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difference of the fractional order «,« >0, of the function f e Lp at a point X with step h.

We have obtained an Ulyanov-type inequality for moduli of smoothness of fractional
order with MVBVS sequences.

Theorem 1. Let fe| ,1<p<g<w,0=Yp-1q, p>0and 2=1{2,}, € MVBVS.

Then for any « >0,
g
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First we recall some elements of g-calculus, for more information see e.g. the books [1]
and [2]. Throughout this paper, we assumethat 0 <g < land0 < a < b < oo,

Let @ € R. Then a g-real number [a], is defined by
[a] . L= j.-_fI ﬂ"

1_

where lim
g—=1 1—q
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We introduce for k € M:

(a:9)o =1, (a:9),, =[li=p (L —q*a), (g;0), = lim (a,q), and (a;q), = ﬁ
The g-analogue of the power function (a — b)y is defined by

0

(39)c0

—b)E:=a" —Lp——
(a—b)g:i=a €T,

Notice that (@ — b)§ = a®(534). .
The g-analogue of the binomial coefficients [1z] ! are defined by
1 if n=20,

[”]q!:z {[j’_]q W [2]EI W X [n]q, if nEN,

The gamma function I, (x) is defined by

T - ‘T‘T:'nc 1—1}
L ()= 5= (1 - g)

for any x = 0. Moreover, it yields that
Ty (x)[x], = Ty(x +1).

Definitionl. The Riemann- LIOUVI||e q- fractlonal integrals I3, f of order & > 0 are
defined by

(5ae )Y = g Jo (= g (D)t

Definition 2. The Riemann-Liouville fractional g-derivative D .. f of order & = 0 is
defined by
@ 2] [a]-e
[Dq,ﬁ+f)(x):_ (Dq R+I|!_'|‘ﬂ+ f) [ ]

The g-analogue differential operator D f (x) is

Flxi—figx)
Dof(x):= =1

and the g-derivatives D (f(x)) of higher order are defined inductively as follows:
Dq(f(ﬂ)-— f(x),  DF(f(x)):=Dg(DF*f (x)).(n =123, ..)

Our main result:

Theorem 3. Assume that the following conditions holds true.

C1. Assume that f(t,u(t)). In addition, assume that be increasing function respect to the
second variable, means where [0, 1] X [—7, ).

C2.Let0 < A < 1bheaconstantand 0 < y < 7, then there exist ¢(1) > A such that

ft,2x + (A= 1y) 2 eDf (¢ x).

C3. Last condition is positivity of f(t,0), means f(¢t,0) > 0, specifically f(¢t,0) # 0
for all possible 0 < t < 1.

Then following g-fractional differential equation problem with given initial values has a
unique solution. In addition, following sequence shows successive approximation approach for

the solution.

El

(Dgu)(t) + f(t,u(t)) =b t €(0,0), o <(23)
u(0) = (D,u)(0) = 0 (D,u)(1) = B(DU)(E) ’
v, (t) = JG(t )T (Vo2 (DS + 2)( j (6= a8)f (5, Vs (8))dgs—r(t) -
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Let K be an arbitrary field. An algebra A over K is called dual Leibniz algebra if it
satisfies the identity

(xy)z = x(yz) + x(zy). 1)
In [1] J.-L. Loday proved that any dual Leibniz algebra with respect to multiplication
Xoy=xy+yx

IS an associative commutative algebra. A linear basis of free dual Leibniz algebras is also given
in [1].

Let A be an arbitrary dual Leibniz algebra over K. Let
Ly = {Ly|x € A)
and
Ry = {Ry|x € A}

be two isomorphic copies of the vector space A with the fixed isomorphisms A = L,(x +— L)
and A - R,(x — R,). The universal (multiplicative) enveloping algebra U(A) is an associative
algebra with the identity 1 generated by the two vector spaces L, and R, satisfying the defining
relations

Rny = ny+yxa

(2)
RyL, =L,R, +L,, ®3)
Lyy = LyLy, + LRy, (4)

for all x,y € A. Recall that every dual Leibniz A-bimodule M can be regarded as a left
U(A) —module with respect to the action

Lom=am Rym=ma,a€ AmeM
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