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1. Introduction

The notion of coalgebra is dual to the notion of algebra. The theory of (co)associative
coalgebras has been developed for a long time within the framework of the theory of
Hopf algebras [18]. The study of coalgebras, bialgebras, and Hopf algebras received a new
impetus when the term “quantum group”, along with revolutionary new examples, was
launched by V. Drinfeld in 1986 [3]. Lie bialgebras, which are simultaneously Lie algebras
and Lie coalgebras, were introduced as one of the most important notions of quantum
group theory [4]. The study of Lie coalgebras, investigated earlier by W. Michaelis [11],
was intensified. It is well known that the dual of an associative coalgebra is an associative
algebra and the dual of a Lie coalgebra is a Lie algebra. In 1994 J. Anquella, T. Cortes,
and F. Montaner [1] called a coalgebra C' an 9M-coalgebra if the dual algebra C* belongs
to the variety of algebras 9t. This allows to define alternative, Jordan, Malcev, left-
symmetric, Novikov coalgebras, and so on.

The Fundamental Theorem on Coalgebras asserts that every finitely generated asso-
ciative coalgebra over a field is finite-dimensional. An analogue of this result is true for
alternative and Jordan coalgebras [1], for structurable coalgebras [20], for Jordan copairs
[24], for right alternative Malcev admissible coalgebras and binary (-1,1)-coalgebras [15].

Lie coalgebras are not locally finite and the first example of an infinite dimensional
finitely generated Lie coalgebra was given in [11]. In 1995 A. Slinko [17] found some
necessary and sufficient conditions for Lie coalgebras to be locally finite. A connec-
tion between Jordan and Lie (super)coalgebras, which is an analog of the well known
Kantor-Koecher-Tits construction for usual (super)algebras, was found in [21,22]. M.E.
Goncharov and V.N. Zhelyabin [6,7] showed that every Malcev coalgebra embeds into
a Lie coalgebra with triality. Unlike Jordan coalgebras, Jordan super-coalgebras are not
locally finite [22].

In 2000 D. Kozybaev [9] constructed an example of a non-locally finite right-symmetric
coalgebra and an example of a non-locally finite right-alternative coalgebra. I. Shestakov
reported [16] that the example of a right-alternative coalgebra given in [9] is incorrect.
This report attracted the attention of the authors to these old examples. First of all
we noticed that the left-symmetric analogue of the non-locally finite right-symmetric
coalgebra from [9] is a Novikov coalgebra. Moreover, we noticed that the commutator
coalgebra of this coalgebra is exactly the non-locally finite Lie coalgebra given by W.
Michaelis [11]. In order to understand the nature of these examples we started to study
codifferential coalgebras.

To any associative and commutative differential algebra A one relates the following
three algebras:

(1) a Novikov algebra obtained from A by the Gelfand-Dorfman construction;

(2) a Lie algebra obtained as the commutator algebra of the Novikov algebra men-
tioned in (1); and

(3) a Jordan superalgebra obtained from A by the Kantor construction.
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The notion of coderivation allows us to define the notion of a (co)differential coalgebra.
We constructed a very easy example C' of a non-locally finite associative and commutative
differential coalgebra. Using this example we constructed three examples of non-locally
finite coalgebras. We define an analogue of the Gelfand-Dorfman construction for coalge-
bras and using this we give an example of a non-locally finite Novikov coalgebra obtained
from C, and the dual algebra of this coalgebra satisfies the identity (zy)z = 0. This ex-
ample coincides with Kozybaev’s example mentioned above. Moreover, the commutator
coalgebra of this Novikov coalgebra is exactly the non-locally finite Lie coalgebra given
by Michaelis [11]. This Lie coalgebra is metabelian. Using C' and an analogue of the
Kantor construction for super coalgebras, we give an example of a non-locally finite
Jordan super-coalgebra. The dual of this super-coalgebra satisfies the super identities
xy = yx,xz = zx, and (z21)(2223) = 0 for even variables z,y and for odd variables
2y 21,22, %3-

We repeated the same route starting from the simple differential algebra (F'[z],d = %)
over a field F' of characteristic zero. The graded dual of this algebra is a simple infinite
dimensional differential coalgebra. Recall that a coalgebra is called simple if it does
not have any proper subcoalgebras. Applying the Gelfand-Dorfman construction to this
coalgebra, we get an example of a simple infinite dimensional Novikov coalgebra. This
coalgebra is the graded dual of the Novikov-Witt algebra £4 [10]. The commutator Lie
coalgebra of this coalgebra is also simple and coincides with the graded dual of the Witt
algebra W;. And finally, using the Kantor construction, we constructed an example of a
simple infinite dimensional Jordan super-coalgebra.

