Physica A 597 (2022) 127283

Contents lists available at ScienceDirect -
1

Sunsnc wicancs
i 13 wppUATIOES

Physica A

journal homepage: www.elsevier.com/locate/physa o

Three-partite vertex model and knot invariants A

Check for
updates

% .
T.K. Kassenova *", P.Yu. Tsyba®*, O.V. Razina*?, R. Myrzakulov *¢

2 L.N. Gumilyov Eurasian National University, Eurasian International Centre Theoretical Physics, Nur-Sultan, Kazakhstan
b M.Kh.Dulaty Taraz Regional University, Taraz, Kazakhstan

€ LLP Ratbay Myrzakulov Eurasian International Center for Theoretical Physics, Nur-Sultan, Kazakhstan

ARTICLE INFO ABSTRACT

Article history: This work is dedicated to the consideration of the construction of a representation of
Received 14 June 2021 braid group generators from vertex models with N-states, which provides a great way
Available online 24 March 2022 to study the knot invariant. An algebraic formula is proposed for the knot invariant
Keywords: when different spins (N — 1)/2 are located on all components of the knot. The work
Vertex model summarizes procedure outputting braid generator representations from three-partite
Braid group vertex model. This representation made it possible to study the invariant of a knot with
Knots theory multi-colored links, where the components of the knot have different spins. The formula

for the invariant of knot with a multi-colored link is studied from the point of view of
the braid generators obtained from the R-matrices of three-partite vertex models. The
resulting knot invariant 5, corresponds to the Jones polynomial and HOMFLY-PT.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

An important event which happened at the end of the 20th century in the mathematical theory of knots and links, is the
discovery of new and direct ways of constructing knot invariants using the statistical mechanics method. Since knots and
links can be received from the closure of the braid word, knot and link invariants may be obtained from the representative
theory of braid groups. There are many ways to solve the representation of different braid groups. By Drinfeld’s quantum
group, as well as the independent research of F.A. Berezin [1] in the field of statistical and quantum mechanics, the
statistical sum turned out to be closely related to the invariants of knots (and links). Vertex and IRF models not only
allow us to very easily reconstruct the Jones polynomial from the statistical sum, but actually lead to a whole new series
of Jones-type knot invariants [2]. By the help of the Ising model in the theory of phase transitions and Hill’s theory in the
theory of liquids [3] and liquid solutions, significant advances have been made in numerous application areas of statistical
mechanics [4]. Consideration of the tetrahedron equation or the Zamolodchikov equation, which is a 3D generalization of
the well-known Yang-Baxter equation [5], shows that it provides invariance with respect to Reidemeister IIl motions, the
importance of charge conservation and the construction of knot invariants from vertex models [6]. Heretofore, statistical
mechanics and knot theory had nothing to do with each other. However, in the process of discovering new polynomial
invariants for knots, Vaughan Jones established a connection between these two fields. Currently, this is of research [7]
is extremely active [8]. But the question remains open whether there are Vassiliev invariants that can distinguish an
oriented knot from its inverse, i.e., a knot with an opposite orientation [9]. Families of polynomial invariants virtual knots
and links arise when considering some 2 x 2 matrices with elements quaternions [10].
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In the next paper, the Jones polynomial VL(t) is calculated for several families of alternating knots and links, and the
Tutte polynomial T(G, x, y) for the associated graphs G, and the computation of the Jones polynomial for unchanging links
is also discussed [11]. The research relationship between knots and braids provides the process of obtaining a knot or link
from a given braid by “closing” the braid, which leads to the formulation of two fundamental questions about knots and
braids [12].

The study of welded braids and classical knots [13] and a new invariant of virtual knots and links [14] have led
to the rapid development of knot theory. The theory of module skeins is a consequence of the discovery the Jones
polynomial [15], which led to a thorough analysis of all other classes of 2-bridge knots [16]. Creation an invariant of
virtual knots and links [17] and the definition of the properties of birac and biquandl, where natural invariants arise
from virtual knots and braids [18]. The new virtual knot invariant and the transcendental functional invariant combine
several polynomial virtual knot invariants, such as the zero polynomial [19,20], the bend of the polynomial [21], and the
affine index polynomial [22]. It also explains the general method for calculating the Tutte polynomial for partitioning a
graph [23]. The article computes exact expressions for the Jones polynomials for a family of links [24].

