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We make a conclusion that there is an right inverse of the operator  'L , which operates in the 

space  RL
p '  during the 1   by applying Lemma 3. A right inverse is defined on  RL

p ' . So, 

    0ker
*'
L , here   *'

L  is conjugate operator of  'L . Hence, we get that  0ker L , 

 10 ,max
~

   due to   *'

L  is an extension of the operator L . So, L  is bounded 

invertible operator in the space  RL
p ' . Actually, we obtain that 

     

1

3

1 
 GML ,  10 ,max

~
     (7) 

 Suppose that the equation (1) has a solution, and solution is y . Here  10 ,max
~

 

. We should prove the estimate (2) by applying (7), Lemma 1 and all conditions of the Theorem. 

We obtain that 

                 












 dxxbxxbbcGMirqLirq
R

LLLL ppPp










  expsup 2

1

1

31

3

1

 

    






1

1

expsup








 dxxbxbc
R

. 

Due to this and (1) we make a conclusion that    
pp

p

yfcyxx 
''

'22 55 . Eventually, 

by combining the last two estimates we get (2). The Theorem is completely proved. 
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 For a measurable function :( , ) ( , )0 0    the generalized fractional maximal 

operator M  is defined by 

( )( ) sup ( ) ( )
( , )

M f x t f y dy
t

B x t

 



0

, 

where B x t( , )  is the ball in R n
 of radius r  centered at x Rn . 
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Definition 1. Let ( , )x r be a positive measurable function on R n
 x( , )0   and 

1  p, .  We denote by GM GM RP P

n

, , , , ( )     the global Morrey type spaces, the space 

of all functions f L Rp

loc n ( )  with finite norm  

f x r B x r f
GM L B x r

LP p, ,

( , ) ( , ) ,
( ( , ))

( , ) 




  



1 1

0

 

where B x r( , )  is the volume of B x r( , ).   

Theorem 1. Let 1  p and ( , ) 1 2  satisfy the condition 

sup inf ( , ) ( , ),
r t

n

p

t s

n

pt ess x s s C x r
 



 
 1 2  

where C  does not depend on x and r .  Then the operator M  is bounded from GMP, , 1
to 

GMP, , . 2
 

Theorem 2. Let 1   p q t, ( )  be almost decreasing function and let ( )t t n  

satisfies the condition: there exists constants C1 0  and 0 2 1 2   k k  such that 

sup ( ) sup ( ), ,
r s r k t k r

s C t r
   

 
2

1

1 2

0   

and the inequality  

 ( ) ( ) ,
( )

s s ds C r r
n

p n

k r
1

1

0

2 

  

where C does not depend on r  0.   

Let( , )x t  satisfy the condition sup inf ( , ) ( , )t ess x s s C x rn

r t t s

n

   
   and  

    ( ) ( , ) sup ( ) ( , ) ( , ) ,r r x r t t x t C x rn

t r

n

p

q 


 

where C  does not depend on x Rn  and r  0.  Then the operator M  is bounded from 

LMP, ,   to LM
q q, ,

.

 

1 . 

Proof. Let x R p q f LMn

P P

0 1 1     , ,
, , 

 and f MP , ,  . Write f f f 1 2 , 

where B B x r f fx B ( , ), 1 2
 and f f x B2 2

 . Then we have M f x M f x M f x  ( ) ( ) ( )., 1 2  

For M f y y B x r 1( ), ( , ),  following Hedberg’s trick we obtain 

 

M f y t f z dz C
y z

y z
f z dz

t t
B y t B x r

n

B y t B x r

 


1
0 0

2 2

( ) sup ( ) ( ) sup
( )

( )
( , ) ( , ) ( , ) ( , )

 





 
 

   





 


 

 

 sup
( )

( ) sup ( ) ( )

( , ) ( ( , )\ ( , )) ( , ) ( , )
t

n

B y t B x r B x rk t
B y t B x rk r

k r

k

y z

y z
f z dz C s

s
ds f z dz

k k kk

k

0
2 2

0

0
22

20

1 1
1

2 1


 

  
 

( )( )sup ( ) ( )( ) ( ) ( ) ( ) .Mf x s ds Mf x s ds CMf x s s
t

n

k r

k r

k r

k k

k

0
02

20 2

1

2

  

Mf x
B x t

f y dy
t

B x t

( ) sup
( , )

( )
( , )





0

1
- from Hardy-Littlewood operator. 
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For M f y y B x r 2 ( ), ( , )  we have 

M f y C t f z dz C f t t
t r t r

L B x t
B x t

p

  


2
2 2

( ) sup ( ) ( ) sup ( )
( ( , ))

( , )

 
 

. 

Then for all y B x r ( , )  we get  

M f y C t t Mf x f t t C t t Mf x f x t t tn

t r
L B x t

n n

t r

n

p
p  

    ( ) ( ) ( ) sup ( ) ( ) ( ) sup ( , ) ( ) .
( ( , )) ,

   
 

1

 

Then  we obtain 

M f y C x t Mf x x t f C s Mf x s f

Mf x f

p

q

p

q

M
s

q

p

q

M p

p

q

M

p

q

p

p p

  




 





( ) min ( , ) ( ), ( , ) sup min ( ),

( ( )) ,

, ,

,






























 



1

0

1

1

1 1

1



 

where we have used that the supremum is achieved when the minimum parts are 

balanced. Hence for all y B x r ( , ),we have 

M f y C Mf x f

p

q

M

q

p





 

( ) ( ( ))

,




1

1

. 

Consequently the statement of the theorem follows in view of the boundedness of the 

maximal operator M  in LMp, ,    provided by Theorem  in virtue of condition. 

M f x t t M f C f x t t Mf

f x t t Mf f

GM x R t

q

n

q

L B x t GM

p

q

x R t

q

n

q

L B x t

p

q

GM

p

q

x R t

p

n

p

L B x t

p

q

GMp

q q

n q

p p

n p

p p

n p

 



   

 

 



, , , ,

, ,

sup ( , ) sup ( , )

( sup ( , ) )

, ( ( , )) ,
( ( , ))

,
( ( , ))

, ,

1 1

1

0

1
1

0

1

1

0

1

  

 



  



 



 

 

 


  

1
1

1

p p

p

q

p

p

q

M GM p
Mf C f




, , , ,

,

if 1   p q .  

In the case  ( )t t t  we get the Adams type result on generalized Morrey spaces. 

Similar statements for the classical fractional-maximal operator were obtained in 

   1 3 .  
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