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1. Introduction

There has been much interest in so called “hybrid systems” in
which the dynamics of elastic systems and possibly rigid struc-
tures are related through some form of coupling. The study of
controllability and stabilization of such structures has been made
in a number of works, see [1] and references therein, The con-
trollability of a string with a single attached mass was first
considered in [2]. For the case of N attached masses, see in [3,4]
and references therein. The controllability of a series of Euler-
Bernoulli beams with interior attached masses was considered
in [5], and for the Schrédinger equation with strong singularities

see [6,7].
In this paper we consider the heat equation on the interval
[0, £] with strong singularities at @;, j = 1,..., N, where 0 =

ay < a1 < < ay < an41 = L. In what follows, vj(x, t)
will denote the temperature in the interval (g, aj1), and h;(t)
will denote the temperature at x = a;. We consider the following

system. For j =0, ..., N, we have

002 — (L k0 2%) 4 gixu = 0. £ = 0. x € (a5, a1)
v _ (v = 0. ¢ >0, g,
L T R > G+

(1.1)
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while forj =1, ..., N we have
via(a, t) = hit) = g, ),
kj(aj*)%(af, t) k]_l(aj’)%(a;, t) = ¢ Njh]f(t), (1.2)
w(€=,t) = 0. (1.3)
Here v(aj+, t) = lim_, o+ v(q; + €, t) for fixed t, and v(q; , t) is

defined similarly. This system is an idealization of (N + 1) thin
rods separated by point masses M; placed at a;; ¢; and §; are the
specific heats of segments and masses, and pj, resp. k;, are the
mass density, resp. thermal conductivity, of the segment (a;, j;1).
Finally, g;(x) represents some potential on (aj, @j;1).

We assume initial conditions

vj(x, 0) = wj(x), x e (aj,a41), j=0,...,N, (1.4)
hj(0) = (w);, j=1,...,N, (1.5)

for (2N + 1)-tuple w = (wo(x), ..., wn(x), (W)1,...,(w)y) €
N oL*(aj, ajy1)®R", and we assume a control is applied at x = 0:

vo(0T, £) = f(t), t > 0. (1.6)
We assume for j = 0, 1, 2, that g; extends to C[aj, aj11], while

for j > 2, g; extends to a function in C/~?[q;, aj,1]. We assume
G. pj, ki € C'*?[a;, aj11], and each of these functions is strictly
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positive, and also that M;, ¢; are all positive. Our methods still
apply if g; € H™=2)(q;, a;;1), but the presentation is more
cumbersome. ‘

Here and in what follows H'(gj, aj;1) refers to the standard
Sobolev space, with H® = [2. In what follows, we will refer
to the vector (vg, hy, v1, ..., hy, vy) simply as v/(x, t). Denote
12,(0,¢) = GBJN:OLZ(aj, a11) @ RY. The definition of the norm
|| * ||lew(0,[) will be given in the next section.

The associated Sturm-Liouville problem has a self-adjoint op-
erator with discrete spectrum, from which we define a family of
Sobolev-like spaces #,. Using a standard Fourier series argument
(see [8, Section III.1]) with estimates (2.10), (2.11), we have the
following well-posedness result (analogous to the case without
mass).

Theorem 1. For any f € L,DC(O, 00), there exists a unique solution

v (x,t) to the system (1.1)-(1.6). For any T > 0, the mapping
f — v/ (x, T) is a bounded map from L*(0, T) to H_;.

Our first main result is the following

Theorem 2. Let w € L2,. For any T > 0, there exists f € [*(0, t)
such that v'(x,t) = 0 Furthermore, there exists a constant C
independent of w so that

20,0y < Cllwllz o0y (1.7)

In the case N = 1, System (1.1)-(1.6) was previously con-
sidered by Hansen and Martinez. The authors proved the well-
posedness of the system in [9] and null controllability in [10].
Null controllability in the case N = 1 was also proved in [11].
The results of both papers [10] and [11] are based on analysis
of spectral properties of the generalized Sturm-Liouville operator
(operator A in Section 2). The methods in their papers cannot
easily be extended to our setting with N > 1.

Our second main result concerns identifiability of System
(1.1)-(1.6), where for simplicity for all j we set g = 0 and
ki = ¢; = ¢; = 1. We introduce the response operator R as the
dynamical Dirichlet-to-Neumann map: (RTf)(t) = %(OJ’, t), 0 <
t < T. We prove that for any T > 0, the response operator
uniquely determines N, ¢, and a;, M;, for j= 1,2, ..., and p;, for
j=0,1,2,...,N. We also describe the algorithm reconstructing
these parameters.