We also noticed that the example of a non-locally finite right-alternative coalgebra
from [9] can be fixed only by interchanging the indexes 3n — 2 and 3n — 1 on lines 3 and
4 of the formula (12). The fixed example is given in Section 6. A much more complicated
example of a non-locally finite right-alternative coalgebra was recently given in [16].

The paper is organized as follows. In Section 2 we give some necessary terminol-
ogy of coalgebras, notations, and general statements. In Section 3 we give examples of
non-locally finite differential, Novikov, and Lie coalgebras. Simple infinite dimensional
differential, Novikov, and Lie coalgebras are given in Section 4. Section 5 is devoted to
Jordan super-coalgebras and Section 6 is devoted to right-alternative coalgebras.

2. Coalgebras and coderivations
Let F' be an arbitrary field. For any vector space V over F' denote by
V* =Homp(V, F)

its dual vector space, i.e., the vector space of all linear forms on V.
Denote by

Ve =V ®...QV
N————’

n
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the n-th tensor power of the vector space V over F.
The map

pr (V22" (VEn):
defined by

PH®. )Y e ®. .. ®e)= Y. filey) . fales,)

i1.in i1..in

is injective. For this reason we can assume that

If ¢ : V — U is a linear map of vector spaces then the transpose ¢* : U* — V* of ¢
is defined by

" (u")(v) =u(p(v)), veVu*eU".
A vector space C over F' with a linear map
A:C—->CprC
is called a coalgebra. The map A is called its comultiplication. We often call the pair (C, A)

a coalgebra in order to emphasize the comultiplication in question. For any a € C', using
the Sweedler notation (see [18]), we write

Aa) = Z a1y ® a2

a

If C is a coalgebra, then
(fg)(a) =p(f ®g)(A Zf am)glaw), f,geCaecC,

defines a product on C* and this product turns C* into an algebra. Denote this product
by

ma : C*@C* — C*.

The algebra C* or (C*, ma) is called the dual algebra of the coalgebra (C, A).
A coalgebra (C, A) is called coassociative if

(A®id—id® A)A =



D. Kozybaev et al. / Linear Algebra and its Applications 643 (2022) 235-257 239

i.e., for any a € C we have

Z(A(a(l)) ®ag) —aq) ® A(a(g)) =0.

a

It is well known that a coalgebra (C; A) is coassociative if and only if its dual algebra
C* is associative. Moreover, a coalgebra (C, A) is a Lie coalgebra if and only if its dual
C* is a Lie algebra [11]. Following these results, the definition of coalgebras from any
variety of algebras was given in [1]:

Let 90t be an arbitrary variety of algebras. A coalgebra (C, A) is called an 9t-coalgebra
if its dual algebra C* belongs to 91.

Let V be a vector space and let 7: V®V — V ®V be the ordinary flip, i.e., a linear
map with 7(z ®y) =y @z for all z,y € V.

A coalgebra (C, A) is called cocommutative if

A =TA,

ie.,

Z ag) ®a() = Z a(2) & a(1)

a

for any a € C.

Let (C,A) be an arbitrary coalgebra. A subspace B of C is called subcoalgebra of the
coalgebra (C,A) if A(B) C B® B.

A subcoalgebra B of a coalgebra (C,A) is called proper if B # {0},C. A coalgebra
(C, A) without proper subcoalgebras is called simple [14].

It is well known [1] that C' admits a C*-bimodule structure. The left and right actions
of C* on C are defined by

a-a=Y amnala), a-a=Y alay)az, acC*acC.
(a) (a)

Moreover, a vector subspace B of a coalgebra C' is a subcoalgebra if and only if B is
a C*-subbimodule of C'. Therefore the intersection of any set of subcoalgebras of C is
again a subcoalgebra.

Let S be a subset of a coalgebra C. The smallest subcoalgebra Coalg(S) of C' that
contains S is called the subcoalgebra generated by S. In other words, Coalg(S) is the
C*-subbimodule of C generated by S. If S is a finite set then Coalg(S) is called finitely
generated.

A coalgebra (C, A) is called locally finite if every finitely generated subcoalgebra of C
is finite dimensional.

A linear map d: C — C' is called a coderivation of the coalgebra (C, A) if

Ad = (d®id+id ® d)A,



240 D. Kozybaev et al. / Linear Algebra and its Applications 643 (2022) 235-257

i.e.,

Zd ®a(2 +a(1 ®d( ) a€eC.

A triple (C, A, d) is called a codifferential coalgebra if (C, A) is a coalgebra and d is its
coderivation. A subspace B of a codifferential coalgebra C' is called a subcoalgebra if B is
a subcoalgebra of (C, A) and d(B) C B, i.e., B is a codifferentially closed subcoalgebra.

Lemma 1. Let d be a coderivation of the coalgebra (C,A). Then its transpose d* is a
derivation of the dual algebra C*, i.e.,

d*(fg) = d*(f)g+ fd*(g), f,geC.

