique applied in [6]
assumes the validity of some strict condition on the weights. The purpose in this paper is to reduce this strict
condition. We achieve this purpose by using a new technique based on the equivalence of certain inequalities of
independent interest.

The paper is organized as follows: in Section 2, we present the notations, definitions, and known
statements required to prove the main results; in Section 3, we obtain necessary and sufficient conditions
for the validity of the inequality (3) for the operators (1) and (2).

In the work, the notation A ~ B means ¢1B < A < ¢3 B, where constants co > ¢; > 0 possibly depend

only on some nonessential parameters.

2. Required definitions, statements, and facts

As in [7] (see also [5, 6]), we introduce the function

T Tty
0(x,y) =sup< d>0: / p_p, (t)dt < / p_pl (t)dt,(x —d,z] C I p,
z—d T

with the domain D(d) = {(z,y) : x € I,y > 0,[z,x +y) € I}. If we fix © € I, then at least for a sufficient

small y > 0, we have

x Tty
/ PV (B)dt = / 7 (t)dt. (4)
2—3(2,y) ¥

Let z € I and D, be a set of y > 0 for which 4+ y € I and (4) is fulfilled. For all z € I we define

dJr(x) = Sup{d: ||p71||p’7(w75(w,d),a:+d)||U||p,(a:75(a:7d),w+d) <1l,de D$}7

and assume that d~(z) = §(z,d" (), p~(z) =z —d~ (z) and p*(z) =z +d* (z).

Let for some ¢ € I,
||p_1||p’,(a,6) + HU”p,(a,C) = 00, Hp_lnp’,(ab) + ||U||p,(6,b) = 0. (5)

For simplicity, we assume that (5) holds that is equivalent to the condition V[/p1 (p,v) = Wy (p,v) (see

[7]). How to overcome the difficulties that arise when the condition (5) does not hold is given in [7].
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On the basis of lemmas 1.1-1.3 of [7], the functions p~(z) = 2 — d~(z) and p*(x) = z + d*(z) are

continuous and strictly increasing on I. Moreover,

lim p*(z) = a, lim p*(z) =0 (6)

Tz—a z—b

This gives that a < u*(x) < b for any = € I. Furthermore, we need the following statement of [5, 6].

Lemma 2.1 Let the condition (5) hold. Then the functions u~(x) and p*(x) are locally absolutely continuous

on I.

We denote the inverse functions of the functions u~ and p™ by ¢' and ¢, respectively. Then the

functions ¢ and ¢~ are continuous and strictly increasing on I and @™ (x) > ¢~ (z), z € I, lim+ () =a
r—a

and lim ¢*(z) =b.

rz—b—

On the basis of theorem 2 of [5], we have the following theorem.

Theorem A. Let 1 < p,q < co. The inequality (3) for all functions f € W}} (p,v) is equivalent to the inequality

b [ (@) P b 7
(T*)t)dt | p P (x)dz| < / w™? (£)g? (t)dt (7)

a \¢p(2) a
for all nonnegative functions g € Ly (w™,I), where T* is the dual operator to the operator T with respect to

the bilinear form ff t)dt. Moreover, C = C1, where C >0 and Cy > 0 are the best constants in (3) and

(7), respectively.

Remark 2.2 Theorem A was firstly proved in [5], but there, the functions % and @~ are inverse to the
functions p~(p~) and pt(uT), respectively. In [1], it is shown that Theorem A is also correct when the

functions ot and p~ are inverse of the functions p~ and pt, respectively.

For every integer n > 0, we define the classes O () (see [4]) of the kernels of the operators (1) and (2).
We agree to write K(-,-) = K,(-,-) if K(-,-) € OF(Q).

Let K*(-,-) and K~ (-,-) be nonnegative measurable functions defined on € such that K*(-,-) is
nondecreasing in the first argument and K~ (-,-) is nonincreasing in the second argument.

The functions K*(-,-) = K£(-,-) belong to the classes OF (Q) if and only if K (z,s) = v(s) > 0 and
Ky (z,s) = u(x) >0 for all (z,s) € Q.