According to the Chern-Simons SU(2) theory, Witten’s pioneering work [25] is one such method in which the Jones
polynomial located at the knot K [26] is formed from the expectation of the Wilson loop (Wi(K)). A great quality of
this approach is the relationship between the 3D SU(2) Chern-Simons theory and the two-dimensional SU(2), Wess-
Zumino-Witten (WZW) model, where k is the Chern-Simons coupling constant showing degree of the WZW model. For
example, the deformation coefficient ¢ = exp(2I71/k + 2) for the group SU(2) [27]. The Temperley-Lieb algebra and the
Birman-Murakami-Wenzl algebra (BMW) played a main role in solving models and knot theory [28]. The article mentions
especially of the most important and well-known classical results of F. Wu, and also describes some of his recent research
on the connection of lattice statistical mechanical models with deep problems of pure mathematics [29].

The description of the Boltzmann weight and the determination of SO(N) for any N spin vertex model of algebra [30]
served the discovery of new problems in the field of statistical physics. Braid group representations obtained from rational
conformal field theories can be used to obtain explicit representations of Temperley-Lieb-Jones algebras [31]. It was found
that the Yang-Baxter relation provides both an algebraic and a graphical method in knot theory [32]. The universal R-
matrices constructed using generators J*, J, of matrices Uy(SU(2)) obey the defining relations of braid groups. Therefore,
these universal R-matrices are representations of braid groups. Exactly solvable models of statistical mechanics [33]
features from the method of constructing a representation of the braid group. Vertex models of N-states are one of

such statistical mechanical models with Boltzmann weights (R4 )ml’?%z(u) associated with each vertex on a square lattice,
depending on the spins mq, my, ny,n; € {—j, —j+ 1, ...,j}, located on four edges intersecting the vertex, where spin

j = (N—1)/2. The Yang-Baxter equations obey the spectral parameters u depending on the Boltzmann weight (R’ )ﬁ}{ﬁ%z(u)
of these vertex models. In fact, the Yang-Baxter equation in the limit u — oo can be reduced to the definition of braid
group relations by applying the permutation operator P to the Boltzmann weights. This means that, the braid generators
are proportional to P[(R¥);!"2 (u — o0)]. The Boltzmann weights for new vertex models in which edges carry states
with spin j > 3/2 [22] ensure us with new representations of braid matrices that are productive for constructing new

knot invariants using the algebraic expression i j(A) [34-39]. Application of algebraic expression when obtaining
——

the polynomials of the knot and links is the optimanl method corresponding to any arbitrary word braid A and includes
only the multiplication of matrices. Traditional approach vertex model is able to efficiently compute the knot and link

invariant %G j(A). An attempt to obtain a modified algebraic expression for the knot invariant % j(A) in terms
——— S———
n n
of matrix representations of braid matrices were called multi-colored knot and link invariants, where j1, ja, . . .-spin states

located in different constituent links of the knot. The mathematical solution for the knot polynomial using these braid
matrices was studied in publications [34-39] for the spin j = 1/2,j = 1,j = 3/2, which are common in the sources as
the 6-vertex, 19-vertex and 44-vertex models. The numbers 6, 19, 44 indicate the number of nonzero Boltzmann weights
for the corresponding vertex model with N-states.

As a result of obtaining an eight-vertex model using the Grassmann algebra, a series of solutions to the tetrahedron
equation is specified as a sufficient condition for the permutation of the transition matrices on a simple square lattice [40].
In the fifteen-vertex model, which satisfying the ice rule, the algebraic-differential method [41] is utilized to solve the
Yang-Baxter equation, where the matrix elements also depend on the spectral parameter. The 32-vertex free fermion
model, which demonstrates the Ising behavior, can also has various transitions [42]. The article examines a family of
solvable A-D-E lattice models that demonstrate order-disorder transitions, as well as different classes of critical behavior
universality [43].

The Ashkin-Teller model represents two Ising models (s and o )-models. Subsequently, the Ashkin-Teller model on a
square lattice attracted the attention of physicists. Later it turned out that it is conformally invariant. The close relationship
of the Ashkin-Teller model on a square lattice was studied with models of statistical mechanics such as like the Potts
model, the eight-vertex model with two sublattices is a special case of the six-vertex model [44]. Using the method of
diagonalization by known Boltzmann weights for the 15-vertex model, 32-vertex model, and the Ashkin-Teller model on
a square lattice, one can obtain diagonal matrix elements A;(j1, j2, j3; u), depending on the spectral parameter. In vertex
models with Boltzmann weights, when diagonalizing, one can verify that the diagonal matrix elements depend on the
spectral parameter for the spin j > 3/2 [45].
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Fig. 1. Vertex model (RV);."2 (u).