We conclude this section with a brief outline of the paper. In
Section 2, we state some facts about the spectral theory of the
associated Sturm-Liouville problem. Let A,, n € N, be the eigen-
frequencies for this problem, with associated unit eigenfunctions
¢n. The proof of our theorem makes use of exact controllability re-
sults found in [3,4] for a related wave equation. The controllability
problems for both the wave and the heat equation are reduced
to moment problems. The exact controllability of the wave equa-
tion implies minimality for the exponential family {ei)‘"‘ }, along
with a certain estimate for the associated biorthogonal fazmily.
A result due to David Russell [12] then shows that {e‘)‘nt} is
minimal on L?(0, T) for any T > 0, and gives an estimate for the
biorthogonal set associated with this family. A standard Fourier
series argument allows us to solve the moment problem for the
heat equation. We also use an extension of the Russell result to
show that the control functions can be chosen to be more regular
than L2; this will be used when solving the inverse problem. The
discussion of the wave equation and the moment problems is
found in Section 3. In Section 4 we solve our inverse problem
using the ideas of the boundary control (BC) method. First, from
RT we reconstruct the so-called spectral data of System (1.1)-
(1.6), the set {i,, ¢,(0)}. Then we recover the parameters of
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the system using the results concerning the inverse problem for
the corresponding string equation with attached masses [13]. To
our best knowledge it is the first result concerning the inverse
problem for the heat equation with strong singularities.

2. Sturm-Liouville problem and associated Sobolev spaces
We estimate some simplifying notation. Let M; = &M,;, and

define p(x) by p(x) = cj(x)pj(x) for x € (a;, aj;1), and similarly
define q(x), k(x). Then the associated Sturm-Liouville problem is:

—(k¢'Y +q¢ = pr*¢, x € (0, 0\ {a;}}, (2.8)
d(£) = $(0) =0,
ola;) = ¢(a)) = p(a"),

k" )p' () — k(a7 )¢'(a;) = —A*Mjp(a), j=1,...,N.  (29)

Associated to this problem is the Hilbert space L,zw(O,Z) =
1%(0, ¢) @ RN, which is defined as the completion of smooth
functions on [0, I] in the norm

N a1 N
2 271/2
Iollg, = D2 100 ptede) + Y- miutae] .
j=0 Y94 j=1
Denote by (-, -)% the associated inner product.
Let {kﬁ};’il be the set of eigenvalues of System (2.8)-(2.9),

listed in increasing order. Define £, ; be the optical length of the
interval (aj, aj;1):

4j+1 ,o(x
Lopj = /

so the optimal length of the string is ¢, = foppo + -+ +
£op.n. Taking (possibly complex) square roots, we then define the
associated eigenfrequencies A := {A, : n = %1, £2,...}. Define
K: =17\ {0}.

In [4] the following statements are proven.

Theorem 3. (A) Let A’ be any subset of A obtained by deleting 2N
elements. Then A’ can be reparametrized as
N .

A= U A mex,

j=0
where for each j,
m _

| = 0(jm|™").

op.j

(B) The eigenvalues of System (2.8)-(2.9) are simple.

A0 — (2.10)

An immediate consequence of this theorem is that the fre-
quencies are not uniformly separated, which makes the methods
used in [14] or [15] not easy to apply.

We now define quadratic form

N Gj+1
Qv =3 [ o ov +
j=0

with domain
= {u € L(0,€) : ulg;q)€ H'(@;, aj11),
u(a] ) = u(e) = u(a;") Vj, u(0) = u(¢) = 0}.

Using [16, Theorem VIII.15], one can associate with this semi-
bounded, closed form the self-adjoint operator A in L,Zw(o, 1), with
operator domain

DA) = {ue Q: Au e L}(0, £)}.

g(xJu(x)v(x)] dx,
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Then for u € D(A),

—(ku'Y(x) + q(x)u(x), x#a, j=1,...,N,

Au(x) = {n}lj((ku/)(aj_) —(ku'Xa)), x=a, j=1,...,N.

Let {gn};2, be the set of normalized eigenfunctions of A. By the

simplicity of the spectrum and the self-adjointness of A we have
that this set is orthonormal with respect to (-, -)lew. It is easy to

check that ¢, solves the system (2.8)-(2.9) with A = X,. The
following result was proven in [4]:

lgn(0)] < Cn, (2.11)

where C is independent of n. We remark in passing that unlike
the standard Sturm Liouville problem with M; = 0 for all j, it is
not always the case that |¢,(0)| < n; see [2-4,6,17] for details.

We use the spectral representation to create a scale of Sobolev-
like spaces:

o0 o]
Hp = {u(x) =Y anpn(x) : llul2 = lanl*(A2 + EY < o0},
n=1 n=1
p eR.
Here the constant E is chosen so that A2 +E > 0 for all n, and the
infinite sums are understood to be the completion of finite sums
with respect to the norm || - ||,. Thus #, = Lﬁ,(O, I)and H; = D(A).
Associated to these spaces are various symmetric compatibility
conditions at x = a;. To give an example, any eigenfunction ¢ is

in H, for all n, so that for each j we have
1
a7, (k@) = (kp')a) = 32(a) = ¢(a]) + (ap)a;)
= ¢"(a") + (q0)(a)).