Suppose that the classes (QZ-i(Q), i=0,1,..,n—1, n>1, are defined. The functions K(-,-) = KZ(-,-)
belong to the classes O () if and only if there exist functions K (-,-) € OF(Q), i =0,1,...,n — 1, such that

ZK+ (z,t) K (t,s), (8)
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Ko (@)~ Y K7 (oK (4:9) ©)

for a < s <t <a <b. Moreover, Kin(', -) = 1, where the functions K

7m(y) and K;n(~,~), 1=0,1,...,n,
are, generally speaking, arbitrary nonnegative measurable functions defined on Q) satisfying the conditions (8)
and (9), respectively.

On the basis of theorems 5 and 6 of [4], we have the following theorems.
Theorem BT. Let 1 < p < q < oo and the kernel of the operator (1) belong to the class O () U O, (), n >

0. Then the operator (1) is bounded from Ly,(p,I) to Ly(w,I) if and only if the condition B;" = sup B;" (z) < oo
zel

holds at least for one of i = 1,2, where

a
I'%

B (2) = / w?(x) / K¥(z,5)p7 " (s)ds | dx| |

Q=

, 1
p P
q

z

Bi(z) = / P () /b Kz, s\ (z)dz | ds

a

Moreover, for the norm ||[K*t|| of the operator KT from Ly(p,I) to Ly(w, ) the relation ||K¥| ~ B ~ By is

valid.
Theorem B~. Let 1 < p < q < oo and the kernel of the operator (2) belong to the class O;F(Q)JO,; (), n >

0. Then the operator (2) is bounded from Ly(p,I) to Ly(w,I) if and only if the condition B; = sup B; (z) < o0
z€l

holds at least for one of i = 1,2, where

Bre) = | [wro) | [ K wop v @z ds]|

By (z) = /b 7 (2) / K9(a, s)w(s)ds | du

Moreover, for the norm ||K~|| of the operator K~ from L,(p,I) to Ly(w,I) the relation |K~||~ By ~ By is

valid.
Consider the integral operators

B(x)
(Ko f) (@) = / K(x5)f(s)ds, zel, (10)
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B(s)
(K_g)(s) = / K(z,s)g(z)dz, s€l, (1)

a(s)

where a(x) and S(x) are locally absolute continuous functions strictly increasing on I such that a(x) < f(z),
Vo €I, and w£r£+a(x) = $1i\r£1+ B(x) =a, Ilirlr)li alz) = xliril—ﬂ(m) =b.

Let QF ={(z,8):a<z<b, alz) <s<p(x)} and Q™ ={(z,s) :a <s<b, a(s) <z < B(s)}.

Let K*(-,-) > 0 be measurable functions defined on Q% such that K*(-,-) is nondecreasing in the first
argument and K ~(-,-) is nonincreasing in the second argument. As above, we define [8] the classes OF(Q%),
n > 0, of kernels of the operators (10) and (11). The classes OF (2F) and Oy (27) consist of the functions
K (z,5) =v(s) and K (z,s) = u(z) for all (z,s) € Q* and (z,s) € Q™ respectively.

Let the classes O;t(Qi), i =0,1,...n—1, n > 1 be defined. The functions K*(-,-) belong to the
classes OF(QF) if and only if for K;'(-,-) and K, (-,-) there exist the functions K;(-,-) € O (Q*) and
K 7 ()eO07(Q),i=0,1,..,n — 1, respectively, and the relations (8) and (9) hold for a < t < z < b,
a(z) < s < B(t) and a < s <t <b, a(t) < x < B(s), respectively, where KT, (-,-) = 1. As above, the
functions K,ti(, ) and K, (-+), i =0,1,...,n — 1 are, generally speaking, arbitrary nonnegative measurable

functions defined on  satisfying the conditions (8) and (9), respectively.

Remark 2.3 If K (z,5) € O(Q), then K+ (B(z),s) € OF(QF) and K~ (z, a(s)) € O, (7).

Assume that
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From the results of [8], we have the following theorems.
Theorem C*. Let 1 < p < q < oo and the kernel of the operator (10) belong to O (QT)UO,, (Q7), n>0.