Proof. Let f,g € C*, a € C. Then
(d*(f9))(a) = (fg)(d(a)) = p(f ® g)A Zf (a)))g(ac)) + fla))g(d(ac)))

—Z )9(aq2)) + flaw)(d"(9))(ac) = (d*(f)g + fd*(9))(a),

which proves the statement of the lemma. 0O

From now on, in many places we use the “co” suffix only once, instead of using
it repeatedly. For example, we will write “an associative and commutative differential
coalgebra” instead of “a coassociative and cocommutative codifferential coalgebra”.

Corollary 1. If (C,A,d) is an associative and commutative differential coalgebra then
(C*,ma,d*) is an associative and commutative differential algebra.

Let A be an algebra over F' with the multiplication
m:ARQA— A,
ie,, m(a ®b) = ab for all a,b € A. Let
m':A*— (AR A)Y

be the transpose of m.

Unfortunately, the image m*(A*) of m* does not always belong to A* @ A* = p(A*®
A*) C (A® A)*. If A is finite dimensional then A* @ A* = p(A* ® A*) = (A® A)* and
the dual space A* is a coalgebra with the comultiplication A = p~'m*.

If A is infinite dimensional then the structure of the dual coalgebra (A°, A°) is

a
little complicated (see [1,12]). A subspace V of A* is called a good subspace if m*(V') C
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p(V @ V). If V is a good subspace then Ay = p~'m* is a comultiplication on V. Let
A° be the sum of all good subspaces of A*. Then A° is the largest good subspace of A*
and the pair (A°, A°) is a coalgebra with the comultiplication A° = A 4. The coalgebra
(A°, A®) is called the finite dual of A. It is known that if A is an associative algebra then

A° ={a € A*|kera contains a finite codimensional ideal of A}.
Let
A=EPAi, AiA; C Aig,
€L

be a Z-graded algebra such that there exists an integer m with A; = 0 for all ¢ < m and
A; is finite dimensional for all 4 > m. In this case

(AR A= P Aio A,

k=i+j
is finite dimensional for all £ and
(AR A); = P p(4; @ A7).
k=i+j

1

The coproduct A = p~'m* turns the graded space

B

€L

into a coalgebra. This coalgebra is called the graded dual of the graded algebra A.
The following lemma is useful for studying subcoalgebras.

n

Lemma 2. Let V be a vector space and let W be a subspace of V.. Let a = . | a; ® b;
and let the vectors ay,...,a, be linearly independent. Assume that a € W @ W. Then
b1,bo, ..., b, € W.

Proof. Let ay,...,a, be a system of linear forms dual to aq,...,an, i.e., a;(a;) = d;;

for all 7, j, where § is the Kronecker delta function.
Set p =1 ®id: V®V — V. Then

o) ei® f;) = Zal(ei)fi~

Obviously, p(W @ W) C W and ¢(a) = Y, a1(a;)b; = by. Since a € W @ W it follows
that ¢(a) € W. Consequently, by € W. Similarly, we get ba,...,b, € W. O
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3. Examples of non locally finite differential, Novikov, and Lie coalgebras

An algebra A is called a Novikov algebra if it satisfies the following identities:

w(yz) — (vy)z = y(xz) — (y2)2, (1)

(ry)z = (z2)y. (2)

Recall that an algebra satisfying the identity (1) is called left-symmetric. Left-
symmetric algebras are Lie-admissible, i.e., if A is a left-symmetric algebra then A with
respect to the commutator [z,y] := xy — yx is a Lie algebra. This algebra is called the
commutator algebra of A and is denoted by A(~).

The identity (1) can be written as

(z,9,2) = (y, 2, 2), (3)

where (z,y,2) := (zy)z — x(yz) is the associator of elements x,y, 2.

The Gelfand-Dorfman construction [5]. Let A be an associative and commutative
algebra with a derivation d. Define a new multiplication (o) on A by

zoy = zd(y),

where z,y € A. Then (A, o) is a Novikov algebra.
Moreover, the vector space A with respect to the bracket

[z,y] = zd(y) — yd()

is a Lie algebra. Obviously, (A4, [-,-]) is the commutator algebra of the Novikov algebra
(A, 0).

Thus, any associative and commutative differential algebra A generates the Novikov
algebra (A4,0) and the Lie algebra (A, [, ]). Over a field of characteristic zero every
Novikov algebra can be embedded into a Novikov algebra (A, o) for a suitable associative
commutative differential algebra A [2]. The class of Lie algebras embeddable into Lie
algebras of the type (A, [,-]) is not described yet.