The method for obtaining invariants is associated with multi-colored links [46], with the statistical sum of the Chern-
Simons theory [47] and with obtaining the topological solution SU(2) of the Chern-Simons theory on S> [48]. The 3D
SU(2) Chern-Simons theory has been studied as a topological field theory for the field-theoretical description of knots
and links in three dimensions [44]. Thus, one can use braid theory to study knot theory and vice versa [49]. Thereafter,
the connection between the invariant of knot theory and the new ten-vertex model of statistical mechanics was studied,
with using the transition of the commuting transfer matrix, including the Boltzmann weights, into the braid matrix [50].

The polynomial form can be calculated for any braid word A using the algebraic expression - j(A), which will

— —’

be considered below in the formula (1.4), as described in [34-39]. Here, the spin states j are located on all strands of
the braid, and n denotes the number of knots components of the link obtained as a result of the closure of the braid
A. We need to map these braid matrices to the monodromy matrices in the WZW models. Braid generators should
be derived from (R/1/2+3 )Zjl‘?,%’;'%h(u)—matrices of new vertex models. We call such vertex models three-partite vertex
models in which each strand has my,ny € ji,j1 — 1,... —ji, My, My € jp,jo — 1, —j2,m3, N3 € j3,j3— 1,... —js.
The procedure for obtaining Boltzmann weights for the vertex model (R s )it ",,212”,3,13(u) from the spectral parameter-
dependent elements of the diagonal braid A;(j1,j2,j3) can be generalized to obtam three-partite vertex models of

Boltzmann weights (Ri1-/23 )"m‘l‘?,f,‘z'?fna(u), where each strand carries different spins ji, j,, j3. It is important to emphasize that

the relations of quasigroups [25] for the braid generators P[(R/273)}1">" (1 — 00)] were obtained from the Boltzmann

weights in the limit u — oo using the permutation operator P.

Our main aim in this article is to construct braid representations from (R1+2/3 )"mll‘?n%‘z'?ﬁh(u), which obey the properties
of quasigroups [48] from various spin j-states on the strands. This paper describes the derivation of the matrix form of the
three-partite vertex model from the Boltzmann weights, which allows using the modified formula for the knot from the
closure of an arbitrary word of the braid A and effectively calculate the multi-colored knot invariant and link &G i j(A).

———

This work is dedicated to graphical methods of calculation, which are based on the Clebsch-Gordan coefficients and
transformation matrices [51]. Using the quantum-deformed Clebsch-Gordan coefficients ¢ — CG, these braid matrices
P[(R“)",,,l1 ",?,Z(u — o0)] can be diagonalized [52], whose diagonal elements A;(j, j) are the eigenvalues of the monodromy
matrices in the WZW model.

The work plan is as following. In Section 2, we consider the construction of braid matrices from the R-matrix of the
usual and ten-vertex models for the same case of spin and the derivation of the knot invariant with links. In Section 3, we
generalize the procedure for defining a new representation of the braid generators from the R(u)-matrix associated with
the three-partite vertex model and propose an algebraic formula for the invariant of a knot with multi-colored links.

2. Vertex model & R-matrix

In this section, we briefly review the ten-vertex model approach to constructing representations of braid group
generators leading to the computation of the b? knot invariant.

Vertex model. N-vertex models consider a two-dimensional model of statistical mechanics with states of the same spin
Jj, located on four edges intersecting each vertex, as shown in Fig. 1.
This exactly solvable model of statistical mechanics shows that the spectral parameter u directly depends on the

Boltzmann weights (R”)fn‘1 ",ﬁz(u) and with the Yang-Baxter equation is agreed

mmz

Tt o, (R et (1 )(Rf’f)'" ’”3(u+v)(R”)

m),my

= Em’l m, m3(R”)m2 m3( )(R“)

OE
O v)(RH)"‘ﬁf,m,z (u). (1)

ml my

The parameterized form of this R-matrix depends on the spectral parameter u and the deformation parameter q = e?* is
given in [33,34] for 6, 9, 44-vertex models. The above equation in the limit u — 0, supplementing the product of R-matrix

3
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elements by the permutation operator P (up to full normalization), shows an explicit relation for the braid group B,, where
the generators b;’s (i = 1, 2, ..., r) have the following representation

bilj,j1=1; x I x -- -]Ix(f?j’j)”l’”z X Tiyo...,
—_———

my,my

i—1

bi[].,j]71 =0 xIh x--- HX((kj'j):;{«,nnz‘lz)71 S ]Ii+2 e (2)
i—1
Here
n 1. .
(RI12,) = PRI Y — o) ?

normalization factor N = (R )’:’Jz(u — 00) ensures that all matrix elements in the limit u — oo. As a result, we have a

new representation of the braid of the R-matrix of the vertex model, which leads to new invariants of the knot or link.

