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Let 𝐾 be an arbitrary field. An algebra 𝐴 over 𝐾 is called 𝑑𝑢𝑎𝑙 𝐿𝑒𝑖𝑏𝑛𝑖𝑧 𝑎𝑙𝑔𝑒𝑏𝑟𝑎 if it 

satisfies the identity 

(𝑥𝑦)𝑧 = 𝑥(𝑦𝑧) + 𝑥(𝑧𝑦).                                                     (1) 

 In [1] J.-L. Loday proved that any dual Leibniz algebra with respect to multiplication 

𝑥 ∘ 𝑦 = 𝑥𝑦 + 𝑦𝑥  

 is an associative commutative algebra. A linear basis of free dual Leibniz  algebras is also given 

in [1].  

 Let 𝐴 be an arbitrary dual Leibniz algebra over 𝐾. Let  

𝐿𝐴 = {𝐿𝑥|𝑥 ∈ 𝐴} 

and  

𝑅𝐴 = {𝑅𝑥|𝑥 ∈ 𝐴}  

be two isomorphic copies of the vector space 𝐴 with the fixed isomorphisms 𝐴 → 𝐿𝐴(𝑥 ⟼ 𝐿𝑥) 
and 𝐴 → 𝑅𝐴(𝑥 ⟼ 𝑅𝑥). The universal (multiplicative) enveloping  algebra 𝑈(𝐴) is an associative 

algebra with the identity 1 generated by the two vector spaces 𝐿𝐴 and 𝑅𝐴 satisfying the defining 

relations 

                                                                𝑅𝑥𝑅𝑦 = 𝑅𝑥𝑦+𝑦𝑥,                                                                   

(2) 

                                         𝑅𝑥𝐿𝑦 = 𝐿𝑦𝑅𝑥 + 𝐿𝑥,                                                             (3) 

𝐿𝑥𝑦 = 𝐿𝑥𝐿𝑦 + 𝐿𝑥𝑅𝑦,                                                            (4) 

for all 𝑥, 𝑦 ∈ 𝐴. Recall that every dual Leibniz 𝐴-bimodule 𝑀 can be regarded as a left 

𝑈(𝐴) −module with respect to the action 

𝐿𝑎𝑚 = 𝑎𝑚,𝑅𝑎𝑚 = 𝑚𝑎, 𝑎 ∈ 𝐴,𝑚 ∈ 𝑀   
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Conversely, every left 𝑈(𝐴)-module can be considered as a dual Leibniz 𝐴-bimodule [4]. 

Given definition of the universal enveloping algebra is good for algebras without identity 

element.  If the identity element 1 is fixed in the signature then we have to add the relations 𝐿1 =
𝑅1 = 𝐼𝑑 = 1 and consider only unital modules. It is easy to see that the dual Leibniz algebra is 

an algebra without identity element. 

Theorem 1.  Let 𝐴 be a dual Leibniz algebra over 𝐾 and let   

𝑒1, 𝑒2, … , 𝑒𝑚, …                                                              (5) 

be a linear basis of 𝐴. Then the set of all associative words of the form  

1, 𝐿𝑒𝑖 , 𝑅𝑒𝑗 , 𝐿𝑒𝑖𝑅𝑒𝑗                                                           (6) 

where 𝑖, 𝑗 ≥ 1 is a linear basis for 𝑈(𝐴).  

Let 𝐴 a finite dual Leibniz algebra over a field K with zero multiplication. Let 

𝑒1, 𝑒2, … , 𝑒𝑛 linear basis of algebra 𝑈(𝐴). By Theorem 1, the basis of universal multiplicative 

enveloping algebras consists of words of the form 

1, 𝐿𝑒𝑖 , 𝑅𝑒𝑗 , 𝐿𝑒𝑖𝑅𝑒𝑗 , 𝑖, 𝑗 ≥ 1 

It follows from 𝑒𝑖𝑒𝑗 = 0 for all 𝑖, 𝑗 ≥ 1, that the defining relations of the algebra 𝑈(𝐴) have the 

form 

𝑅𝑒𝑖𝑅𝑒𝑗 = 𝑅𝑒𝑖𝐿𝑒𝑗 = 0                                                           (7) 

𝐿𝑒𝑖𝐿𝑒𝑗 = −𝐿𝑒𝑖𝑅𝑒𝑗                                                             (8) 

Lemma 1. Let 𝑢, 𝑣 be basis words of 𝑈(𝐴). If 𝑑𝑒𝑔𝑢 ≥ 2 or 𝑑𝑒𝑔𝑣 ≥ 2, then 𝑢𝑣 = 0.  

