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For completeness, before we prove the main results, we recall the following concepts related
to the notion of time scales.

A time scale T is an arbitrary nonempty closed subset of the real numbers. Thus

R, Z, N, N,
i.e., the real numbers, the integers, the natural numbers, and the nonnegative integers are examples
of time scales, as are
[0:1], [2;3], [01UN and the Cantor set;
while
Q R\Q (01,
i.e., the rational numbers, the irrational numbers, the complex numbers, and the open interval
between 0 and 1, are not time scales.

The calculus of time scales was initiated by Stefan Hilger in his PhD thesis [1] in order to
create a theory that can unify discrete and continuous analysis. Indeed, below we will introduce the

delta derivative f* forafunction f defined on T , and it turns out that
(i) f*=1f istheusual derivative if T =R and
(ii) f* =Af isthe usual forward di_erence operator if T=2 .

Let T be atime scale. For t € T we define the forward jump operator o: T =T by

o(t) =inf{seT;t<s},
while the backward jump operator p: T — T is de_ned by

pt)=inf{seT;s<t}.

If o(t) >t, we say that t is right-scattered, while if p(t) <t we say that t is left-scattered. If
t <supT and o(t)=t, then t is called right-dense, and if t>infT and p(t)=t, then t is called
left-dense. Points that are right-dense and left-dense at the same time are called dense.

Definition 1. Assume f:T — R isafunction and let t € T . Then we define f*(t) to be the

number (provided it exists) with the property that given any ¢ >0, there is a neighborhood U of t
(i.e., U=(t-0;t+0) \T for some 6 >0) such that

[ (@)~ F ()]~ T O)o) sl e|o(t) -s].
We call f*(t) the delta (or Hilger) derivative of f att.

Definition 2. A function f:T — R is called regulated provided its right-sided limits exist
(finite) at all right-dense points in T and its left-sided limits exist (finite) at all left-dense points in
T.

Definition 3. A function f:T —R is called rd-continuous provided it is continuous at
right-dense points in T and its left-sided limits exist (finite) at left-dense pointsin T .

We define the indefinite integral of a regulated function f by

j f ()AL = F(t)+C,

where C is an arbitrary constant and F is a pre-antiderivative of f . We define the Cauchy
integral by
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i f ()AL = F(b) - F(a),

forall a,beT . Afunction F:T — R is called an antiderivative of f:T — R provided
FA(t) = f(t)
holds forall teT .

Denote [a;0); ={teT:t>a}, where T is a particular time scale, which is unbounded
above. For VYaeR the set of rd-continuous functions f :[&;00); =R will be denoted by
C,.[a; ).

We consider an integral inequality in the following form:

. . AV %
[qu(x)(jf(t)AtJ Ax} sCUfp(x)vp(x)AxJ , v eC,4[a;);, (1)

where the constant C does not depend on function f,and p; g are fixed parameters and u and v

be nonnegative weight functions. If T =R, then we get that the well known classical weighted
Hardy type inequality was studied by the books [2], [3], [4] and [5].
Our main result reads as follows.

Therome 1. Let 1< p<g<o and }/p+}/p.=1. Then the inequality (1) holds if and only

B <o satisfied, where

. TN 2
B:= sup (qu(x)ij [Iv‘p(r)Ar] <00,

te[a; o) t

Moreover, B ~C, where C is the best constant in (1).
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Since the discovery of the classical Hardy inequalities (continuous or discrete) much work
has been done, and many papers which deal with new proofs, various generalizations and
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