Proposition 1. A pair (C, A) is a Novikov coalgebra if and only if the following (co)iden-
tities hold:

(A®id—id® A)A = (1 ®id)(A ®id — id ® A)A, (4)
(A ®id)A = (id ® 7)(A @ id)A. (5)
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Proof. Let (C,A) be a coalgebra and let a, 3,y € C* and ¢ € C. Then
(@, 8,7)(c) =(a® @) ((A®id —id® A)A(c))
and
(B, a,7)(c) = (@@ B @7)((T®id)(A®id —id ® A)A(c)).
Consequently,

[(a, 8,7) = (B, 2,7)](c)
= (@) |[(A®id —id® A)A — (1 ®id)(A ®id — id ® A)A](c)).

This implies that the identity (3) in C* is equivalent to the identity (4) in C.
Similarly, the identity (2) in C* is equivalent to the identity (5) in C. O

The Gelfand-Dorfman construction for coalgebras. Let (C, A, d) be an associative and
commutative differential coalgebra. Define on the space C' a new comultiplication Ay

by
Ay = (id® d)A.
This means

AN(G) = Za(l) & d(a(g))

for any a € C. Set also
A=A = (1-7)Ay,
ie.,

Ara) =Y (ag) @ d(ag) - dlaz) @ aq))

a

for any a € C.

Proposition 2. (1) The coalgebra (C,An) is a Novikov coalgebra and the product in its
dual algebra is defined by

aof=ad(8), afeC".

(2) The coalgebra (C,AL) is a Lie coalgebra and the bracket in its dual algebra is defined
by
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[, f] = ad™(B) = d*(2)B, a,f €™

Proof. By Corollary 1, the dual (C*, ma,d*) of the differential coalgebra (C,A,d) is a
differential algebra. We have

(f9)(a) = p(f ® g)(Aa)),
where f,g € C*, a € C. By the Gelfand-Dorfman construction, the algebra (C*, o) is a

Novikov algebra, where f o g = fd*(g) for all f,g € C*.
On the other hand,

(fog)(a)=(fd"(g Zf am)d”(9)(a) Zf agm)g(d(acz)))
= p(f ® 9)(An(a)),
ie.,
fog=1rfd(g)=p(f ®9)AN
Hence (C*, o) is the dual algebra of the coalgebra (C, Ay). Since (C*, o) is a Novikov
algebra it follows that (C, Ay) is a Novikov coalgebra.
The second statement of the lemma can be checked similarly. O
Example 1. Let C be a vector space with a linear basis
e fiyfaye ooy fryenn.
Define a comultiplication A : C — C ® C on C by
Ale)=e®e, A(fi)=fivete® fi, i>1
Define also a linear map d : C' — C' by
d(e) =0, d(fi) = fit1, i = 1.
Lemma 3. The triple (C,A,d) is an associative and commutative differential coalgebra.

Proof. Obviously (C,A) is cocommutative. Direct calculations give that

(Aid-—id®A)A(e) =eRe®Re—e®e®e =0,
(ARiId-—dRA)A(fi)=fikeRe+e® fiRe
teReRfi—fi®eRe—eRf;QRe—e@e® f; =0,
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i.e., (C,A) is coassociative.
We also have

A(d(e)) =0 =d(e) ® e +e®@d(e),
A(d(fi)) = Alfir1) = fir1 ®e+e® fiy1 =
(d(f;)) ®@e+d(e) ® fiy1) + (fir1 @ d(e) + e®@d(f;)), i > 1.

This means that d is a coderivation of the coalgebra (C,A). O

By Lemma 3, (C, A, d) is an associative and commutative differential coalgebra. Con-
sequently, (C*, ma,d*) is an associative and commutative differential algebra. Following
the tradition in the theory of ordinary differential algebras, we denote the derivative of
x € C* by o/, i.e, 2’ =d*(z).

Proposition 3. The differential coalgebra (C, A, d) is not locally finite and the differential
algebra (C*,ma,d*) satisfies the differential identity
1,0

'y =0.

Proof. Obviously the codifferential subcoalgebra B of C' generated by f; contains f; for
all 7. Since

A(fi)=fi®e+e® 1 c B®B

it follows that e € B by Lemma 2. Therefore B = C' is infinite dimensional.
Let a, 8 € C* and ¢ € C. Then

(d"(@)d"(8))(c) = Y ald(eqr)))Bld(eez))-

c

Consequently
(d*(e)d* (8))(e) = a(d(e))B(d(e)) = 0
and
(d*(a)d"(B))(fi) = a(d(f))B(d(e)) + a(d(e))B(d(fi)) = O

since d(e) = 0.
This means that C* satisfies the differential identity 'y’ = 0. O

Example 2. Consider the comultiplication Ay = (id ® d)A on C. By Proposition 2,
(C,Ay) is a Novikov coalgebra. We have
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An(e) = (id® d)Ae) = e ® d(e) = 0
and

An(fi) = (d@ d)A(fi) =e®@d(fi) = e® fiq
for all 7 > 1.