Theorem 2. Let 𝐴 be the finite dimensional dual Leibniz algebra with zero multiplication over 

arbitrary field 𝐾.  𝜑 is  affine automorphism of universal multiplicative enveloping algebra  

𝑈(𝐴) of 𝐴, then 

𝜑(𝐿𝑒𝑖) =∑𝛼𝑖𝑗𝐿𝑒𝑖 +∑𝛽𝑖𝑗𝑅𝑒𝑗

𝑛

𝑗=1

𝑛

𝑗=1

, 

𝜑(𝑅𝑒𝑖) =∑(−𝛼𝑖𝑗 + 𝛽𝑖𝑗)𝑅𝑒𝑗

𝑛

𝑗=1

, 

for all 1 ≤ 𝑖 ≤ 𝑛, where the determinants of matrices  (𝛼𝑖𝑗) and (−𝛼𝑖𝑗 + 𝛽𝑖𝑗) are not zero. 

We describe the automorphisms of the universal multiplicative enveloping algebras of  

finite dimensional dual Leibniz algebras with zero multiplication over arbitrary field 𝐾.  

Theorem 3. Let 𝐴 be the finite dimensional dual Leibniz algebra with zero multiplication over 

arbitrary field 𝐾. 𝜑 is the automorphisms of the universal multiplicative enveloping algebra 

𝑈(𝐴) of 𝐴.  

𝜑(𝐿𝑒𝑖) = 𝑓2 +∑𝛼𝑖𝑗𝐿𝑒𝑗 +∑𝛽𝑖𝑗𝑅𝑒𝑗

𝑛

𝑗=1

𝑛

𝑗=1
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𝜑(𝑅𝑒𝑖) = 𝑔2 +∑(−𝛼𝑖𝑗 + 𝛽𝑖𝑗)𝑅𝑒𝑗

𝑛

𝑗=1

 

for all 1 ≤ 𝑖 ≤ 𝑛, where the determinants of matrices  (𝛼𝑖𝑗) and (−𝛼𝑖𝑗 + 𝛽𝑖𝑗) are not zero, 𝑓2, 𝑔2 

are any homogeneous elements of degree 2 of the algebra 𝑈(𝐴). 
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Let 1 < 𝑝, 𝑠, 𝑞 < +∞; let 𝑢 = {𝑢𝑛}, 𝑣 = {𝑣𝑛}, 𝑤 = {𝑤𝑛}, 𝑛 ∈ 𝑁 be positive sequences of 

real numbers. Let 𝑓 = {𝑓𝑛}𝑛=1
∞ , 𝑔 = {𝑔𝑛}𝑛=1

∞  be arbitrary sequences of nonnegative numbers. In 

this work we study the characterization problem for the bilinear discrete Hardy type operators of 

the following form 

(∑𝑢𝑛
𝑞

∞

𝑛=1

(∑𝑎𝑖𝑛𝑓𝑖

∞

𝑖=𝑛

)

𝑞

(∑𝑔𝑖

∞

𝑖=𝑛

)

𝑞

)

1
𝑞

≤ 𝐶 (∑|𝑣𝑖𝑓𝑖|
𝑝

∞

𝑖=1

)

1
𝑝

(∑|𝑤𝑖𝑔𝑖|
𝑠

∞

𝑖=1

)

1
𝑠

,                              (1) 

where 𝐶 is the best constant in (1) and does not depend on 𝑓 and 𝑔; (𝑎𝑖𝑗) is non-negative matrix 

with elements 𝑎𝑖𝑗 ≥ 0, when 𝑖 ≥ 𝑗 ≥ 1, 𝑎𝑖𝑗 = 0, when 𝑖 < 𝑗 and which satisfy the Oinraov’s 

condition: there exists 𝑑 ≥ 1 such that 

1

𝑑
(𝑎𝑖𝑘 + 𝑎𝑘𝑗) ≤ 𝑎𝑖𝑗 ≤ 𝑑(𝑎𝑖𝑘 + 𝑎𝑘𝑗), ∀𝑖 ≥ 𝑘 ≥ 𝑗 ≥ 1                                                 (2) 
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