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ABSTRACT: Quasi-static problems with respect to the stress-strain state and a class of
problems with respect to forced vibrations acting in plain and spatial nodes of a high-class
mechanism with elastic links are considered, taking into account the model of friction forces
in kinematic pairs under the action of vertical and horizontal concentrated forces in kinematic
pairs. The developed algorithms of solving quasi-static problems by the finite element method
for the entire system of the elastic mechanism with the friction force in kinematic pairs are
presented; the basic resolving equilibrium equations for the entire system are drawn up with-
out and taking into account friction forces. The basic relations of the finite element method
for plain and spatial nodes of high-class elastic mechanisms with the friction force in kine-
matic pairs under dynamic loading are presented.

1 INTRODUCTION

The finite element method is better than other methods provided with numerical procedures
for studying the mathematical model of an object. Its most important advantage is the pres-
ence of implicit unconditionally stable methods of the numerical integration of systems of dif-
ferential equations of motion that describe the motion of mechanisms and are compiled
taking into account the links elasticity.

2 RESEARCH METHOD

For the finite element method in the variant of the displacement method when solving prob-
lems of structural mechanics and the theory of elasticity, internal small displacements, veloci-
ties, and accelerations are used as unknown values. From the point of view of convergence,
when solving this class of problems, there are imposed certain requirements (Zenkevich
0. 1975) on the functions of the finite element shape, the most important of which in the case
under consideration is the following: it has realized and has not accumulated the energy of
elastic deformations.

Modeling the kinematic pairs of a plain and spatial elastic high-class mechanism (HCM)
with allowance for Coulomb friction is shown in Figure 1 (Volmir A.S. et al. 1989).

Fmp: _7jX7Fmp :fN,ZZ SignRijNﬂ:RjY (1)
If a translational pair in a flat mechanism (Figure 1) moves along a fixed guide, then the

sliding friction F,,, force will be directed oppositely to the horizontal component R;, of the
complete reaction.
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Figure 1. The friction forces in the translational kinematic pair of the plain mechanism.

The R;, R;, nodes of the complete reaction are determined through the reactions in the
rig, iy local coordinate system (LCS):

Rix cos¢p sing 0 Fie
Riy | = | —sing cos¢ O] | ry (2)
M; 0 0 1 mjz

In turn, reactions in the LCS are expressed through the unknown internal forces N, Q,, My
at the nodes in such a way:

rie -1 0 0

Tiy 0 1 0 N

ric _ 0 / -1 Q ( 3)
rie 1 0 0 "

Tin 0 -1 0 ¢

rjc 0 0 1

When studying the dynamics of hinge mechanisms taking into account the friction forces,
the reaction 7, is considered passing through the center of the pivot; in kinematic pairs, the
frictional moment is also taken mf}” into account. In the presence of a rotational mj; pair in
a plain mechanism (Figure 2), the frictional moment is directed opposite to the internal
moment. It is F,,, assumed that the normal pressure forces are concentrated at point A and
the friction force is applied at the same point. Then:

mp __ _ _ _ 2 2 _ 2 2
My = —mjc = —Fyp - 1= =frNg = =fr\[rje + 15 No=\/rjc +17, (4)

Figure 2. The rotational kinematic pair with the friction force in the plain mechanism.

Figure 3 conventionally shows the slider of the spatial translational pair of the fifth class,
which can move along the axis. In such a kinematic pair, it is assumed that the contacts of the
links occur in two planes.

Sliding friction forces arise in these planes. The friction force F,, is proportional to
the second component of the reaction in the LCS, and the friction force F,,,, in the side face is
proportional to the third component of the reaction in the LCS:
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Figure 3. Translational kinematic pair with a frictional force in the spatial mechanism.
B — the slider contact width, L — its length, H1 — its height, H — is the slider contact height

Fmpl :frjn ' Sl'g”fm, Fmp2 = _fify FmpZ :frj{ : Sig”’jj(: Fmp = Enpl + FmpZ- (5)

In turn, reactions in the LCS are expressed through the unknown internal forces
N;, Oy, OQje, M, M, M are the nodes and are presented in the form:

{7} = [drs] - {N} (6)

Where {7}T = (V,‘g, r,»,i, ri¢c, ...ﬂ”l’ljg)7 {N}T = {]Vj, Qyj7 sz, ceey MZ(} aik = —ak%,k = —1;
as3 = ag» = [; the rest elements are equal to zero.