For more details on these compatibility conditions, the reader is
referred to [4].

3. Controllability as a moment problem
3.1. Associated wave equation
In what follows, we will writej > 0 tomeanj =0, ..., N, etc.

Consider the following system, which models a vibrating string
with attached masses.

p(x)% - (%k(x)%) +qx)u; =0, t >0, x € (aj, at1),
ji>o, (3.12)
uiaa, t) = h(t) = ui(a', 1), j =1,
(3.13)
kj(af)%(a;, t)—1<1_1(a;)agf;1 a . t) = Mh{(t), M; >0, j> 1,
un(¢=,t) =0,

ou; .
uj(x, 0) = a—t}(x, 0) =0, x € (q,ay), j >0,
hj(0) = hi(0)=0, j =1,

up(0™, t) = f(t), t > 0. (3.14)

For f e L*(0, T), the weak solution u can be realized as a function
of time with values in a generalized function space using the
Fourier method, see [8, Section IIl.2]. In this section, we recall
properties of solutions of the system (3.12)-(3.14), proven in [4].
Denoting X’ to be the dual of X, we define 671(0,a;) := {u €
H(0, a) u(0) = O0}. One of the most important features
of System (3.12)-(3.14) is that the attached masses will mollify
transmitted waves, so the system is well posed in asymmetric
spaces. This is reflected in the following
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Proposition 1. Forany T > 0, let f € L*(0, T). There exists a

unique solution

W = (ug, hy, u, hy, ..
to System (3.12)-(3.14). We have

up € C([0, T1, L*(0, a;)) N C'([0, T1, 6710, ay))

., hy, uy)

and forj =1, ..., N we have
uj € C([0, T]; H(a;, aj41)) N C'([0, T1, K~ (g}, aj11)).
Furthermore, h; € Hi(0, T) for each j.

Since f € L2, the vector (ug, h, ..
solution to the system.

We say the pair of functions (yo(x), y1(x)) is in the “reachable
set at time T” if there exists f € L?(0, T) such that (v (x, T), u{
(x, T)) = (yo(x), y1(x)). We wish to characterize the reachable sets.
To this end, we define

., hy, uy) is not a classical

Wg = @][‘V:OH].(G]', aj+]) (&) RN and

W_y =670, a1) @ (@, H(aj. aj1)) ®RY,

where the terms in RN will account for the position of the masses
ata;,j = 1,..., N, while the terms in RN~! will account for the
velocity of the masses at a;, j = 2,...,N. Because h} € 12, we
cannot discuss hj(T) in our framework. For each j, the masses
impose on (¥ (x, T), u{(x, T)) a set of equations that must hold at
X = a;, provided w and u{ are sufficiently regular. One example
of this is /(a7 , T) = h(T) = /(a, T), which by (3.13) and
Proposition 1 must hold for all j > 2. In addition, the boundary
condition at x = ¢ imposes further conditions. The collection of
such equations satisfied by u/(x, T) will be denoted 9, while the
collection of equations for uf(x, T) will be denoted ¢ !. These
spaces are carefully described in [4]. We now define a Hilbert
space W;, for integers i = —1, 0, by

Wi ={p € W, : ¢ satisfies C}.
The following inclusions are valid (see [4]):
Hy C Wy, Hy_1 C W_1.

In [4] we proved the exact controllability of System (3.12)-
(3.14) in asymmetric spaces:

Theorem 4. Let N > 1, and let T > 2¢€,p. Then for any (yo,y1) €
Wy x W_,, there exists a control f € L>(0, T) such that the solution
' to (3.12)—(3.14) satisfies

W, T)=yo, uf(-.T) = y1.
Furthermore,

2 2 2
||f||L2(04,T) = ||y0||WO + ||y1 ||W71'

This result is sharp in the sense that the space of reachable
functions Wy x W_; is the largest possible.

Corollary 1. Forany T > 2{,, the system (3.12)-(3.14) is exactly
controllable with respect to the symmetric space Hy X Hy—_1.

Corollary 1 implies certain important properties for the ex-
ponential family of an associated moment problem, which we
discuss now. For the rest of this section, we will assume for
simplicity that the eigenvalues satisfy )\ﬁ > 0. If this were not
the case in what follows, it would suffice to replace sin(it)/A by
sinh(|A|t)/|A] in the case A2 < 0, and by t in the case 12 = 0.
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We present the solution of System (3.12)-(3.14) in the form
of the series

W(x, 1) =" an(t) pn(x). (3.15)
n=1

Forany T > 0 and f e L*(0, T), standard calculations using the
weak solution formulation (see, e.g. [8, Ch. 3]) give for each n,

/ 0 t
an(t) = %[ F(z) sinan(t — 7)dz,
" (3.16)
a(t) = (p,;(O)/ f(1) cos Ay(t — 7)dz.
0
We set oy = Aqan(T), Bn := a,(T), and let (-, -)r be the
standard complex inner product on L%(0, T). Let fT(t) = f(T —t),
so fOTf(t)sin(A(T —t))dt = (f7, sin(At))r. Using e! = cos(t) +
isin(t), we can rewrite (3.16) as
ion + fn = (T, &P} (0))r,
iy + B = (7. Mg} (0)r. Vn € N.

