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A NOTE ON PRACTICAL OUTPUT TRACKING FOR A CLASS OF UNCERTAIN
HIGH ORDER NONLINEAR SYSTEMS

Keylan Alimhan, Abilmazhin A. Adamov and Gaziza Batayeva
L.N. Gumilyov Eurasian National University, Kazakhstan

Abstract

This paper considers the problem of global practical tracking via output feedback control for a
class of more general uncertain high-order nonlinear systems. By introducing sign function and
necessarily modifying the homogeneous domination approach and under a weaker growth condi-
tion, this paper proposes a new control scheme to achieve the global practical tracking. It is shown
that the designedcontroller guarantees that the state of the resulting closed-loop system is globally
bounded and the tracking error converges to a prescribed arbitrarily small neighborhood of the
origin after a finite time.

Keywords.output feedback control, practical output tracking, homogeneous domination, nonlinear
system

1. Introduction

The problem of global output tracking control of nonlinear systems is one of the most important
and challenging problems in the field of nonlinear control and lots of efforts have been made during
the last decades, see [1-12], as well as the references therein. With the help of the nonlinear output
regulator theory [3], [4] and the method of adding a power integrator [13-15], series of research re-
sults have been obtained [5-7]. For details, in [8], practical output tracking via smooth state feed-
back for nonlinear systems was considered. Compared with state feedback control, the theory of
output control developed slower, because there is no general and effective method to design a non-
linear observer.

This paper deals with the problem of global practical output tracking by output feedback for a
class of more general high-order nonlinear systems described by

% =0x" +4(t,x,u),i=1...,n-1
X, = 6,U+ ¢, (t, X, u), Q)
Yy =X —Yr

where x=(x,...,x,)" eR"and ueR are the system state and the control input, respectively. Fori=1,
...,N, ¢(t,x,u)are unknown continuous functions and p, eR:, ={p/qe[0,»):p and q are odd inte-
gers, p>q}(i=1...,n-1) are said to be the high orders of the system, with p_ obviously equal to one
(which is not a limitation since we can easily set v:=u® in the case of non-unity p,). The parameters
6, i=0,1...,n are unknown constants andy, is a reference signal to be tracked. Although in the
usual tracking problem the reference signal y, (t),t [0, ) as well as its derivates are assumed to be
known, but in our problem only the error y = g,x, -y, between the output g,x, and the reference signal
y, are assumed to be measureable. Hence only y is allowed to use in the design of the control. There

are two reasons torestriction the only measurement to be the error signal. One, in some practice con-
trol applications, is inevitable that the error signal is the one to be directly measured. For example,
in a missile guidance system, instead of measuring the absolute position of the moving target, that is
signal y, , the onboard radar keeps measuring the distance/error between the missale and the target

[1]. The other one is assuming only error signal also makes the actuator design simple, as the con-
troller does not depend on the signal to be tracked explicitly. In this way, the controller is more
adaptive to different reference signals [2].

Recently, in [9-12] and [2], the practical output feedback tracking problem was also investigated
for a class of nonlinear systems with higher-order growing unmeasurable states, extending the re-
sults on stabilization in [16-19].



In [9-12] and [2], the following condition on the uncertain term ¢ (-) is assumed:
6tz u)] < C (g7 e[ [ )€ )

where C>0,7>0 or rZ—J/ZL p,---p_, are constants and r.’s are defined as r,=1r  p =r +7>0,

i=1...,n. Nevertheless, from both practical and theoretical points of view, it is still somewhat re-

strictive to require system (1) satisfying such restriction. To illustrate the limitation, let us consider
the following simple system:

% =0+, Y =0u, y=6x -y, 6¢e[l2], i=012
where p, = p, =1, ¢ =x’>and ¢, =0. For the simple system, it is easily verified that the works [9-12]
and [2] cannot lead to any output feedback tracking controller because of the presence of low-order
term x¥° dissatisfied the growth condition.

In this paper, by introducing a combined homogeneous domination and sign function approach,
we shall solve the above problems.