Then the operator (10) is bounded from L,(p,I) to Ly(w,I) if and only if the condition D} = sup Djf (2) < oo
zel

holds at least for one of i = 1,2. Moreover, for the norm ||| of the operator K1 from Ly,(p,I) to Ly(w,I)

the relation |K.| =~ Di ~ D3 is valid.

Theorem C~. Let 1 < p < q < oo and the kernel of the operator (11) belong to O (QT)JO;, (Q7), n>0.

Then the operator (11) is bounded from L,(p,I) to Lq(w,I) if and only if the condition D; = sul? D; (z) < >
z€

holds at least for one of i =1,2. Moreover, for the norm ||KC_| of the operator K_ from Ly(p,I) to Lq(w,I)
the relation |K_|| ~ D] =~ D5 is valid.

3. Criteria of validity of inequality (3) for operators (1) and (2)

Here and in the sequel, we suppose that the conditions in (5) are fulfilled.

Theorem 3.1 Let 1 < p < ¢ < co and the kernel of the operator (1) belong to the class O, (2), n > 0. Then
for the operator (1) the inequality (3) holds if and only if max{F;", G;‘} < oo at least for one of the pairs (i,7),
i,7 = 1,2. Moreover, for the best constant C > 0 in (3), the relation C = max{Ff,Gj‘}, i, = 1,2, is valid.

Here, F;" =sup F;"(z), G;f = sup G;r(z),
zel zel

b (2) b [ ot @) “ T
Fi(2) = 0 (2) / Kt s)ds | wiyar| dol| |
a z \¢ (@)
/ 4 q
b n=(2) [ et (@) b !
By (2) = / w1(1) Kt s)ds | p= ()dz | dt|
z a v~ (z)
1
() z t 1 0 "
Gi(z)= sup " (2) / / K(t,s)ds | wit)dt | dz|
+Z
verR @) |2 v\ @
q 1
’ = q
z ut(y) t P g
G (z) = sup /wq(t) / /K(t,s)ds p P (z)dx dat |
yeAl(z)

where Af(2) = [p~ (1™ (2)), 2]
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Theorem 3.2 Let 1 < p < q < oo and the kernel of the operator (2) belong to the class O (), n > 0. Then
the inequality (3) for the operator (2) holds if and only if max{F; ,G; } < oo at least for one of the pairs (i, j),
i,7 = 1,2. Moreover, for the best constant C > 0 in (3) the relation C' = maX{F[,G;}, 1,7 = 1,2, is valid.

Here F, =supF; (z), G; = squ;(z),
zel zel

b [ et “ A
Fy (2) = / p 7 () / / K(t,s)dt | wi(s)ds dz ,
wt(z) a \¢ ()
2 b [ et@ v 7\
Fy(z) = /wq(s) / / K(t,s)dt | p77 (z)da ds| ,
a W) \ o (@)

b (2) y [ ¢t@) “ A
Gi(z) = sup / p_p,(a:) / / K(t,s)dt | wi(s)ds dx ,
yEAL (2)
(¥) z s
NN
y o (2) ot (@) i ’
G5 (z) = sup /wq(s) p P (z) / K(t,s)dt | dx ds|
¥ehn (%) n(y) s

where Ag(2) = [z, 07 (1" (2)))]-

Theorems 3.1 and 3.2 are proved in [6] under the condition:

-1
E¥ = sup /p_p/ (t)dt / pP (s)ds < 2.

wCJ
w pt(w)

This condition is a strong restriction on the weight functions. Here, using a method different from that of the

work [6], we reprove theorems 3.1 and 3.2 without this restriction.

We first prove a statement that is equivalent to Theorem A.
Lemma 3.3 Let 1 < p,q < co. The inequality (3) for all functions f € Wofpl(p, v) is equivalent to the inequality:

b wt () / . b 2
/ w(@)T / it | @ | dz| < / P (8) FP()dt (12)
a <0 a
for all nonnegative functions f € Ly(p,I). Moreover, C ~ Cy, where C' >0 and Cy > 0 are the best constants
in (3) and (12), respectively.
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ot (2)

Proof [Proof of Lemma 3.3] We find the dual operator to the operator [ (T*g)(t)dt with respect to bilinear
o~ ()

b
form [ f(t)u(t)dt, where f € L,(p,I) and u € L (p~ ', I). Let f € L,(p,I) and g € Ly(w™*,I). Then by