Theorem 1. The Novikov coalgebra (C, An) is not locally finite and the Novikov algebra
C* satisfies the identity

(xoy)oz=0.
Proof. Let B be the subcoalgebra of (C, Ay) generated by fi. If f; € B then
An(fi) = (d®d)A(f;) =e® fiy,1 € BRB

implies that e, f;11 € B by Lemma 2. Consequently, B = C is infinite dimensional.
Let a, 8,v € C*. Then

((aoB)oy)(e) = (a®B@7)(Ay ®id)AN(e) =0,
(o p)on)(fi) = (@@ B®@y)(Ay @id)An(fi) = (a® F@7)(An(e) © fiy1) =0,
since Ay (e) = 0. Hence the algebra C* satisfies the identity (zoy)oz=0. O

Example 2 is the left-symmetric analogue of the non-locally finite right-symmetric
coalgebra from [9]. Theorem 1 reinforces the validity of Shestakov’s conjecture [15,16]
on the relation between the locally finite property of coalgebras in a variety of algebras
and the existence of locally nilpotent radical in this variety of algebras.

Example 3. Now consider the Lie coalgebra (C, Ap). Recall that Aj = Ag\/_) and, con-
sequently,

Ap(e) = (d®id +id® d)Ae) =0,
Ap(fi) = ([d@id+id®@d)A(fi) =e® fiy1 — finn®e

for all i > 1.

Theorem 2. The Lie coalgebra (C, Ay) is not locally finite and the Lie algebra C* satisfies
the identity

([, ], [z, ] = 0.
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Proof. Let B be the subcoalgebra of (C,Ar) generated by f1. If f; € B then

Ar(fi)=e® fix1— fir1®e € BB

implies that e, f;11 € B by Lemma 2. Consequently, B = C' is infinite dimensional.
Let o, 8,7,6 € C*. Then

([o, B])(e) = (@@ B)AL(e) =0

and

([lew, B [, 0D (fi) = (@@ @y @) (AL @ AL)AL(fi)
=(a®@pfev®0)(ALle)® AL(fiy1) — AL(fiyx1) ® Ar(e)) =0

since A (e) = 0. Therefore [[a, f],[v,0]] =0. O
Example 3 is Michaelis’s example of a non-locally finite Lie coalgebra from [11].
4. Infinite dimensional simple coalgebras
Let F be a field of characteristic zero and let F[x] be the algebra of polynomials over
F in one variable z. Then (F[x],m,d), where m is the polynomial multiplication and
0= %, is a simple differential algebra. Consider the natural grading
Flz]=Fl1¢oFz®.. @ F2"®....
The following example is the graded dual of the differential algebra (F[z], m,d).
Example 4. Let
C=Fro®Fr1®...9Fx,D...,

where z; € F[z]* is defined by z;(z7) = §;; for all i, j. It is easy to check that the dual
comultiplication

A=p'm*:C—-CeC
is defined by

Alzy,) = ixl Q Tp—i
i=0

and the coderivation



248 D. Kozybaev et al. / Linear Algebra and its Applications 643 (2022) 235-257

d=90":C—=C
is defined by
den) = (0 + Vs

for all n > 0.
Consequently, (C, A,d) is an associative and commutative differential coalgebra.

Proposition 4. The differential coalgebra (C, A, d) is simple.

Proof. Let B be a nonzero subcoalgebra of (C, A, d) and let

f:anrZaixi € B.

i<n

Then

A(f)=z,®z0+ Y 20 f; €B, fieC.

i<n

By Lemma 2 this implies that o € B. Since B is differentially closed it follows that
x; € B for all i > 0. Consequently, B=C. O

Applying the Gelfand-Dorfman construction to the differential algebra (F[x], m, d) we
get a Novikov algebra (F[z],0), where f og = fO(g). This Novikov algebra was denoted
by £ in [10] and is the first algebra in the list of left-symmetric Witt algebras £,,. Notice
that the commutator algebra of £, is the Witt algebra W, [10]. Since £; is a Novikov
algebra, we call £1 the Novikov- Witt algebra. Recall that

L1=F03F208.. QF2"00 ...
is the algebra of all derivations of F[x] with respect to the product
9o xld = jxiTI71o, i, >0.
The following example is the graded dual of the Novikov-Witt algebra L.

Example 5. Let (C,A,d) be the differential coalgebra from Example 4. Applying the
Gelfand-Dorfman construction, we get a Novikov coalgebra (C, Ay), where

An = (ld ® d)A,

ie.,
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n

AN(.’En) = Z(TL — 1+ 1).’1%’ & Tp—it1
=0

Theorem 3. The Novikov coalgebra (C, AN) is simple.

Proof. Let B be a nonzero subcoalgebra of C' and let
f :anrZaiz,; € B.
<n

Then

AN(f) =+ V2@ app + Y fioz €B, fieC.
i<n+1

By Lemma 2 this implies that o € B. Suppose that z,, € B for some n > 0. Then

n

An(zy) = Z(n —i+ D)z, @xp_i11 €B
i=0

implies that zg,...,x,+1 € B by Lemma 2. Consequently, B=C. O
The following example is the graded dual of the Witt algebra Wj.