2. Mathematical Preliminaries
We collect the definition of homogeneous function and several useful lemmas.

First, we recall some important definitions regarding to homogeneous systems (For more details,
see, e.g,.[20], [21], [23] and [22]). Now, let x=(x,.....x,)eR"be a fixed coordinate, ands>0,
r.>0 (i=1...,n)be real numbers. Then:

(i) Adilation A(x) is a mapping defined by
As(x)z(srlxl,-n,sr”xn), Vs >0
wherer, are called the weights of the coordinate. For simplicity of notation, the dilation weight
is denoted by A=(x,...,1,).

(if) A functionv eC(R",R) is said to be homogeneous of degree if there is a real number reR
such that

V(A () =8V (%, %), VxeR"—{0} .
(iii) A vector field f eC(R",R") is said to be homogeneous of degreer if there is a real number
r eRsuch that fori=1,...,n
(A () =s"" (%, %,), VxeR"—{0}.
(iv) A homogeneous p -norm is defined as

n p/rl ]/P .
”X"A,p: Zi:l'xi| ,VxeR", p>1.

For the simplicity, write ||, for|x], , .

Next, we introduce several technical lemmas which will play an important role and be frequently
used in the later control design.

Lemmal[21]. Given a dilation weightA=(r,...,r,), suppose V;(x)and V,(x) are homogeneous of de-
gree r,andr,, respectively. Then,V,(x)V,(x) is also homogeneous with respect to the same dilation A.
Moreover, the homogeneous degree ofV, (x)V, (x) IS 7, +7, .

Lemma2[21]. Suppose V :R" — R is a homogeneous function of degree r with respect to the dilation
weight A. Then, the following holds:

(1) oav/ox is also homogeneous of degree - —r, with r, being the homogeneous weight of x; .
(i) There is a constant o >0such thatV (x) < o|x| . Moreover, if v (x) is positive-definite, there is a

constant o > 0 such that p|x|; <V (x).



Now, we introduce several technical lemmas which will play an important role and be frequently
used in the later control design.

Lemma3[5]. For any real numbers x>0, y>0and m>1, the following inequality holds:
x<y+(x/m)" ((m—l)/y)mfl.
Lemma4[24]. For all x,y eR and a constant p >1 the following inequalities holds:
(i) eyl <2 x? e y? ], (X lyl)™ <X+ <27 ()
If peR;,, then
(i) |x-y|° < 2"’1|xp - y"| and |x’/” - y“”’| < 2P /P |x — y|]/p .
Lemmab[24]. Letc,d be positive constants. Then, for any real-valued function y(x,y) >0, the follow-
ing inequality holds:

c+d

d —c/d
t g’ Yy

c+d

X" < == 7 ylN

Lemma6[25].For x,yeR and 0< p<1 the following inequality holds:
(I +v1)" <4+ [y
When p=a/b<1, where a>0 and b>0 are odd integers
|x’°+y"|s21’p|x+y|p.
Lemma7[26].If p=a/beR;, with a>b>1Dbeing some real numbers, then for any x,y R
a al/b
|xp—y"|s21’“/b‘sgn(x)|x| —sgn(y)|y| ‘ .

Lemma8[8]. If f: [a,b]—>R (a<b) is monotone continuous and satisfies f(a)=0, then
Ub f(x)dx‘£|f(b)|~|b—a|.

3. Main Results

This paper deals with the practical output tracking problem by output feedback for nonlinear
systems (1). Here, we give a precise definition of our practical tracking problem [9], [11].