Theorem A, we have that
ot (x)
(T*g)(t)dt € Ly (p~", 1)

P~ ()

and
/b f(x) w](w)(T*g)(t)dtdx = /b (T"g)(t) M](t)f(:r)dxdt = /b g(@)T M](')f(r)dfv (t)dt,
)

a o~ () a e (¢) a

ut () ot (2)
i.e. the operator T ( i f(x)dw) (t) is the dual operator to [ (T*g)(¢t)dt. Since by Theorem A, the
Q) o ()

et (@) uwt ()
operator [ (T*g)(t)dt actsfrom Ly (w™',I)to Ly (p~*,I), then the dual operator T' ( Il f(x)dm) (t)
o~ (2) n ()
acts from L,(v,I) to Ly(w,I), i.e. (12) and (7) are equivalent, and the best constants in (12) and (7) coincide.
Then by Theorem A, the best constants in (12) and (3) are equivalent. The proof of Lemma 3.3 is complete. O

Proof [Proof of Theorem 3.1] Let T'= K. Then by Lemma 3.3 the inequality (3) holds if and only if the

ut ()

inequality (12) holds for T'= K, i.e. when the operator T ( Ik f(:v)da:) (t) is bounded from L,(v,I) to
w ()

Ly(w,I). Since

ut() ¢ ut(s)
Kt / flz)dz | (t) = /K(ts) / f(x)dxds, (13)
- a n(s)
the change of order of integration gives
t ut(s) (1) ot (x) nwt (@) t
/K(t, s) / f(x)dxds = / flx) / K(t,s)dsdx + / f(z) / K(t,s)dsdz. (14)
a n=(s) a o~ (@) n(t) v~ (@)

From (12)—(14), it follows that the operator

nt ()
K+ 1) = K+ / F)dz | )
-

is bounded from L,(v,I) to Lg(w,I) if and only if
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IC+f /f ](I) K(t,s)dsdz

v~ ()

and
pt () t

KTf(t) = / f(x) / K(t,s)dsdz
(1) = (x)
are bounded from Ly (v, 1) to Ly(w,I). Moreover, between the norms of the operators K|, ||| and |||
from L,(v,I) to Ly(w,I) the relation
I~ 1T+ IS (15)

is valid. Let us estimate the values ||K{| and ||KF]:

1 (s) ot (x)
K f(s) = / B (s,0)f (0)de, Ki(s,z) = / K(s,0)dt,
a e~ (z)
wt(s) s
Kiie) = [ Risof@d, Ko = [ Kb
n(s) p~(x)

In I%ff(s), the variables x and ¢ change within the bounds a < z < ™ (s) and ¢~ (z) <t < @1 (x). Therefore,
a<ot(x)<sand o~ (z) <t <t (z) <s. Then from K(s,t) € O, (), n >0, we have that

ot (@)
K1 $, ) ZK (5,0T / K;n(ap"’(x),t)dt, (16)

P ()
where K, (-,-) € O; (), i=0,1,...,n, and K, (-,-) = K(-,-). Hence,

n P ()

K 1(s) Z/ (5,0 (@) 07 (2) f(2)de, (17)

=0 a

et (x)
where @7 (z) = [ K, (¢"(2),t)dt, i=0,1,...,n
®~ ()

Denote by ||ICZ.+90+ || the norm of the operator

Kt f(s) = / Ko (s, " ()5 (2) f(@)dz, i =0,1,.0m,

from L,(p,I) to Lg(w,I).
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In these integrals, we change the variables ¥ (z) =y or z = u~ (y) and get

KL £ = [ K (5,00 (0 ) F @) @)y i =0 L

Therefore,
I = I1KH, i=0,1,..,n, (18)

it

where ||KC;F|| is a norm of the operator

K f(s) =/K[(svy)‘ﬁf(u‘(y))f(y)dy, i=0,1,...,n,

from Ly (p,I) to Lg(w, ) and p(y) = p(p~ ()L~ ()] 7"
Then from (17) and (18), it follows that
T~ Y Ik |- (19)
i=0