We define A_, = —A, for n € N. Similarly we set «_, = —ay,
and B_, = B, for all n € N. Define y, by

Yn = (—ioy + Bn), YnekK (3.17)
Then we have
(", w,’l(O)e"k"fh =y neK (3.18)

Assigning terminal data to System (1.1)-(1.6) is equivalent to
assigning values to {y;,}, in which case (3.18) can be viewed
as a moment problem. We will be considering terminal data in
Hn X Hn—1, and hence we can write y, = 8,/(A% +E)N~1/2 with

{8,} € £2. Thus we can rewrite the moment problem as
(7. 02+ BN )ty = 5, n e K. (3.19)

with {8,} ranging over £2. Since we have exact controllability with
respect to Hy X Hy_1, we can apply [8, Theorem II.3.10.b]; in
the notation of that theorem, r = —N + 1, p, = (A2 +«)"/?, and
B is defined by

;
G, = [ S5
0
We conclude the family
£ = {(A2 + EYN-D2¢/ (0)e*t : n e K}

is minimal in L*(0,T) for any T > 2o, and the norms of
the elements of the biorthogonal family {£,} associated to £ are
uniformly bounded: ||&,;20 1y < C, with C independent of n.

Proposition 2. For any T > 2{,,, the family {ga,Q(O)e‘)‘"t : neK}
is minimal in L*(0, T), and has a biorthogonal family {&,} with
I€nlli20,my < Cln™ 1. (3.20)

Proof. Let &, = £,(A2 4+ E)N=1/2, Then this set is biorthogonal to
{<p{1(0)e")‘”’}, and the estimate (3.20) follows from (2.10).

3.2. Proof of Theorem 2

We recall the associated exponential sets. List the eigenvalues
{Aﬁ : n € N} in increasing order, and then we set A_, = —A,. In
the case where zero is not an eigenvalue, we set

En= {(p,;(O)ei)‘"t i nek},
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while
& = {;(0)
If A,zn = 0 for some m, then zero is a double frequency, and

n e K\ {m, —m}} U {g,(0), ¢,(0)t},

2
et ;e N
& = {g)(0)e™" -
while

& = {¢n(0) :neN\ {m}} U {g,(0)}.

To prove Theorem 2, we will use the following result.

2
e*)‘nf

Proposition 3. Let T > 0. Suppose the family {<p{1(0)e")‘“f 1 neK}

is minimal in L*(0, T) with a biorthogonal family {£,}. Then for any
T > 0, the family

2
{gn(0)e 1 : n e N}

is minimal in L*(0, t), and one can choose the associated biorthog-
onal family {6, : n € N} to satisfy the estimates

164ll 20,0y < CllEnllzqo7y €' (321)

with constants C, 8 independent of n.

This result is a slight generalization of a result found in
[8, Theorem I1.5.20], which in turn is a generalization of the result
due to Russell, [12]. The proof will be provided in the Appendix.

We now prove Theorem 2. We present the solution of System
(1.1)-(1.6) in the form of the series

VX )= ba(t) pu(x) (322)
n=1

and the initial data from (1.5), (1.6) in the form: w = Y -, b,

with (b9} € ¢2 Forany T > 0 and f € [*0,T), standard
calculations (see, e.g. [8, Ch. IlI]) demonstrate that, for eachn € N,

T 2 2
ba(T) = ¢/,(0) / F(e)e aT=0dp 4 e=?aTp0 (3.23)
0

These equalities can be written as a moment problem

2 2
(T, @l (0)e M1ty = by(T) — e b2, ne N. (3.24)
)

We claim System (1.1)-(1.6) is spectrally controllable in time t
with respect to L,zw(O, £), meaning that for zero initial data in (1.4),
(1.5), and any n € N, there exists f, € L>(0, ) such that

vfn(x’ T) = ‘pn-

In fact, it is easy to see that f, = 6, ,Vn.

The null controllability problem is equivalent to solvability of
(3.24) with T = t and b,(r) = 0, and clearly this moment
problem is solved by the control

F6)= =Y e M0 6,0).
n=1

This series converges and, by (3.21), we have
If 20,0y = Cllwllz,»

completing the proof of Theorem 1. This proves null controlla-
bility of System (1.1)-(1.6) in the time interval (0, ) with any
>0 0O

We now prove controllability with more regular control func-
tions. This will be necessary in the next section in solving the
inverse problem for our system. The following result is presented
as a remark in [15], and its proof is sketched there. Since this
result is essential for us, we give a more detailed proof here.
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Proposition 4. System (1.1)-(1.6) is spectrally and null control-
lable for any t > 0 with control space Hg(O, 7).