In the spatial model of a rotational kinematic pair, it is assumed (Figure 4) that contacts
occur in the end planes of the hinge at two different points A and B.

m e

Figure 4. Rotational kinematic pair with a frictional force in a spatial mechanism.

Reactions in the LCS are rj, rje, Ijy1, 12 determined through the internal forces by for-
mula (6). The friction forces moments are determined by the following formulas:

Myp1 = _Fmpl r= _fr|N1ﬂ| = _fV\/er{I + 7_'12,71a (7)
Myyp2 = _FmpZ = —fV|N2g| = —fl’\/ rj%;’z + r]%;Z’ (8)

Ny, Nojy where are the normal pressure forces; r is the pivot radius. Reactions are deter-
mined rjz1, e, Figt, iz by formula (6).

Based on the finite element method and analysis of the stress-strain state of plain and spa-
tial structures based on the HCM with elastic links and friction forces in kinematic pairs, elas-
tic displacements, internal forces in the elements of the rods are determined with and without
regard to friction forces.
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The relationship equations between the vectors of nodal forces {ffx} and displacements are
{54} represented in the form:

i} = [Ki] - {04} )

where [KX] is the symmetrical square matrix of rigidity of the 12x12 FRE (finite rod element)
order. It is called the matrix of rigidity of a spatial rod element:

[KIF\} = [KI]7 (lvj: 1727 712) (10)

The elements of the matrix of rigidity of the FRE (finite rod element) connecting the force
and kinematic parameters at the nodes of a given FRE are determined through its geometric
parameters of the cross section, elastic characteristics and length (Postnov et al., 1979, Archer
1965).

If there is a hinge at nodes i and j of the design element “e”, bending moments M; or M; in
them are equal to zero. In this case, the equations for linking the forces at the nodes with the
displacements of the nodes are transformed accordingly. If the node i has a hinge, then the
corresponding row of the element matrix of rigidity is excluded in the usual way.

If the spatial structure consists of m rod elements, then the basic system of equilibrium
equations is written as follows:

{Fk}T:(Fla~~~7E11)» (11)

where {Fk}T = (Fi, Fyte, Fopey Mg, My, M), k=1,2,...,m is the vector of external forces
applied to the k-th node in the global coordinate system (GCS) OXYZ, m is the total number
of nodes.

To determine displacements, angles of rotation and forces in the system of m rod elements
that make up the structure, it is necessary to satisfy the deformation compatibility conditions
and equilibrium equations.

The kinematic characteristics at the nodes of each element automatically satisfy the first
condition. Therefore, it is enough to satisfy the equilibrium conditions at the nodes of the
structures. Essentially, satisfying these conditions at all nodal m points, we construct the main
resolving system of linear algebraic equations for the components of the nodes displacements
and angles of rotation in the form:

{F} = [KI{U}, (12)

where [K] = [Ky], (r,s = 1,2,...,6m) is the square matrix of the 6m*6m order; it is called the
system matrix of rigidity (SMR);

{U}T = (ulvﬁlvwl7¢xlv¢yla¢zla "'7uma79m7 ”'7¢zm>a {F}T = (Na va Q:vM)ﬁMva:)

Thus, the SMR (the system matrix rigidity) is formed from the rigidity matrices of all m rod
elements of the mechanism defined in the GCS. Taking into account the boundary conditions,
the components of displacements and deformations of the nodes of the mechanism are found
by solving system of equations (17) by the iterative Gauss-Seidel method. This method is easy
to program, each equation is iterated, and the determined value is refined. The process is
repeated as many times as needed to obtain the acceptable solution accuracy.

Accounting for the boundary conditions in the GCS in the presence of friction forces in
kinematic pairs is carried out by excluding the corresponding degrees of freedom. This is done
using the procedure of calculating the number of zeros in the given matrix ID, the degree of
freedom of nodes IID, the boundary condition of internal force factors, and replacing them
with the ordinal numbers of the corresponding degrees of freedom, and replacing units with
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zeros. When frictional forces act on a structure, corresponding bending moments are gener-
ated in rotational kinematic pairs. To study the impact of forces and moments of friction
forces of translational and rotational pairs at a certain quasi-static position of the structure,
the values of forces and moments of friction are calculated using the determined internal
forces at the nodes according to the corresponding formulas [4].

Solutions by the finite element method for plain and spatial dynamic problems on the
stress-strain state of structures based on the HCM with elastic links and friction forces in kine-
matic pairs at their different positions and subject to external dynamic loads.