Since K, () € O; (£2), 0 <14 < n, then on the basis of Theorem Bt we have

a4

b z 'Y
Il sup | [ o) ( JE @y @ w5 <y>dy) da

z

Q=

a

(we change the variables in the inside integral ¢ = u~ (y))

Q=

b u=(2) P
—swp | [wre) | [ (7 @t @) @7 @) 7 (0t | s
zel
b i (2) ot (1) P’ T
—swp | [wi@) | [ (Tt @) x [ Kot @ds| P 0d| de| (20
zel
z a P (1)
and similarly,
b (@) 0 L 5\
ictlmsw | [ oo [ rLetoeds| x| [ @t o) v | d| e
zel ’
a (1) z
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From (20), (19), (18), (16) and (9), we have

, e (O, 4 L O
IKT]| ~ sup / w(z) / / N K (m ot (K, (T (1), s)ds | x p—P’(t)dt)”’ dac) ~ Fy.
zel :
E o \em( =0

Similarly, from (21), (19), (18), (16) and (9), it follows that ||I€1+H ~ F" e,
IKT || ~ By~ Fy (22)

Now, we estimate the value ||IA€2+ |. Consider the kernel of the operator IE; :

S

Kf(s,2) = K, (s,x) = / K(s,t)dt.

¢~ ()

In the operator l%;, the variables x, ¢t and s change within the bounds a < s < b, a < ¢~ (z) <t < s < b and
p(s) <z <put(z). Let a<z<y<band p~ (y) <s<¢'(z). Then

® (v) s " (9)
K, i (s,x)= / K(s,t)dt + / K(s,t)dt = / K(s,t)dt + K, (s,y). (23)
(=) ¢ (v) o~ (2)
From the conditions K(-,-) € O, (), n >0, and ¢~ (z) <t < ¢ (y) < s < ¢t (z), we have
©(v) " ©(v) "
[ Kt Ko@) [ KL 008 =Y K @K e, @0
- =0 B =0
¢ (z) e (z)
¢ (v)
where K . (y,z) = Ik Kijn(go_(y),t)dt, i=0,1,...,n, K; ()€ 0;(),i=0,1,...,n,and K, (s,0 (y)) =
» ()

K(s,7 (). From (23) and (24), we get K (s,2) = Koy (s,2) = Koy (s,9) + 2 K (s,9)K, 14 (y,7) for
i=0

a<z<y<band o (y) <s < pt(x), where I?;(s,y) =K; (5,9 (y),i=0,1,...,n,and K,y ,4(,-) = 1.

Due to Remark 2.3, the functions I?;(-, -) belong to the class O; (Q7), i =0,1,...,n. Then by the definition

of the class O, (€27), the kernel K (s,z) of the operator K7 belongs to the class 0,,,1(27) and by Lemma

2.1, the functions u~ and p* are locally absolute continuous on I. Therefore, by Theorem CT for a = u~

and B = uT, we have

IS ~ Gf ~ G3. (25)

From (25), (22), (14) and (15), it follows that the inequality (12) for T = KT holds if and only if max{F;", G} <
oo at least for one of the pairs (i,j), i,7 = 1,2, and C; = max{Ff,Gj}, i,j = 1,2, where C7 is the best
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constant in (12). Hence, by Lemma 3.3, it follows the validity of Theorem 3.1. The proof of Theorem 3.1 is
complete. O

Proof [Proof of Theorem 3.2] Let T = K~ . Then by Lemma 3.3 the inequality (3) holds if and only if the
inequality (12) holds, i.e. the operator

K- / F@)dz | (s)

ut() b wt(t)
K- f(s) = k- F@)dz | (s) = / K(t,s) [ fla)dudt, (26)
-0 s p ()
the change of order of integration gives
b wt(t) b ot (2) wt(s) ¢t ()
/ K(t,s) / F@)dudt = / @) / K(t, s)dtdz + / (@) / K(t, s)dtda. (27)
s w(t) wt(s) v~ (@) = (s) s

From (12), (26), and (27), as in the proof of theorem 3.1, it follows that the operator K~ f(s) is bounded

~ b ot (2) -
from L,(v,I) to Ly(w,I) if and only if the operators K f(s) = [ f(z) [ K(¢t, s)dtde and K3 f(s) =
nt(s) »~(z)