Proof. Fix 7 > 0. We assume the eigenvalues are never zero
for the moment, giving the modifications necessary in the other
case at the end. We will prove null controllability, leaving the
adaptations necessary for spectral control to the reader. Adapting
the proof of Theorem 2, we will solve the moment problem

2
(. a0 ),
with f € HZ(0, 7).

Let Ao be the set of eigenvalues {Aﬁ} of System (2.8)-(2.9)
excluding zero if one of A, equals zero, and E be the closure in

2
L?(0, T) of finite linear combinations of exponentials <p,’7(0)e“)‘n,

2
=—e M neN (3.25)

32 € Ag. The family € = {¢/(0)e~*1, n: iy € Ao} is minimal.
Let {6y, n: Arzl € Ag}, be the family biorthogonal to £ constructed
in Proposition 3. It is a well known, see e.g. [15, p. 279], [18]
that E does not contain any polynomial in t. Then simple linear
algebra, which is left to the reader, allows to construct the func-
tions 6y, 6_1, 0_, in the orthogonal complement to E, which are
biorthogonal to 1, t, t2 :

(90, 1)1’ = <071, t)z’ = <972a t2>r =1,

and all other corresponding scalar productszare zero.

In what follows, we set ¢, = —A%e*17h0 if 1, # 0 and
cn=—2b0if 1y = 0.

Case 1If A, # 0 Vn, we consider now the moment problem
for a function h € L*(0, 7) :

2
(h, <p,’1(0)e’xﬂt)r =y, NEN, (3.26)
supplemented with the conditions
(ha 1), = (h’ t): =0. (327)

One can check that a solution to (3.26), (3.27) is given in the form

h(t) = D caba(t) + cobo(t) + c16-1(¢), (3.28)
n=1

where the coefficients cg and c_ are determined by the equations

o0 [e¢]
Dol Vet =0 ) calbht)r +cq =0.

n=1 n=1

Since bY € ¢2, it follows from (3.21), (2.10), and the definition
of c,, that the sum (3.28) converges in L?(0, ), and the series in
(3.29) converge absolutely.

Case 2 If A, = 0 for some m € N, we consider the following
moment problem for a function h :

(3.29)

2
(h, w;(O)e’)‘"t), =c,, neN, n#m; (ht*); =cp, (3.30)

supplemented with the conditions (3.27). The solution of (3.30),
(3.27) is presented by

h(t) =) cabalt) + cobo(t) + c16-1(t) + ¢ 20 5(t),
n#m

where the coefficients ¢y, c_; and c_, are determined by equa-
tions

o0 o0
Dl e +c0=0, Y alb,t)e +¢ 1 =0,
n#m n#m
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o0
ch {6n, tz)r +c2 = 2.
n#m
In both cases, one can then easily verify that the function

t
F) = / (¢t — $)h(s) ds (331)
0

solves (3.25), and evidently f € H2(0,T). O

Remark 1. It is possible to strengthen Proposition 4 to proof null
controllability with Hj(0, ) controls for any n € N by adapting
the arguments of this paper.

Remark 2. An analogous result is proven [4], also see [19], for
the vibrating strings with attached masses. To state this result
more precisely, let us first we assume that the A, are all non-zero.
Recall we have chosen the constant E so that the operator A + E
is strictly positive. Define W; = (A + E)‘le_z, and let p € N.
In [4], Theorem 7.6, it is stated that for T > 2{,, the system
(1.1)-(1.6) with state space W, x W,,_; is exactly controllable with
controls in Hg(O, T), but there is a gap in the proof there that we
will correct with this paragraph. It was proven in ([20], Theorem
3) that for T > 2¢,p, the family of generalized exponential divided
differences composed of

(e*t . neKJU <@0{t]}>

forms a Riesz sequence in L?(0, T). As a consequence, in the proof
of Theorem 7.6 [4], the function f (in the notation of that paper)
can be chosen so that (f7,t/yy = 0,j = 0,...,p — 1, and this
validates the identity ZPTf = f in that paper. The rest of the
argument proceeds as in that paper. Thus Theorem 7.6 is proven
only for T > 2¢,,, and not sometimes for T = 2¢,, as stated there.

4. Inverse problem

Let T > 0. We consider the following special case of (1.1)-(1.6)

81)1‘ Bzvj .
pj(x)g i 0, t>0, xe(a;,a41), j=0,...,N, (432)
vii(a, 6) = hi(t) = vi(a', t), j=1,...,N,
dv; 0vj_1
’ _ J (4t J — s
Mjhi(t) = a(aj ,t)— o (a7, t), j=1,...,N,
UN(eivt) = 0,
v(x,0) = 0, x€(aj,a1), j=0,...,N,
)

vo(0*, ) = f(t), t > 0. (4.33)

In what follows, we will drop the j subscript from p;, v; without
any confusion.