The mathematical form o i j(A) [34] helps to calculate the invariant of any n-component link at a knot obtained by
—— —

n
the closure of the braid word A € B,, with the same spin j at other multicomponent sites

o i A = () AT HAY, (4)
gy oo iti T
—— J
where e is the exponent sum of the b;’s appearing in the braid word A, H = h; ® h; ... hj where
N— ——’

r

= —————Diag[l,q,..., 471, 5
P E—— iag(1.q.....q7] (5)

and 7; and T; are

h;

1 _ q%
1+q+---+q¥ T+q+-+q%
When performing Markov movements on the braid, the above invariant o;;,.. (A) with the variable g remains unchanged,
and for a trivial knot, the braid word A has the form «;j(b;) = ’i:_j q'. In sources on knot theory, this invariant is known

as unnormalized knot invariants.

In the next subsection, we briefly study the computation of the knot invariant using the braid matrices obtained from
the R-matrices of the new model with 10 vertices. It is assumed here that the edges in fig. 1 have spins j = 1/2.
Ten-vertex model. The new vertex model is a ten vertex model in which the spins j = 1/2 are located on four edges that
intersect each vertex. Thus, the Boltzmann weights (R )"m]l’f],ﬁz(u) associated with each vertex are nonzero if and only if
m; 4+ my = ny 4+ n, where my, my, nqy, ny € (—1/2, 1/2). This condition admits ten nonzero Boltzmann weights, resulting
in a model with 10 vertices. In matrix form, the elements are

(R, | k) %) N 1 W \
™ sinh(A — u) sinh 2\ sinh u 0 0 sinh()) sinh(u — A)
R 1 sinh(A 4 u) sinh A sinh A 0
my.my T 1 0 sinh A sinh(A +u)  sinh(A + u) 0
™ 0 sinh A sinh(A +u)  sinh(\ + u) 0
W sinh(A)sinh(u — A) 0 0 sinh 2A sinh u sinh(A — u)

(7)

To construct the braid generators b;, we take the spectral parameter, which is considered for u — oo by the above matrix
elements and replace e?* with the variable q. Compare with the corresponding normalization so that the matrix elements
are finite in this limit u — oo, as shown below

(R, | 11 i 1 i A
o 4 1 %(—\/quq%) 0 0 ENh
(R22 )y — 00) | 41 0 0 Va Va 0 (8)
LIyt N 0 Va —I+a  —1+g¢ 0
(R2:2) 4(u = o0) 1 0 Va -1+¢ —1+g4 0

S
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Applying the permutation matrix

1100 1
00010
pv212—-1o 0 1 0o o], 9)
01000
100 1 1

11
the elements of (R2'2 )z, (3)turn out to be

3 _
1 H—/q+q?2) 0 0 zl—jaq
i 0 Ja 0 NG 0
(R2-2)j2 =1 0 V4 —-1+¢q Ja 0 (10)
0 —1+¢q —1+¢q —1+¢q 0
- 3
217’%‘1 0 0 3(=va+q2) 1

Thus, it is possible to compute the matrix form of the braid generators b;[1/2, 1/2] (2), using the R-matrix. Using the
formula (4), one can calculate the invariant for some knot with links. Be aware that there is only one braid generator b,
for all braid words A € B,, whose matrix form will be 5 x 5. It,

b= (R 2 )72 (11)

mq,my*

Eq. (4) shows a ready-made invariant for links of an infinite group of knots, trefoils and Hopf using the braid words
A = by, b? and b% respectively [38]. For knots and links resulting from the closure of braid words A € Bs, there are two
braid generators b1, b,, which are 10 x 10 matrices

by = (R?I)" XL, (12)
by = (Ix R:I)T2 . (13)

For example, the knot 61, in which the word braid is A = byb, 'bsb2b; 'b} . You should know that such an action of the
braid word on a 3-strand braid implies the following order of work of the matrix on the initial state |j, my; j, my; j; ms)

A|3 — strand) = by [by " {ba(by i, m1: j, ma; j, ms))}]. (14)