Example 6. Let (C, A, d) be the Novikov coalgebra from Example 5. Then the commu-
tator coalgebra (C,Ap) is a Lie coalgebra, where

A=A = (1-7)Ay,

ie.,

AL(Zn) = Z(?’L — 1+ 1).%1 (24 Tp—it+l — (Z —+ 1)$i+1 R Typy—i
=0
n+1

= Z(Tl +1- 22’)331- ® Tp41—i-
=0

Theorem 4. The Lie coalgebra (C,Ay) is simple.

Proof. Let B be a nonzero subcoalgebra of C and let
f :xn—i-Zaixi € B.
<n

Then, as in the proof of Theorem 3, we get zg € B. If z,, € B then applying Lemma 2
to the inclusion A (z,) € B® B, we get x,4+1 € B. Consequently, B=C. 0O
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Notice that an example of an infinite dimensional Lie coalgebra without finite dimen-
sional subcoalgebras was constructed in [12] and [13].

5. Non locally finite Jordan supercoalgebras

Let G be the Grassman algebra with identity. Then G = Go + G is a Zs-graded
algebra. Let J = Jy + J1 be a Zy-graded algebra. Then G(J) = Gy ® Jo+ G1 ® J; is a
subalgebra of the algebra G ® J. The subalgebra G(J) is called Grassman envelope of
the algebra J.

An algebra J is called a Jordan superalgebra, if its Grassman envelope G(J) is a
Jordan algebra, i.e., G(J) satisfies the following identities:

ry =y,
(z%y)z = 2*(yz).

The Kantor construction [8]. Let A be an associative commutative algebra over F
with a derivation D. Denote by A an isomorphic copy of the vector space A with an
isomorphism a — @. On the direct sum of the vector spaces

J(A,D)=Ag A
define a product (-) by
a-b=ab,a-b=ab,a-b=ab,a-b=aD(b)— D(a)b,

where a,b € A and ab is the product of elements in A. Then J(A, D) is a Jordan
superalgebra. The superalgebra J(A, D) is called a superalgebra of the vector type.

The Kantor construction for coalgebras. Let (C, A, d) be an associative and commu-
tative differential coalgebra. Let C' be an isomorphic copy of the vector space C with an
isomorphism ¢ — ¢. On the direct sum of vector spaces

J(Cd)=CaqC

define a coproduct Aj by

As(e) =D ey ® ey + o) @ dlez) — dle) ® o),
©

A;(@) = 7m) & )+ ca) O Ta),
©

where ¢ € C and A(c) = X2, ca) @ ¢(2).



D. Kozybaev et al. / Linear Algebra and its Applications 643 (2022) 235-257 251

Proposition 5. The coalgebra (J(C,d),Ay) is a Jordan supercoalgebra and its dual
J(C*,d*) is a Jordan superalgebra of the vector type.

Proof. By Corollary 1, (C*,ma,d*) is an associative and commutative differential al-
gebra. We have J(C,d)* = C* + (C)*. The isomorphism of C' and C induces the

isomorphism of C* and (C)*. Under this isomorphism, for any o € C* there corre-
sponds @ € (O)* such that a(c) = @(e) for any ¢ € C. Therefore, we can write that
J(C,d)* = C* + C*.

Let o, € C*, and ¢ € C. Denote by (-) the multiplication of the algebra
(J(C,d),Ay)*. Then we have

From this we get
a-B=af,a-B=ab,af=ab,a b=ad(B) - d(a)s,

where af is the product of elements in the dual algebra (C*, ma,d*).
Consequently, (J(C,d), Ay)* = J(C*,d*). O

Example 7.Let (C,A,d) be the differential coalgebra from Example 1 and let
(J(C,d),Ay) be the Jordan supercoalgebra obtained from (C, A, d) by the Kantor con-
struction for coalgebras. Notice that

Ajle)=e®e, Aj(fi)=e@fi+fi®e+e® fir1— fiy1 ®F,
Aje)=e@e+eRe, Aj(fi)=e@fi+fiRe+e® fi+ f; e,
for all i > 1.

Theorem 5. The Jordan super-coalgebra (J(C,d),Ay) is not locally finite and its dual
superalgebra satisfies the super identities

ry = yx, 2 = 2, (2122)(2324) = 0
for all even x,y and odd z, z1, z2, 23, 24.-

Proof. Let B be the subcoalgebra of J(C,d) generated by fi. If f; € B, then A;(f;) €
B ® B implies that e, €, f; € B by Lemma 2. If f; € B, then A;(f;) € B® B implies
that fi;1 € B. Consequently, B = J(C,d) is infinite dimensional.