To state our inverse problem, define the response operator, R”,
by
(R'f)(t) = (0, 1), t €(0,T).

An exercise in Fourier series, but also see [21, Eq. 9.17 on p.198],
shows that R, defined classically on smooth functions vanishing
to infinite order at t = 0, extends to a continuous mapping
[%(0, T) — HY(0, T); here H~'(0, T) is the dual of H}(0, T). Our
dynamical inverse problem is to recover I, N, {g;}, {M;}, and p,
from R'.

A key step in the procedure below is to recover the spectral
data {)Lfl, ¢,(0)} associated to the system. The spectral data is
obtained by a variational argument, but to justify this argument
we must first prove some regularity results.
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From (3.23), (2.10) and (2.11) it follows that {b,(T)} € €% if
f € H}(0,T), and so v/ (-, T) € L2,. Therefore, the control operator

U™ 120, T) > L2, UTf =(-,T)
is well defined for f € H(}(O, T). We define the connecting operator

CT in 1%(0,T) as CT = (UT)*UT or, equivalently, by its bilinear
form

(C'f. & = V(. T), v¥(. Tz, f.g € Hy(0.T).

By (3.22) and (3.23) with b2 = 0, we have
[e ] t 2
V.0 = Y ei(0) [ fisreHas
n=1 0
If f € HJ(0, T), then for all n with A, # 0 we have
‘ - 1 ‘L -
/ f(s)e™ " ds = — —/ f(s)e™ " ds + f(t) ). (4.34)
0 AL 0
Thus, t — v/ (x, t) is a continuous mapping [0, T] to L,ZV,(O, I), and
(CTf’g>H—1(0,T)_H&(0'T) = (Uf(s T)a Ug('s T)))_ﬁ'a Vf,g € H(}(O, T)~

(4.35)

Our test functions for the variational argument will be in Hg(O, T).
Supposing f € H3(0, T), then by using (4.34), we have

S / 0 t 2
0= Yo (- [ o+ po),
n=1 n 0

and the estimate

t 2 IF 207
/S e—)nn(t—s)ds <C (0.1)
I/0 f1(s) |sc——

shows thatt — v{(', t)= vf/(~, t) is a continuous map from [0, T]
to L?,. Hence

(CTf,vg>H71(o,T)_H(}(Q,T) = <U{(7 T), v8(-, T»L’Zw» Vf,g € Hé(ov T).
(4.36)

The following result is well known for the parabolic equations

with regular coefficients [14,22].

Proposition 5. The operator CT can be explicitly expressed through

the response operator:

T = (ZTyY?TR¥ 77, (4.37)

where ZT : [%(0, T) — L?(0, 2T) is given by the extension operator
(ZTF)(t) = f(t) for t € [0, T] and zero otherwise. Its adjoint, acting
from [%(0, 2T) to L%(0, T), coincides with the restriction operator
(Z"Yf = flo.r)- Also (Y?'f)(t) = f(2T — t), t € [0, 2T].

Proof. We define the function ¢(s,t) = (V/(-,s), v8(-, t))u for
f.g € H(}(O, T), and extend f by zero for t € [T, 2T]. Clearly,

(CTf, g)12(0,) does not depend on the extension of f. We will use
the fact that ¢(T, T) = (C'f, g)2(0.1)- Because pv; = vy,

a
(s, £) = &(s, t) = / [V (x, s)vf (x, £) — vl (x, s)v¥(x, £)]p(x) dx
0
+ > MY (a;, s)vf (g, t) — vl (a;, )8 (a;, 1)),
j

= [V (x, s)u(x, £) — vl (x, svE(x, £)]q,
= (R'f)(s)g(t) — F(s)XR"g)(t).
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The following boundary conditions hold for ¢: ¢(s, 0) = ¢(0, t) =
0, so solving for ¢ by the method of characteristics, we get

s+t
g(s, t) = / [(R'f)(&)g(s + ¢ — §) = fENR g)s +t — §)1dE,

s, t<T.

Therefore,
2T
T, T)= [(R'f)&)g(2T — &) — f(§)(R'g)(2T — &)] d&

T

T
= / [(RF)2T — &)g(§) — f(2T — §)(Rg)(§)] d§
0
;

_ / (RF)(2T — £)g(&) dt.

0
From this, (4.37) easily follows.

The operator CT serves as a model for the operator A in the
space of controls [2(0, T). Based on the mini-max principle and
using the spectral controllability of our system (Proposition 4),
one can recover the spectral data {A,, ¢;(0)}, n € N of operator

A using the connecting operator CT. This important result of the
boundary control method is described in a series of papers (see,
e.g. [14,22,23]). We demonstrate how to adjust this technique to
our situation, and show we can recover the spectral data from R'.
Suppose f, € HZ(0, T) satisfies UTf, = ¢,. It is well known that
{Aﬁ, ¢n} can be recovered from A using the mini-max principle. In
our case, A is not known, but below we show how CT can be used
to find {)\ﬁ,fn}, adapting an argument found in [14,22,23]. Since
¢n € Hq, we have

<CTfn/vfn)Hﬂ(ovr)ng(o,T) = (Ufé(’v T), ‘Pn)LIZW
= G T)ognlz,

= (Avfn(v T), (pi‘t)H,]*'Hj
=22

This, along with (4.35), allows one to use a variational argu-
ment parallel to the minimax argument for A to compute the set
{Aﬁ,fn}. Finally, by the definition of RT, we have

R'fo(T) = (0, T) = ¢}(0).