W) et@)
f(z) [ K(t, s)dtdz are bounded from Ly(v,I) to Ly(w,I), and between the norms of the operators
= (s) s
1K1, IKT ||, and [|K5 || from Ly(v,I) to Ly(w, ) the relation
I = [T+ [l (28)

is valid. We estimate the values ||IEl_|| and HIEQ_H and get

b ot (x)
K f(s) = / Ky (z,8)f(z)dz, K (z,s) = / K(t, s)dt,
nt(s) P ()
1t (s) @t (x)
K3 f(s) = / Ky (x,8)f(x)dz, K; (z,s) = / K(t, s)dt.
pn=(s) s

In the operator IE;, the variables z, s, and ¢ change within the bounds a < x < b and a < s < ¢~ () <
t < ot (z) <b. Hence, by taking into account that K(-,-) € O} (), we have

n (@) n
Ky (,5) ~ ZO / Kyt o™ (@)dtK S (o7 (), s) = Z;@(x)f(f(w‘(:c%s% (29)
e =
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ot (z)
where ®f (z) = [ K, (t,¢"(2))dt, i=0,1,...,n.

@

Then
b

Rife) =Y Ko, 1. K, f6)= [ SH@K! (o @).5) @)z,

- wt(s)

i=0,1,...,n. This, together with the change of variables ¢~ (z) =y, gives
I 1~ > I, (30)
i=0
where [|[K; || is a norm of the operator

K5 f(s) = / BF (W) K (v 9) f(w)dy, s €1,

from L,(p,I) to Ly(w,I) and p(y) = p(u*(y)[(u*(y))']

Theorem B~ we have

z b 7 q
171 =~ sup /wq(S) (/(Kf(y,S)@T(W(y)))”lﬁpl(y)dy) ds

Q=

z b
T / wi(s) / (Ko™ (2), )] (2))” o (x)de | ds
ze
a +(z)
q 1
. b ¢t () r "
—swp | [wrs) | [ |KHe @0 x [ KL @) o s | as| L @
zel ’
a wt(z) v~ (@)
1=0,1,...,n, and similarly,
, , 5
b [ et (@) p . 4 P
I3 1 ~ sup / / KL (t o™ (2)dt| pP (z) x ( / [Kj(go_(:r),s)]qwq(s)ds) de |, (32)
ut(z) e~ (@) a
i=20,1,...,n. From (32), (31), and (30), by taking into account (29), we have
KT~ Fy ~ Fy (33)
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Now, we consider the operator 162_ and its kernel. Let a <7 <z <b and ¢ (z) < s < ¢ (7). Then

¢t () ot (z) et (1)
Ky (z,5) = K Tz, s) = / K(t,s)d / K(t,s)dt + / K(t,s)dt
et (r)
* (@)
_ / K(t,s)dt + K (,5). (34)
et (7)
ot (x)
In the expression [ K(t,s)dt, the variables ¢ and s change within the bounds ¢™(z) > ¢ > ¢t (1) >
@t (7)
s > ¢~ (z). Therefore, by taking into account K(-,-) € O} (), n > 0, we have
¢t () n (@)
/ K(t,s)ds ~ Y / K (6 o (0) ALK (67 (), 5)
ot (r) =001 (r)
=) Kii(@ DK (97 (7), ), (35)
i=0
@t (x)
where Kn+1 (2 = [ Ky(t,et(r)dt, Kf(-,-) € OF (), i =0,1,...,n, and K, (-,-) = K(-,-). From
et (7)
(34) and (35), we obtain
- n+1
K;_(:L', S) = K:Jrl(x 5) 20 K:—Q—l,i(va)Ki—i_((er(T)a S)a (36)
K:Lr+1 ny1() =1

for a <7 <x<band p (z) < s < (). Since due to Remark 2.3, we have that K;' (o7 (7),s) € O (Q1),
i=0,1,...,n, from (36) and the definition of the class O, (QF) it follows Ki(,)= Ky (h) e OfF ().
Then by Theorem C~, we have

1Ky |~ Gy = Gy (37)
From (37), (33) and (28) we get the validity of theorem 3.2.
The proof of theorem 3.2 is complete. O
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