The generalized way of solving the braid A € B, for any word leads to the calculation of polynomial invariants in the
formula (4). This polynomial is similar to the Jones polynomial, although the method includes only matrix product. The
method is very effective in obtaining polynomial invariants for any knot or link from a vertex model, the elements of
the R-matrix of which are known. In the sources on knot theory, the multi-colored Jones polynomials correspond to the
placement of the higher spins j > 1 on the components of the knot. Interestingly, these polynomials for j = 1, 3/2 agree
with the knot and link invariant T j(A) in Eq. (4), where the matrix representation of the generators of the braids

———
b’s is obtained from the Boltzmann weights of the 19-vertex and 44-vertex models. The Wess-Zumino conformal field
theory implies a compact relation for the braid generators b;'s obtained from the (R )fr}{f’rﬁz -vertex model matrices and
also from the eigenvalues (1) of the monodromy matrix in SU(2), [53]

e 1A, ..
(R, = PRI (1 — o00) =
1aii Y N R R |
— __plJ
=N Z(m m M>)”JU’])<n1 n, M) (15)
Jejei

VR |
m, my M
Clebsch-Gordan coefficient (g — CG) [27]. In addition, the summation J € j ® j belongs to the range {0, 1, ..., 2j}. The
essence of the main problem is to obtain the eigenvalues of A; (j, j; u) depending on the spectral parameter, for any spin
j the relation in Eq. (15) gives the value of R'¥(u)-matrices, where matrix elements with spins j; = 1/2,j, = 1,j3 = 1/2
belong to 15-vertex model, 32-vertex model and Ashkin-Teller models on a square lattice. This assumption A; (j, j; u) is
formulated in [53]

where M = m; + my = n; + n, and items in brackets ( ) denote the quantum form of the formula for the

J %
aG.gsu) =TT Ginh(kip —u) T (sinhtkzp +u)), (16)
k=1 ka=/+1

5
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as a result, matrices are obtained depending on the spectral parameter, where (R“)Z}1 ",,%z(u) are matrices associated with

new vertex models

JIVI2 (1) — ioJ ] N A R B |
(R, () = 3 (mz m M) 4G.J) ( o M) (17)
Jei®j
Here SU(2)spin] € j®j=0,1,2,...,2j (allowed irreducible representations in the tensor product). We have verified

for some spin values of j that these R-matrices obtained from the assumed form in the formula (16) obey the Yang-
Baxter equation and hence are admissible Boltzmann weights for completely new vertex models. Initially, we analyzed
the computation of the knot and link invariant from vertex models with edges carrying states with the same spin j.

Therefore, one can see a specific relationship between the R-matrix with a spectral parameter that depends on
the X;(j, j; u) eigenvalue of the vertex model matrix. It is noteworthy that the assumed eigenvalue in Eq. (16) can be
generalized to A;(j1, jo,j3; u), where J € j1 ® j» ® js = i1 —j2 —J3l, 1 —j2 — i3l + 1, ..., j1 +j2 + j3, which will lead to
a vertex model with adjacent edges having states of different spins j; # j,, but j; = j;. These vertex models should be
called three-partite vertex models. In the next section, we will describe the three-partite vertex model and propose a new
algebraic expression for the multi-colored invariant of a knot with links from associated Boltzmann weights.

3. Three-partite vertex model

In this paper, we investigate a new vertex model with different spins on adjacent edges of the lattice, which is called
the “three-partite vertex model”. The eigenvalue in the formula (16) both for identical spins and for multi-colored spins
A(j1,J2,J3; u) has the form [51]

J li1—isl
M dzdsiu)y= ] sinhGap—w [] sinhtep —u)+
ki=liz—j3|+1 ka=J+1
J li1=i2l
+ J] sinh(sp+w [] sinh(kae+w), (18)
ks=lj2+js3l+1 k3=J+1

where ] € j; xj, Xj; elements corresponding to the R-matrix depending on the spectral parameter (similar to Eq. (17))takes
the form

ny,ny,n
(R (1) =

_ J2 J1 Ji2 N I U B P
= {_mz Cm M12} Ay i 1) {m n2 nu} +
J12.m12
n Z Ji23 J1 3 } by (it 123 1) {]1 Jizz  J23 } I

) —My3 My My3 ng  —nNp3 N3
J23,m33

n Z 2 I3 23 })‘12303’12;“){13 2 J2 }+

) m; msz —My3 ng np; —Np3
J23,m23
Juz s J12 - 3 Jiz i
+ Z M3 —M3  —My bz (123, 33 ) —n3 N3 —nppf° (19)
J12:m12
Earlier it was mentioned about the R-matrix satisfying the following Yang-Baxter equation [33,53]
/ // m/ // m
S0 (R )R+ v)RE ) T ) =
mf,mj,mf
(R’“3) (U )(R““) y.m (U+U)(R““) r 2( )- (20)

