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𝜑(𝑅𝑒𝑖) = 𝑔2 +∑(−𝛼𝑖𝑗 + 𝛽𝑖𝑗)𝑅𝑒𝑗

𝑛

𝑗=1

 

for all 1 ≤ 𝑖 ≤ 𝑛, where the determinants of matrices  (𝛼𝑖𝑗) and (−𝛼𝑖𝑗 + 𝛽𝑖𝑗) are not zero, 𝑓2, 𝑔2 

are any homogeneous elements of degree 2 of the algebra 𝑈(𝐴). 
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Let 1 < 𝑝, 𝑠, 𝑞 < +∞; let 𝑢 = {𝑢𝑛}, 𝑣 = {𝑣𝑛}, 𝑤 = {𝑤𝑛}, 𝑛 ∈ 𝑁 be positive sequences of 

real numbers. Let 𝑓 = {𝑓𝑛}𝑛=1
∞ , 𝑔 = {𝑔𝑛}𝑛=1

∞  be arbitrary sequences of nonnegative numbers. In 

this work we study the characterization problem for the bilinear discrete Hardy type operators of 

the following form 

(∑𝑢𝑛
𝑞

∞

𝑛=1

(∑𝑎𝑖𝑛𝑓𝑖

∞

𝑖=𝑛

)

𝑞

(∑𝑔𝑖

∞

𝑖=𝑛

)

𝑞

)

1
𝑞

≤ 𝐶 (∑|𝑣𝑖𝑓𝑖|
𝑝

∞

𝑖=1

)

1
𝑝

(∑|𝑤𝑖𝑔𝑖|
𝑠

∞

𝑖=1

)

1
𝑠

,                              (1) 

where 𝐶 is the best constant in (1) and does not depend on 𝑓 and 𝑔; (𝑎𝑖𝑗) is non-negative matrix 

with elements 𝑎𝑖𝑗 ≥ 0, when 𝑖 ≥ 𝑗 ≥ 1, 𝑎𝑖𝑗 = 0, when 𝑖 < 𝑗 and which satisfy the Oinraov’s 

condition: there exists 𝑑 ≥ 1 such that 

1

𝑑
(𝑎𝑖𝑘 + 𝑎𝑘𝑗) ≤ 𝑎𝑖𝑗 ≤ 𝑑(𝑎𝑖𝑘 + 𝑎𝑘𝑗), ∀𝑖 ≥ 𝑘 ≥ 𝑗 ≥ 1                                                 (2) 
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When 𝑎𝑖𝑗 = 1, 𝑖 ≥ 𝑗 ≥ 1 the inequality (1) was investigated in [1], [2] for various 

combinations of the parameters 𝑝, 𝑠 and 𝑞.  

Our main result reads as follows: 

Theorem 1. Let 1 < 𝑝, 𝑠 ≤ 𝑞 < +∞ and the elements of matrix (𝑎𝑖𝑗) satisfy condition (2). 

Then the inequality (1) holds if and only if 𝐴 = 𝑚𝑎𝑥{𝐴1, 𝐴2} < ∞, where  

                          𝐴1

= sup
𝑚≥1

(∑𝑢𝑖
𝑞

𝑚

𝑖=1

)

1
𝑞
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∞
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−𝑝′)

1
𝑝′

(∑𝑤𝑖
−𝑠′

∞

𝑖=𝑚

)

1
𝑠′

,                                                  (3) 

                        𝐴2

= sup
𝑚≥1

(∑𝑎𝑚𝑖
𝑞 𝑢𝑖

𝑞

𝑚

𝑖=1

)

1
𝑞

(∑ 𝑣𝑗
−𝑝′

∞
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∞
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                                                     (4) 

Moreover, where 𝐴 ≈ 𝐶(A is approximately equal to C) is best constant in (1).  
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We consider the following third-order difference equation 

 

𝑙𝑦 = −∆(3)𝑦𝑖 + 𝑎𝑖∆𝑦𝑖 = 𝑎𝑖
𝛼𝑓𝑖 ,       𝑓𝑖 ∈ 𝑙𝑝,   𝑖 ∈ 𝑍 = {0,±1,±2,±3, … },  (1) 

 

where 

𝑦 = {𝑦𝑖}𝑖=−∞
+∞ ,   

 

 ∆−𝑦 = {∆−𝑦}𝑖=−∞
+∞ = {𝑦𝑖 − 𝑦𝑖−1}𝑖=−∞

+∞ ,   
 

 ∆+𝑦 = {∆+𝑦}𝑖=−∞
+∞ = {𝑦𝑖+1 − 𝑦𝑖}𝑖=−∞

+∞ , 
 

∆(3)𝑦𝑖 = ∆(∆
(2)𝑦𝑖) = ∆{𝑦𝑖+1 − 2𝑦𝑖 + 𝑦𝑖−1}𝑖=−∞

+∞ = {𝑦𝑖+1 − 3𝑦𝑖 + 3𝑦𝑖−1 − 𝑦𝑖−2}𝑖=−∞
+∞ , 

 

and 0,10   
i

a . 

 In this work we will set that equation has unique solution and for it the estimate 
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