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We make a conclusion that there is an right inverse of the operator (Lﬂ ) which operates in the
spaceL (R) during the 4> 2, by applying Lemma 3. A right inverse is defined on L (R). So,
ker((L,))] =10}, here ((L,)] is conjugate operator of (L,). Hence, we get that kerL, = {0},
A> 2 =max(4,,4,) due to ((Ll)) is an extension of the operator L,. So, L, is bounded

invertible operator in the space Lp, (R) Actually, we obtain that

(Lz)il: Ma(i)G_l(ﬂ)’ ZZZ:maX(/lo,/L_) (1)
Suppose that the equation (1) has a solution, and solution is y . Here 4> 1 = max(4,,4,)

. We should prove the estimate (2) by applying (7), Lemma 1 and all conditions of the Theorem.
We obtain that

@+ 2+irL, )‘lHLﬁLP =@+ 2+irM,(2)67(2)

L,—L,

n+l
< csup [b3(7)b;? (x)exp[- ofx 7o, (x)|ix <
ner pa

n+l

<csupb, () jexp[— olx — b, (x)dx < co.
n-1

neR

by combining the last two estimates we get (2). The Theorem is completely proved.

Due to this and (1) we make a conclusion that

< cﬂ| f ||p + ||y||p) Eventually,
p
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For a measurable function ¢:(0,) — (0,00) the generalized fractional maximal
operator M, is defined by

(M, )0 =supg(t) [|F(y)ldy.

B(x,t)

where B(x,t) is the ball in R" of radius r centered at x e R".
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Definition 1. Let ¢(X,r) be a positive measurable function on R" x(0,%) and
1< p,8 < oo. We denote by GM,,,, = GM,, ,(R") the global Morrey type spaces, the space
of all functions f € L';’C(R”) with finite norm

[T, = JoODHBOD ], aery

L&(0,) ’

where |B(x,r)| is the volume of B(x,T).
Theorem 1. Let 1< p<oand (¢, ¢,) satisfy the condition

n n

supt Pess |nf gol(x S)s” <Cg,(x,r),

r<t<oo

where C does not depend on xand r. Then the operator M is bounded from GM
GM

P@%
P.0.p, "

Theorem 2. Let 1< p < <o,¢(t) be almost decreasing function and let ¢(t)t"
satisfies the condition: there exists constants C, >0 and 0 < 2k, <k, <o such that

sup ¢(s) <C, sup ¢(t),r >0,

r<s<2r ky<t<k,r

and the inequality

Kor

I¢(s)s " ds < Cg(n)r",

where C does not depend on r > 0.
Let p(x,t) satisfy the condition supt™ ess |nf (p(x s)s" < Cep(x,r) and

r<t<oo

P

#(r)r"o(x,r) +sup ()t p(x,t) < Co(x,r)*,

t>r

where C does not depend on X € R" and r > 0. Then the operator M, is bounded from
LMp,, O LM .
a0.0.0%

Proof. Let X, eR"1<p<qg<ow,felM , and f eM,, . Write f =1 +f,,

P,t9,(/7E
where B=B(x,r), f, =f, g and f, =f, ;. Thenwe have M, f (x) < M,f,(x) + M, f,(X).
For M, f,(y),y € B(x,r), following Hedberg’s trick we obtain

M, f1(¥) = sup4() [ [f@z<cswp | ¢(|y |)|f(z)|dz

B(y,1)B(x,2r) 0 B(y.t)nB(x,2r)

0 0 2k ko1
~ sup Ay - |)|f(z)|dz<Csupz j #() Las j |f (2)|dz ~
t>0 K=o B(y.)~(B(x,2* ' r)\B(x,2"1)) |y | >0 - —o0 kg r B(y.t)nB(x,2r)
0 2 kor
= (M)(Ysup 3 | g(s)ds = (MF)(x) j #(s)ds < CMIF (X)g(s)s"
’*@Zkkr
Mf (x)—sup .|.| (y)|dy from Hardy-Littlewood operator.

| ( t)| B(x,t)
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For M¢f2(y),y e B(x,r) we have
f,(y) <Csupg(t) | |f(z)ldz< Csup| ) AL

t=2r B(x.0)

Then for all y € B(x,r) we get

M, f (y) < Ca(t)t" Mf (x)+sup\| ”L(B O < CO)t" M (x)+‘|f”¢'¢% Stu!a(p(x,t)¢(t)t”.

Then we obtain

M f(y)<Cm|n{go(x )9 Mf (x), p(x,t)° ||f|| }<Csupm|n{sq MF (x), s“||f|| }:

- (MEO) e

p.oP

where we have used that the supremum is achieved when the minimum parts are
balanced. Hence for all y € B(x,r),we have

LR
M, f(y) < C(Mf ()| f] 1
Consequently the statement of the theorem follows in view of the boundedness of the
maximal operator M in LM, provided by Theorem in virtue of condition.

HM"f“GM . _XSRH&ogD(X Y Qt qHM f“tqw(xt» clf ”GM = Slepogo(x ! qt q"Mf”
q.0.09 p.0.0

L (B(><t)))q N Hf ” q Mp,8,p°

P

U

GMpH;op’

1P
= |f].2 ( sup (o(X t)
pf/wp
ifl<p<g<oo,
In the case @(t)t =t we get the Adams type result on generalized Morrey spaces.
Similar statements for the classical fractional-maximal operator were obtained in

[1-13}
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