By Proposition 5, the dual of the supercoalgebra (J(C,d), A;) is the Jordan super-
algebra J(C*,d*) obtained from the differential algebra (C*,ma,d*) by the Kantor
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construction. The first two identities of J(C*,d*), mentioned in the lemma, directly fol-
low from the Kantor construction since C* is an associative and commutative algebra.
Notice that the product of two odd elements zi, zo from J(C*,d*) belongs to the ideal
d*(C*)C*. By Proposition 3, we have d*(C*)? = 0. Consequently, (z122)(2324) = 0 for
all odd elements z1, 22, 23,24. O

The following example is the graded dual of the simple Jordan superalgebra J(F[z], )
obtained from the simple differential algebra (F[z],d) by the Kantor construction.

Example 8. Let (C,A,d) be the codifferential coalgebra from Example 4 and let
(J(C,d), Ay) be the Jordan super-coalgebra obtained from (C, A, d) by the Kantor con-
struction for coalgebras. Direct calculations give that

n n+1
AJ(SCTL) = ZCL’Z R Ty + Z(’Il +1-— 2Z)fz X fn—i+1a
=0 =0

n

Ag(Tn) =Y (T @@ni+ T Tp i),
=0

for all n > 0.
Theorem 6. The Jordan supercoalgebra (J(C,d), Ay) is simple.

Proof. Let B be a nonzero subcoalgebra of (J(C,d), A ;). Notice that if zg € Bor Ty € B
then B = J(C,d). In fact, A;(Z,) € B® B implies that zq,...,Zn,To,..., T, € B and
Aj(z,) € B® B implies that xg, ..., 2z, To,...,Trt1 € B by Lemma 2.

Suppose that

f:xn+2aixi+E€B,

<n
where ¢ € C. Set
Ay(f)=) ai®ri+» b®T € B®B.
i i
Notice that

bot1 = (n+1)To + Z%‘%‘-
j

By Lemma 2, b,11 € B. If v; = 0 for all j then T, € B. This gives B = J(C,d) as

noticed above. Otherwise we get an element of the form

f:xn+2azxz+’yfo

<n



D. Kozybaev et al. / Linear Algebra and its Applications 643 (2022) 235-257 253

that belongs to B. Repeating the same discussions with this f we get Ty € B.
If

f:En-l—Zaﬁi € B,

i<n
then A ;(f) € B®B implies that zo,To € B by Lemma 2. Consequently, B = J(C,d). O

Notice that an example of a Jordan super-coalgebra without finite dimensional sub-
coalgebras was constructed in [23]

6. Non locally finite right alternative coalgebra

In this section we give a corrected version of the example of a non locally finite right-
alternative coalgebra from [9]. This example was constructed on the base of the example
of a finitely generated metabelian right-alternative algebra that is not residually finite
[19].

An algebra A is called right-alternative if it satisfies the following identities:

(yx)z = ya?, (6)
(zy)2)y = 2((y2)y). (7)

The identity (6) is called right-alternativity and can be written in terms of the asso-
ciators as

(y,z,z) = 0. (8)

Over fields of characteristic # 2 this identity also implies the Moufang identity (7) (see

[25]).

Proposition 6. Let (A4, A) be a coalgebra over a field F of characteristic # 2. The coal-
gebra (A, A) is right-alternative if and only if the following identity holds:

(A®id—id® A)A + (i[d@ 7)(A @id — id @ A)A = 0. (9)
Proof. Let (C,A) be a coalgebra and let a, 3,7 € C* and ¢ € C. Then
(,8,7)(c) = (a®@ B Y)(A®id —id® A)A(c))
and
(,7,8)(c) = (a®BR)(([d® 7)(A®id —id ® A)A(c)).

Consequently,
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[(a, 8,7) + (a7, 8)](c)
—(@®B®Y[(A®id—id® A)A + (id ® 7)(A ®id — id ® A)A](c).

This implies that the identity (9) in C' is equivalent to linearized version of the identity
(8) in C*. Consequently, (9) is equivalent to (8) over fields of characteristic # 2. O

Example 9. Let A be a vector space with a linear basis

617627.f1af27"'7fn7""

Define a comultiplication A on the vector space A by

A(el) = 0, A(eg) = 0,
A(fan—2) = €1 ® fan, A(f3n-1) = €2 @ fan,
A(fan) =2 ® fant1 — fant1 @ e2 —e1 @ fanpo + fant2 @eq, n > 1

Theorem 7. The coalgebra (A, A) is a right-alternative non locally finite coalgebra. More-
over, the dual algebra A* satisfies the identities (xy)(zt) = ((xy)z)t = 0.