Knowing the spectral data, we can construct the connecting
operator C! for the wave equation with masses, System (3.12)-
(3.14) with k = 1, g = 0. Specifically, by (3.15), (3.16), we have
for f,g € [*(0, T),

(Cof - 8)pom = W)U T = D a(T)di(T)
n=1

©y(0)

2,7 T
/ £(0) sinkn(T—t)dtf a(t) sin (T — t)dt.
An 0 0

o0

n=1
By (2.10), (2.11), the series is absolutely convergent and bounded
above by a constant times ||f [l;2(0 1y 18l 120,19

From the operator CuT} one can recover £,N, a;, M;, for j =

1,...,N, and p(x). The algorithm is described in [13, Section 4].

Conclusions

We have proved null controllability and solved an inverse
problem for the heat equation with the presence of a finite
number of strong singularities. Our approach combines dynamical
and spectral methods (i.e. frequency and time domain methods)
and uses connections between controllability/identifiability of the
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wave and heat equations. This approach will provide much more
simple solutions to control and inverse problems than solutions
based on purely spectral methods, which are complicated even in
the case of one singularity.
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Appendix

Here we present a more general version of Proposition 3,
covering vector valued exponentials. This version is a slightly
modified version of [8, Theorem I1.5.20]. The modifications serve
to handle the special cases where there exist non-positive eigen-
values, and also to clarify the exposition and correct some mis-
prints.

Recall we list the eigenvalues {Aﬁ : n € N} in increasing order,
and then we set A_, = —A,. Given a Hilbert space V, of a finite
or infinite dimension, let n, € V for all n € N, and set n_, = ;.
In the case where zero is not an eigenvalue, we set

£n = {ne™ : n e K},
while

A

E ={me """ : neN}.

If A]? = 0 for some j € N, then zero is a double frequency, and

En = (™t n e K\ {j, —j}} U {ej,e_j}, e :=mnj, ej:=njt,

while

& = lne ™ ne N\ (1) U ().

Of course, for the purpose of this paper, it suffices to set n, =
@n(0).

Proposition 6. Let T > 0. Suppose the family &, is minimal in
1%(0, T; V) with a biorthogonal family {&,}. Then for any T > 0,
the family &, is minimal in 1%(0, 7; V), and one can choose the
associated biorthogonal family {6, : n € N} to satisfy the estimates

)eﬂ|/\n|

16nll 20, 2:v) < Cllnlli20,7;v (A.38)

with constants C, 8 independent of n.
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Proof of Proposition 6. The main ingredients of the proof are

a Paley-Wiener Theorem-type argument and complex interpola-

tion, used to construct the biorthogonal set satisfying (A.38).
We denote the complex inner product on V by vg - v{ and set

T
(Uo, u1) 120,121y :z/ up(x) - ur(x) dx, ug, uy € L*(0,T; V).
0

We will first prove the proposition when all eigenvalues )\ﬁ are
nonnegative. The modifications necessary in the other case will
be stated in the end. In either case, in what follows we denote
& = {ep} and &, = {é,}.

Step 1:

Introduce for m € N entire functions

T
Gm(2) ::f e g (H)dt, z € C,
0

and set Gm(z) = @m(z) + @m(—z), s0 Gy, is double the even part
of Gy,. Clearly,

1Gn(@)llv < VTome", am = llEmll20.1:)- (A.39)
We claim
Gm(hn) - Np = Spn, M, €N, (A.40)

where §,,, is the Kronecker delta function. The claim follows from
the following two calculations:

T
Gn(An) - 1n = / e_l)\"tf;"m(t) M dt = (Em, en>L2(o,T;v) = Smn,
0

T
Gn(—An) - = / el)\”tém(f) “Mpdt = &, e_n)i2¢0,1;vy = 0
0

Adding these two equations gives (A.40).

Step 2: We wish to relate the minimality of the exponential
families associated to {1} and {ixﬁ}. It is thus natural to pass from
functions of z to functions of z2. Since G,, is an even function, it
may be represented as a power series of even powers of z, so the
function

Q(k) = Gm(/k/1)

is well defined as an entire function. Then by (A.39), (A.40), there
exists C > 0 so that we have:

1Qm(K)llv < C/T exp(T/IK])etim, (A.41)

Qm(i)ﬁ) *Nn = Simn.-

Step 3:

The functions ||Qn||ly generally may be increasing on hori-
zontal lines. To make the upcoming Fourier transform argument
possible, we multiply Q,, by a function E(z) whose existence
and properties are described in the following statement found in
Fattorini and Russell [15]. In what follows, we write z = x + iy
with x,y € R.