Investigation and calculation of the assumed form of the R-matrix (19) fOI']],]z,]g spins, completely satisfies the above
Yang-Baxter equation. Starting from the limit u,v,u + v — oo of (Ri+2 ),,,1 mz(u) and a suitable normalization N =
(R 13)",”11",,272"?,73 (u — AO.O.) we get matrix elements, not depending on the spectral parameter. Multiplying the
corresponding permutation P/172+3 by the R-matrix we obtain

,my,

1 ~ . . Lo
(R“ J2:J3 )"1 "’%2“%3 — N(ijzds)m] m m3(R11q12113)“m1/1vf12;2'73 ,3(u — 00), (21)

6
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calculating the braid generators b(ji, j2, j3), where the closure of each link in the knot occurs on three strands with

representations j, jo, j3

b(j1, j2, j3)lj1» j2, J3) o0liz, ja, J1)-

An arbitrary braided word using these generators should track the spins of ji, js, ..

such braid words actually forms quasigroups [51].

In addition, the closure requires that the initial state |ji, jo, ...

calculating the knot invariant.

(22)

., jn on n-strands. The collection of

,Jjn) remain the same as the final state after the braid
word procedure. For example, closing a braid word will result in different knot and link components that carry different
representations. Using the matrix form of the braid generators b(ji, j2), b(j1,j3). .., obtained from three-partite vertex
models, we reveal the invariant of multi-colored links for the components of the knot having different representations.
In the next section, introducing explicit forms of Boltzmann weights, one can perform Ri1=1/22=153=1/2 sequentially

R-matrix for different spin. For calculation the knot invariant with it is critically important to define the matrix
(Rvi23 Y12 for different spins ji, jo, j3. As an example, take R1=1/22=13=1/2 where the eigenvalues of (18), depending

on the spectral parameter, are
Ao(u) = sinh(u + u),
A%(u) = sinh(% + u),
A1(u) = sinh(u — u),

As(u) = sinh(% —u),

3
2

)" S = G = [t
=G = Seen =[Gt o,
mi "3 (N = Seeen = [t oo
" =G = Seen =Lt e

The eigenvalues of the braids for three strands carrying spins 1, 1
theory have the form

1
=T

(23)

(24)

(25)

(26)

(27)

their representation in SU(2) of the Chern-Simons

—I(1+1)
B [ptea
M~ (=Yg, (28)
B
M1, 3B~ gl B~ gt Ao g (29)
0 v M qa . 4 . A5~4
Here X(u) are proportional to kf knots u — (u)
M=m;+my =nq +ny, (30)
and the general form of the R-matrix will be
11, \ning.ns
(R2:72 )ml.mz.mg(“) =
M, ma /M, ny by 31-3 3.-1-3 303 30-3 -30 70-3 —3l3 —3.-l3 -3.-1
113 xa(u) 0 0 0 0 0 0 0 0 0
11,-1 0 xa(u) 0 x(1) 0 0 0 0 0 0
1,-1-1 0 0 xa(u) 0 xs(1) 0 Xe(W) 0 0 0
101 0 x3(u) 0 Xalu) 0 0 0 Xe(11) 0 0
1.0.—3 0 0 xs(u) 0 xa(w) 0 0 0 0 0
-101 0 0 0 0 0 xa(1) 0 xa(1) 0 0
-3.0,—3 0 0 Xs(1) 0 0 0 Xa(u) 0 X3(u) 0
-5 13 0 0 0 xs(u) 0 xs(u) 0 xa(u) 0 0
-3.-11 0 0 0 0 0 0 x3(u) 0 X2(u) 0
—3.=1,-3 0 0 0 0 0 0 0 0 0 xa(u)
(31)
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where
. 3u . .
X1 =2 smh(7 — u)+ sinh(u — u), xo = cosh2u — sinhu,
x3 = (sinh 2y sinh u)%e’”, X4 = Zsinh(% — u) + sinh(pu — u),

3
x5 = — sinh 2u(sinh 3,u)% sinh(TM + u) — sinhu,
3
X6 = sinh 2u(sinh ,u)%e” — (sinh BM)% sinh(#),