Methods of accounting for friction forces in various kinematic pairs of plain and spatial elas-
tic HCMs are considered when obtaining the basic systems of differential equations of motion
relative to the kinematic parameters of all the structural units for the development of computa-
tional algorithms and quantitative analysis of their state at different fixed positions, taking into
account the corresponding boundary, initial conditions and specified external variable forces.

The system of equations for the dynamic equilibrium of a set of finite rod elements, with the
help of which the considered structure is discretized at the t moment with the mechanism pos-
ition under study has the form:

(MI{U} +[C)-{U} + [K] - {U} = {F (1)} (13)

where [M], [C], [K] are respectively the matrices of the system mass, damping, and rigidity that
are obtained by summing up the corresponding matrices of all the computed rod elements;
{U},{U},{U} are vectors of accelerations, velocities and displacements of the nodes with
the use of which the computed rood structures are divided into finite two-node rod elements;
{F(1)} is the given vector of the external variable forces acting at the nodes.

In the calculations of the dynamic stress state of plain and spatial elastic HCMs taking into
account the friction forces in kinematic pairs, the matrix of the system damping [C] according
to Rayleigh is taken in the form of the combination of the mass matrix [M] and system rigidity
[K], i.e. [C] = a[M] + BIK]; the o and f constants are determined from the values of the damp-
ing coefficients related to the two lowest frequencies.

When studying and analyzing the stress state of plain and spatial elastic HCMs taking into
account the friction forces in kinematic pairs from the action of external variable forces,
system of differential equations (18) was solved by the convenient absolutely stable stepwise
method of direct integration according to the Newmark scheme with the step Az = 0,01 (Hack
& Becker 1999, Harlecki Andrzej. 1999).

3 CONCLUSION

In accordance with the theoretical solution of the quantitative and qualitative analysis of the
dynamic stress state of plain elastic HCMs of II, IV classes and the spatial mechanism of
VShD-8, taking into account the friction forces in kinematic pairs, algorithms have been
developed and object-oriented software packages have been compiled in the Fortran high-
level algorithmic language.

In the numerical calculations of the forced vibrations and the dynamic stress state, when the
concentrated variable force F' = Fj sin ot acts on them, the dynamic analysis of the stress state
of plane elastic HCMs of 11, IV class was first carried out taking into account the friction
forces in kinematic pairs at different static positions (Chernousko 2000, Massanov, et al.
1994). The elastic physical and geometric characteristics of the link materials are the same as
when considering the static problems.

REFERENCES
Zenkevich O. 1975. The finite element method in technology. M.: Mir. 541 p.

Volmir A.S. et al. 1989. Statics and dynamics of complex structures: Applied multilevel research methods.
M.: Mashinostroenie, 248 p.

1497



Postnov, V.A., Dmitriyev, S.A., Yeltyshev, B.K. et al., 1979. The method of super elements in the calcula-
tions of engineering structures. A.: Sudostroenie. 288 p.

Archer. 1965. Formulation of matrices for analysis of structures using the finite element method. Rocket
technology and cosmonautics. M.: Mir, No. 10, p. 155.

Hack R.S. & Becker A.A. 1999. Analysis of contact with friction under the action of a tangential load by
the finite element method in local axes. Jnt. J. Mech. Sci. 41, No. 4-5, pp. 419-436.

Harlecki Andrzej. 1999. Jumping motion of an open manipulator with flexible drives and dry friction in
kinematic pairs. J. Theor. and Appl. Mech. 37, N4, p. 873-892. 27.

Harlecki Andrzej. 1999. Newton’s method of solving spatial problems of fretting. Jnt. J. Mech. Sci. 41,
No. 4-5, pages 19-36. Engl.

Velex P.& Cahouet V. Experimental and numerical study of the effect of tooth friction on the dynamics
of spur and helical gears. Trans. ASME. J. Mech. Des. 2000.-122, N4, p. 515-522

Chernousko F.L. 2000. Wavelike movements of many links along the horizontal plane. Prikl. mat. and
Sfur mat. 64, No. 4, M., p. 518-531.

Massanov Zh.K., Temirbekov E.S., Birtanov E.A. 1994. Dynamic modeling of HCMs by the finite elem-
ent method. In the book. Internatinal Conference spatical mechanisms and high-class mechanisms.
Almaty.

Moldabekov M.M., Tuleshov A.K., Ualiev G.U. 1998. Mathematical modeling of the dynamics of mech-
anisms and machines. Almaty: Kazak University, p.139-146.

1498