(A.42)

Proposition 7. For every t > O, there exists a function E(z) of
exponential type such that its zeros are real and differ from zero; E
is real on the real axis, and there exist positive constants  and ¢j(t)
such that

(i) [E(X)] < ci(z)exp(—=T+/1x])/(1 + |x]), (A43)
(ii) for y < 0, |E(iy)| < ci(z)exp(Tlyl), (A44)
(iii) for y > 0, 1> [E(iy)| > c3(7)exp(—B/Y). (A45)
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Fix t > 0, and the corresponding function E, and define
Gm(z) .= E(z)Qm(z), and then define

1 .
Om(t) = ————— | e StGp(s)ds.
() an’zn)/m u(5)

It follows from (A.41) and (A.43) that this Fourier transform con-
verges. The functions {6,,} will give us our biorthogonal family.

(A.46)

Lemma 1. The functions 6,, have the following properties:
(A) The support of 6, is in [0, t],
(B) 10mll120.2:vy < €(T)otm €Xp(BlAm]).

Proof. The proof of part A is an adaptation of the proof of the
Paley-Wiener Theorem. By (A.41) and Proposition 7, the function
G, is of exponential type. Choose any € with 0 < € < 7. We claim
there exists a constant C > 0, independent of m and y, such that
fory >0,

€CTNG, (x + iy)(x + iy + i) ||y < C.

This follows because (A.41), (A.43), and (A.45) allow us to apply
the Phragmén-Lindel6f Theorem in the two quarter spaces in C.
It follows that

/ 1ECIGx + )2 dx < C. ¥y = 0,
XeR

with C independent of y. Hence, for t < —e, we have by (A.46)
and deformation of integration contours,

27 E(iA2 )0m(t) = /e’i"(t+f)ei"écm(x) dx
R

— fe—f(x+iy)(t+€)ei(x+iy)5Gm(x+l'y) dx.
R

Letting y — o0, this last term vanishes, proving 6,(t) = 0 for
t < —e. A similar argument shows that 6,,(t) =0 fort > 7 + €.
Letting ¢ — 0, part A follows.
Using part A of this lemma, formulas (A.46), (A.41) and prop-
erty (iii) of Proposition 7, we have
||9m||L2(0,1;v) - ||9m||L2(R;v)
||Gm||L2(R:V)

T V2|2
VT /27 exp(Blam|) cs(t)  ci(t)

X ol (/ 1/(1 + Is|)?ds) /2.
R

This proves part B.
%

We now verify that {8, : m € N} is biorthogonal to {e""*nn, :
n e N} in the space [*(0, t; V). We use the Fourier inverse
formula, and then part A of the lemma, to get

Gm(s) = E(irp) / Om(t)e™ dt = E(ir},) / () .
R 0

Hence by (A.42),

IA

~ t — 2
(B ) 2(0.0.1) =/ Om(t) - e~ ntn, dt
0

_ Gm(i)‘-%) * T

E(ir%)
o2y, EGAT)
= Smn-

The estimate (A.38) was proven in the part B of the lemma. We
have proven the proposition when all eigenvalues are positive.
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We now indicate how to adapt the argument in case we have
negative, but not zero, eigenvalues. If )sz = —y?, withy > 0,
so that A; = iy and A_; = —iy, then the proof of (A.40) goes as
follows:

A~

T
Gm()\j) ‘N = / eytgm(t) - Nj dt = (&m, efj>L2(o,T;v) =0,
0

T
Gm()h—j) M- = / e_ytSm(t) i dt = (&m, ej)LZ(o,T;v) = Omj.
0

Adding these two equations again gives (A.40). The argument
above then carries over until Proposition 7, where we must
arrange that E(x) does not vanish on any of the real roots of Qp,.
If E vanishes on the set Ap,, ..., Amp» then we can replace E(z)
by E(z)/(]—[L](z — Am,))» and the estimates in Proposition 7 still
hold with possibly other constants ¢;(t). The rest of the proof of
the proposition carries through without change.

We now consider the case where one eigenvalue is zero, say
Aj = 0. Then we define G, and G, for m # j as in Step 1 and
introduce

T
Cj(z) — / e—izrgj(t)dt, and set f?j(z) = %[aj(z) + 6,'(—2)].
0

One can check that

Gm()\j) N = Em, ej)ﬂ(o,r;v) =0, j#m,

1 .
Gj(Am) - tm = 5[(%}» em)i2o,1.vy T (& e—mzo vyl =0, j#m,

G(M) - = (& &) 2oy = 1.
The rest of the proof of the proposition carries through without
change. O

Our proof works also in the case when )sz =0 for some j € N,
and the family &, does not contain the element e_;(t) = n; t.
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