3
X5 = (sinh 2y sinh u)%e”, Xs = sinh 2u(sinh BM)% sinh(TM + u) + sinhu,

. . 1 . 1. 30
Xe = sinh 2u(sinh w)2e™ + (sinh 3p)2 51nh(7). (32)
Replacing u — oo and q = e?* for j; = 1/2,j; = 1,j3 = 1/2, we have
lim @I =
my, my/ny, ny L T et 3.0, 3 1.0.-1 -1.0.4 -1.0.—-1 -1 —3-1d 11—
11,1 1 0 0 0 0 0 0 0 0 0
11 3 3
11,1 0 a1-a 2 0 —a=ed 0 0 0 0 0 0
92 —q 2 . 1 92 -q 2
11,1 0 0 aig i 0 gt —q3 0 —q—q! 0 0 0
3 3 02-a?
101 0 ‘11’“7; 0 —qi —q i 0 0 0 —q—q! 0 0
1 1 o 1 Y 1 1
1.0-3 0 0 —q? —q 2 qs —q 3 0 0 0 0
-1.01 0 0 0 0 qi —q % q7 —q7 0 0
1 1 2,’]
—10,-1 0 0 q—q! 0 0 0 —qi —q 3 0 7:;721 0
1 1
313 0 0 0 a-q" 0 g} —q? 0 TLE! 0 0
3 3 ata? 11
-3.-11 0 0 0 0 0 0 (R 0 (R 0
q2-q 2 q2—q 2
-3.-1,-1 0 0 0 0 0 0 0 0 0 1
(33)
. . . . . . . A1 =1
To obtain the braid generators b(j; = %,]2 = 1,j5 = %), choose the corresponding permutation P/1=22=13=2 5o

S . I EFIS . | . .
that the sequence of spins indicated in the row and column above in R1=22=1J3=2_the matrix remains unchanged. For

. . P N
j1= 3.2 = 1.js = 5, the P1=2271572 maybe

1 0 000 0 O0O0OO0OT OO
0 01 000OO O O0°UO
0 00O 1O0O0OTO0TUO0TO
0 000 O0OOT1TTUO0OTU OO
Sii=lj=1j=1 _ 10 0 0 0 0 0O O O 1 O
P *=lo 100000000 (34)
0 001 O0O0OO0OTUO0OTO0OTO
0 00O O0OT1O0TUO0TO0OTO
0 000 O0OOOT1TOODO
0 00O OO OTUO0OT OO0 1
We apply this permutation matrix in the construction of the braid generator
14 1 M1,02,03
PO e .. ol ml (RZ'LZ) . u)
(RS2 Yy = (P2 L1 s Jim e (35)
(R212)7 )
213
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. . .. PSS BRI | . .
as a result of which we obtain the explicit form R1=2/2=143=2_matrix for the three-partite vertex model

(R%,l,%)”lv"Z»”B —

my,mz,m3 —
1 0 0 0 0 0 0 0 0 0
—lgd
0 0 . 0 -1-q 0 0 0 0 0
T VA .
0 0 —}a - /4 0 —qi% +q3 0 0 0 0 0
—%-H]%
. 3
0 0 —1+4q 0 0 0 -t +gq2 0 - 0
i JEE
L +q4 -+
0 0 0 0 0 0 " 0 — 0
L - N NN (36)
- +a4 -5 +a4
0o 0 - 0 0 0 0 0 0
ﬁ+«/f13 NG
_ 1 4q7
0o < 0 — 1 _gi 0 0 0 -1- 0 0
v q7 1
1 e 1
0 0 0 0 0 —g +q4 0 7 +ﬁ 0 0
_%+q%
0 0 0 —1l4q 0 -L /g 0 q* 0 0
q VA -7
0 0 0 0 0 0 0 0 0 1

. LAl . oAl - . . . .
Similar construction R2*! for %, 1, % is the transposed matrix R" 2. The explicit form of the identity matrix can be written
as

Riti2 [fgjl,jz]—l — Rk I:[ka»jl]T:I_l =1, (37)
&11’]'3[1}1‘1,]3]*1 — R [[&BJ]]T]J =1, (38)
ﬁ]’zvh[fg]zb]*] — Rz [[ﬁj3J2]T]7 =1 (39)