Proof. Let A = (A®id—id @ A)A. If f,g,h € A*, then

(f,9,h)(a) = (f ® g ® h)(Auss(a))

for all a € A. We have (f, g,9)(e;) = 0 since A(e;) =0 for i =1, 2.
Direct calculations give that
Apss(fan—2) = (A®id—1d® A)(e1 @ f3n) = —e1 @ A(fan)
=—e1®e2® fant1+€1® fant1 ®ex+e1®e1 @ fanr2 —e1® fanra ey,
Apss(fan-1) = —e2 @ A(fzn) = —e2 @ €2 @ f3ny1
+e2 ® fant1 @e2+e2®@e1 @ fanra — €2 fani2 @ e,

and

Agss(fan) = (A@id —1d® A)(e2 @ fant1 — fant1 @ €2 — €1 ® fanyo + fanyo Der)
= —A(fan+1) @ e2 + A(fsnt2) @ e1 — e2 @ A(fzn11) + €1 @ A(fant2)
=—€1® f3my1) ®e2+e2® fyni) @er —e2®e1 @ f3nin) +61@e2® f3(ny1)-

Consequently,

(f,9,9)(fan—2) = —f(e1)g(e2)g(fan+1) + f(e1)g(fant1)g(e2)
+f(e1)gle1)g(fantz2) — fle1)g(fant2)g(er) =0,
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(f,9,9)(fan—1) = —f(e2)g(e2)g(fan+1) + f(e2)g(fan+1)g(e2)
+f(e2)g(e1)g(fans2) — f(e2)g(fani2)g(er) =0,

and
(f,9,9)(f3n) = _f(el)g(f3(n+1))g(62) + f(ez)g(f3(n+1))g(61)
—fe2)g(e1)g(fams1)) + flen)gle2)9(fams1)) = 0.

Consequently, (f,g,9)(a) = 0 for all f,g € A* and a € A, i.e., (f,g9,9) = 0. This
means that A* satisfies the identity (8).
Set ¢ = (A ®id ® id)(A ® id)A. Direct calculations give that

p(e1) = p(e2) =0,

O(fan—2) = (A®id®id)(A®id)(e1 ® f3n) = (A ®@id @ id)(A(e1) ® fzn) =0,
?(fan—1) = (A®id®id)(A ®id)(e2 ® f3n) = (A @ id ® id)(A(e2) ® f3n) =0,
and
¢(fsn) = (A ®@1d @ id)(=A(fsnt1) @ €2 + A(fant2) @ €1) =
(A@id®id)(—e1 @ fani1) @ ez + €2 ® famyn) @e1) =0
for all n > 1.

Consequently, (((fg)h)e)(a) =0 for all f,g,h,e € A* and a € A, i.e., ((fg)h)e = 0.
This means that A* satisfies the identity ((zy)z)t = 0.
Now set ¢ = (id ® A ® id)(id ® A)A. Then

Y(e1) = Y(e2) = 0,
V(fan—2) = ((d®A®Iid)(id® A)(e1 ® f3n) = (id ® A®@id)(e1 ® Af3n))
= —e1 @ A(fant1) ® ez +e1 @ A(fant2) ®ex
=—e1®e1® famy1) Wea+e1®ea ® famer) ® e,
Y(fan—1) = ([d® A®id)(id®@ A)(e2 @ f3n) = ([d® A @ id)(e2 ® A(f3n))
= —e2 @ A(f3n+1) ® 2 +e2 @ A(fant2) @ ey
= —e2®e1 @ f3ni1) Dea+e2®er @ f3y1) @ e,

and
Y(fan) = (@A ®id)(Id ® A)(e2 ® fant1 — fant1 @ ez — €1 ® fanyo + fanto @e1)
= (id® A®id)(e2 @ A(f3nt1) — €1 @ A(f3nt2))
=([d® A®id)(e2 ® e1 ® fymy1) — €1 @ €2 @ fams1))
=e2 @ Ale1) ® fyny1) — €1 @ Ale2) ® fynyr) =0
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for all n > 1.
Therefore,

(f((gh)9))(fan—2) = —f(er)g(en)h(f3m+1))g(e2) + f(e1)g(e2)h(f3(nt1))g(e1) = 0,
(f((gh)9))(fsn-1) =0

for all f,g,h € A*.

This means f((gh)g) = 0 for all f,g,h € A*. Together with the identity ((xy)z)t =0,
this proves that the Moufang identity (7) holds in A*.

It is easy to check that (A ® A)A(a) = 0 for all @ € A. Therefore A* satisfies the
identity (xy)(zt) = 0.

Now we show that (A4, A) is not locally finite. Let B a subalgebra of (A, A) generated
by f1, fa.

Suppose that f; € B.If i =3n — 1 or i = 3n — 2, then A(f;) € B ® B implies that
€1, 62, f3n, € B by Lemma 2. If i = 3n, then we get e1, €2, fan+t1, fant2 € B. This implies
that B = C is infinite-dimensional. O
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