The problemof global practical tracking by an output feedback: Consider system (1) and assume
that the reference signal y, (t) is a time-varyingc'- bounded function on [0,«). For any givens >0,
designan output controllerhaving the following structure

{é =a(¢,y), <) eR™ 3)
u=p(<.y)
where «, pare some smooth functions, such that
1) All the state[x(t), £ (t)] e R*""of the closed-loop system (1) with output controller (3) is
well-defined on[0,+w)and globally bounded.
i) For any initial state[x(0),¢£(0)], there is a finite time T :=T (£, x(0),£(0)) >0, such that
ly®)|=pa®) -y, @®)|<e, Vt=T>0. 4)

In order to solve the global practical output tracking problem, we made the following assump-
tions:

Assumptionl. For i=1...,n, there are constants C,, C,and
r= _]/ZL p,--- p,_, such that
|¢I (tv Xa u)| < Cl (|X1|(T|+T)/f1 + - +|X| |(r,+f)/r| )+C2 (5)



wherer, =1, r,, =(5+7)/p, >0, i=L...nand > p---p_ =1 forthe case of I = 1.

Remarkl1.Assumptionl, which gives the nonlinear growth condition on the system drift terms, en-
compasses the assumptions in existing results [9-12] and [2]. Specifically, when z>0, it reduces to
Assumptions in [9-10] and [1-2]. When 7 is some ratios of odd integers in ze[-1/3 p,---p,,, 0], it
encompasses the condition used in [11].

Assumption2.The reference signal y (t) is continuously differentiable. Moreover, there is a known
constant D>0, such that

ly, @®)]+]y, )| <D, Vte[0,). (6)
Assumption3. For i=0,1...,n, there exist positive constants T,, H, such that
I <0 <H,. (7)

Now, we state the main result of this paper as follows:

Theoreml.Under assumptions1-3 on system (1), the global practical output tracking problem stated
aboveis solvable by output controller of the form (3).

Proof.With the help of these Lemmaes1-8and [27], we can prove of the main results. First, we in-
troduce the following change of coordinates
8=0,8 =6 PG g =2 (8)

where p, =1, under which system (1) can be written as

4 =8" +ot,9u), i=1..,n-1

4, =60u+ g, (t,9u) 9)

y =% -y ()
where g, (t, 9, u) = G, (t, X, u), @ (t, & u) =GP PIGIP P . G¥Pagi(t x,u), i=2,...,n and
O =g/ rgleepd L giea g \ia Assumption 3, it can be verified that ¢ (t, 3, u) will satisfy Assump-
tion 2 with a new growth rate C,, C,. That is

o8] <Gy (|4 " +oot]g )+, i=1n. (10)

Due to remaining of the prove is very similar to [12] and pages limit, so omitted here.
4. Conclusions

In this paper, an output feedback tracking controller for a class of high-order uncertain nonlinear
systems was presented under weaker condition. It was shown that the global practical tracking prob-
lem is solvable using the homogenous observer and controller, which can be explicitly constructed.
First, we designed an output feedback controller for the nominal system without the perturbing non-
linearties. Then, we utilized the homogeneous domination approach by introducing an adjustable
scaling gain into the output feedback controller obtained for the nominal system. Further, it was al-
so shown that an appropriate choice of gain will enable us to globally track for a class of uncertain
nonlinear systems in finite time. Finally, the proposed approach can also widen the applicability to a
broader class of systems.
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Kazipri 3amanfbl HUQPIIK KYpPBUIFBUIAp MEH >KYHENepAiH 3JIEMEHTTIK 0a3achl LUQPIiK
WHTErpaJabl cysidanap 6osbin Tabbutanbl. Ludpiik KypsUIFbUIap MapTTH TYpAe 4 Tonka OeiHeml
(Cypert 1).

bazanplk JOrMKa KYpBUIFBUIAPBIHA: HWHBEPTOP, KOHBIOHKTOP, Iu3bIOHKTOp, «llleddep
ITpUXBD» XkoHe «[lupc cinremeci» pyHKuMAIapEl MeH Oydep 1eMeHTTepi KaTa bl

Tiz0exTenreH KYpbUIFBUIAPABIH KYpPaMbIHIA OPTYPJl TpUTTEpiep, al KOMOWHAITUSIIBIK
KYPBUIFBUIAP/IBIH KaTapbIHA: KOJAEP, ACKOJep, MYJIbTUILIEKCEP MEH JeMYJIbTUIIIICKCEp Kipei.
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