Thus, we have the opportunity to represent the matrix forms b;[ji, j2, j3] groupoids that satisfy the constructions of
the braid generators

biljr, j2 1B 2121 )71, (40)
biljr, jslIb] (1 )71 (41)
bilja. jallb2 (B2 711, (42)
in this form
bilj, j2] = I x I x - - Ix(R192)71 x Ty, (43)
————
i—1
b,’[i],j3] =Ix1Ix -~~HX(kj3’jl)71 X]I,'Jrz, (44)
—
i—1
bilja, j31 = I x I x -+ - Ix(R32) 71 x Ty, (45)
———

i-1
As a result, using the matrix representation, for any word of the braid A, the closure of which will give multicomponent
links at the knot. Similarly to the formula for the knot invariant (4), we present the following formula for the multi-colored
knot invariant, in which the components of the knot have different spins. Invariant of multi-colored knot &;, j, j;(A) (up to
the total deformation coefficient q'/2) for a six-component link, where the components of the knot have different spins,
obtained by closing any r-word of the braid CollapseBraid A is given by formula

n

lc~ 1 .k
%155 TA(CB)] = 2,5, 55(4) = 42 [ [(5,5) 72 Tr (HA}. (46)

i=1
where the first factor derives from g the coefficient of deformation with an integer C, which depends on the spins, the
bending and number between constituent knots of links. The I;’s is the number of strands in the braid generator, that is,
when the spin j; is in the r-strand braid A, where )", [; = r. In addition, the matrix representation of H depends on the

9
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order of such repeating spins occurring in a braid of r-strands. This article describes a 3-strand braid obtained from knot
5,, with j; braiding on the first strand, j, # j; on the second, and j; on the third strand, which implies

H = hjl ® h]z ® hj3. (47)

Coming back to the matrix operations for the braid word A, we use the formula (14), following the sequence of closure
of each link in the braid, where each strand has the same spins mentioned above. From the above definition h;’s (5), z;,'s
and T;;’s (6), as discussed in Section 2. In the next section, we will calculate in detail the invariant of the multi-colored
link 5, knot.

Multi-colored knot invariants. In this section of the work, we will find the invariant of a knot with links with spins
j1=j3= % and j, = 1, for this we first need to write a braid word of n-strands that tracks the spins. For the CollapseBraid
[BR] Knot 5, knot, consisting of simple links obtained by closing a three-strand braid and the matrix representation looks
like this

11 LEVRRYS SRS AUTVRTS ESRPY
A([BR]Knot5;) = b, ( , )bz( ) (5,1)b2 (5,1)173 (5,1)172 (1,5),
11 1_11 ORI B
A([BR]Knot5;) = b, ( )bz( 2) (5,1)172 (5,1)173 (5,1)172 (1,5), (48)
and H = h% ® hy ®h% will give us
3
Kén2
a1 1[AG2)] = v (49)
where
=
n=( 44+ 4+ 420+ +°+¢7 +¢"+4P) 140+ +P+2¢* +° +¢0+0°+¢" +¢"3) )

q13

V= ((1+v@Pgi(1+q+ @+ +2¢* + ¢ + ¢ +¢° +¢" + ),

§=1—qi +3.,/G—4q3 +2q—2q3 —7q2 + 15q5 — 13¢% + 40q7 + 292 + 524 +
+32¢° + 449 +76q7 +40q % +150q" + 5594 +238q7 +48q 4 +289¢° — 15qF +
+ 276q 2 — 104q ¢ 7 + 192(;36 - 142q 4 +27q7 235— 75q 4 T 1744’ + 88q4 7 5 328q2 23 +
131297 — 335q +46694 — 241q T 4 422q% — 167q 1+223q% —80q7 +37q% +
+22q"° — 4091 % 18¢% —34q‘23 —~ 119" +30q4 - 2539-,223 + 151q47 3049'2 +
+264q 1 —292q2 126297 —231q 3—|—137q4 - 133q2 +2q7% —4q14 3094 +
+105g2 7 +46q'4 7 1130q'5 + 1367 + 952 + 148q% +47q'6 + 84q % +9q7 +

7_14 69 35 71 18 7 37 75 19 77
+9q 4 a" —21g4 —21g2 —5q9% —159'°+10g4% —6q2 +8q4% —q” +2q+%,
which is consistent with the multi-colored Jones polynomial calculated on the basis of the SU(2) Chern-Simons theory
up to a full factor.

4. Conclusion

In this work, we have obtained a completely new R-matrix of the three-partite vertex model for the knot 5, with multi-
colored links from the representations of the braid group, produced by the Vogel algorithm. Here, adjacent knot edges
bear different spins. This invariant is proportional to the multi-colored polynomial Jones. In the article the representation
of the group SO(N) instead of SU(2) was used, which has spins ji, jo, j3 states on the edges intersecting the vertex. The
process of finding the knot invariant outlined in the paper should be generalizable for the group SO(N) and generate, in
turn, new vertex models and their invariants. In the future, one can find such types of vertex models and solutions of their
knot invariants with different links. The found invariant can be compared with the HOMFLY-PT polynomial indicated in
the literature.
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