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0.2 1.36548 1.3224
0.3 1.15822 1.11492
0.4 1.01399 0.979936
0.5 0.926819 0.9089488
0.6 0.891791 0.895159
0.7 0.904895 0.9331272
0.8 0.962845 1.0185
0.9 1.06295 1.1478
1.0 1.203 1.31824
a) 1-MbIcain b) 2-mbIcan

1-cypert. Exi MbICaJIIBIH JKaJIIIBI )KOHE KYBIK IIEIIIMISPiHIH TpaduKaIbIK KOPiHiC.

Kopeiteiaapuiaii kene, nud@epeHnranaplK TeHASYIepAiH CaHABIK MICIIIMIHIH JJIITH
OakplIay KoHE KaTeHi Oakpliay MaHbI3Abl. byFaH Homipek caHIbIK 9MICTEpl KOJJaHY, YaKbIT
KaJIaMbIH a3aliTy HeMece OacTaIlKbl )KaFaaiiiap bl )KaKcapTy apKbUIbI KOJ KETKi3yre 00Jabl.

[lexteynepre kapamactas, quddepeHIHaANAbBIK TeHACYIePAIH CaHBIK IIENTiMi FHUIBIMU
JKOHE MHXKEHEPIIK KOChIMINaiapJa MaHbI3Ibl Kypall OOJbIll Kaja Oepelli oHe aHaTHUTHKAIBIK
YKOJIMEH ILIENIUIMENTIH KypJIeni XKyienepii MoIeibAeyTe KoHe TajljayFa MyMKIHIIK Oepel.
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Let L, =L,(R") be the set of all Lebesgue measurable functions f:R" —C; Ilo =L,(R")
is the set of functions f e L, for which the non-increasing rearrangement of the f” is not
identical to infinity. Non-increasing rearrangement f~ defined by the equality:

f7(t)=inf {ye[0,0): 4, (y) <t}, teR, =(0,),
where
A () =, {xeR | £ ()| >y}, ye[0,)

is the Lebesgue distribution function [1].
The function ™ :(0,00) — [0, 0] is defined as

t
f”(t):%!; f'(r)dr; teR,

We define the following class of function.
Definition 1. Let R € (0,] . A function @:(0,R) — R, belongs to the class B, (R) if the

following conditions hold:
(1) @ decreases and is continuous on (0, R);

(2) There exists a constant C € R, such that
jcp(p)p”-ldp <CO(Nr", re(0,R).
0
For example,
®(p) = p* € B,(R), O<a<n); ®(p)= 1n§ € B,(R), ReR..
For @ € B, (R) the following estimate also holds:
j D(p)p"dp=nO(r)r", re(O,R).
0
Therefore
[@(p)p" dp=d(n)r", re(O,R).
0

P(p)EB,(R)={0<D!; d(r)r* 1T, r € (0,R)}.

Definition 2. Let ®:R, — R, , E is rearrangement invariant space. The generalized
fractional-maximal function M, f is defined for the function f € E(R")nL*(R") by the
equality

1263



(M, F)() =supa@(r) [ f(y)dy,

r>0 B(x.r)

where B(X,r) is a ball with the center at the point X and radius r. That is, consider the

0
operator M, : L*(R") — L,(R").
In the case ®(r)=r"", a €(0,n) we obtain the classical fractional-maximal function
M, f [3]:

(M, ) =sup— [ [F(y)]dy

B(x,r)

We denote by M =M (R") the set of the functions U, for which there is a function
f e E(R") such that

u(x) =My )3,

Ju

we =Inf {”f”E: f eE(R"), M, f =u}.

Theorem 1. Let @ € B, (o). Then there exist a positive constant C depending from n such
that

(M, ) (t) <C sup s®(s"") f 7 (s), te(0,)

t<s<oo

for every f e L™(R"). This inequality is sharp in the sense that for every ¢ e L (0,00;4) there
exists a function f €L (R") suchthat f" =¢ a.e. on (0,00) and

(M, )" (t) > C sup s@(s") f 7 (s), te(0,0).

t<s<oo

Theorem 2. Let @ € B, (o0) . Then there exist a positive constant C depending from n such
that

(M, f)7(t) <C sup sd(s"") f 7(s), te(0,)

t<s<oo

forevery f el (R").

Definition 3. Define I = K(T) for T € (0,] as a set of cones considering from
measurable non-negative functions on (0, T), equipped with positive homogeneous functionals
Prm(T): K(T) — [0, ) with properties:

(1) h € K(T), @ = 0 = ah € K(T), pxr)(ah) = apgq)(h);

(2) p(ry(h) = 0 = h = 0 almost everywhere on (0, T).

Definition 4 [4]. Let K(T), M(T) € 3¢. The cone K(T) covers the cone M(T) (notation:
M(T) < K(T)) if there exist C, = Co(T) € R,, and C; = C;(T) € [0, ) with C;(o) = 0 such
that for each h, € M(T) there is h, € K(T) satisfying
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pra)(h2) < Copmy(he), hy(t) < hy(t) + Cipmry(hy), t € (0,T)
The equivalence of the cones means mutual covering:
M(T) = K(T) & M(T) < K(T) < M(T)

Let E is rearrangement-invariant space (briefly: RIS). We consider the following four cones
of decreasing rearrangements of generalized fractional maximal functions equipped with
homogeneous functionals, respectively:

K, =KMEP:={heL*(R)):h(t) =u*(t), teR,, ueM?}
pre, () = inf {llullyg:w € MP; w'(®) = h(0), tER,]

K, = KMP:={h € L*(R,):h(t) = u™(t), tER,, u€ M}
pic, () = inf {llullyyg:w € MP; w”*(®) = h(0), tER,]

This means that the cones K; and K, consist of non-increasing rearrangements of
generalized fractional maximal functions. Consider the following cone of non-increasing
rearrangements equipped with a homogeneous functional

K; = K;MP = {h € L*(R,):h(t) = sup @@ ™ u**(r), tER,, u€ M,}b}

t<t<oo

piy () = inf {I[ullsqamy u € EQRM:R(D = sup tdE/Mur (@), t € R,]

t<t<oo

Theorem 3. Let ® e B (R). Then

Banach function space (BFS) X = X(,0), generated by a rearrangement-invariant
functional norm p, is called a rearrangement -invariant space.
Denote by X(R,) the representation of Luxembourg If lxwry = 1f 1l 2R,y

Theorem 4. Let ®eB (w). The embedding M7 (R™) - X(R™) is equivalents to
embedding KM7 (R,) » X(R,).
Similar questions for the space of generalized Riesz potentials are considered in [2] and [3].
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Let L, =L,[0,27] (L<p<w) be aspace of 27 periodic measurable functions, for
which |f|”is integrable, and L, =C[0,27] is a space of 27 periodic continuous functions with

|£]. =max{f(x),0<x< 2z}
Let the function f < L, have the following Fourier series

f(x)=o(f)= ao(f)+Z(av(f)COSVX+bV(f)SinW() (1)
The transformed Fourier series of (1) is given by

U(f”I’ﬂ)::iﬁv(av(f)co{"’“f%)Jfbv(f)Sin(wwﬂ—zﬂjj,

v=l

where feRand A= {ﬂn} is a sequence of positive numbers.
The function whose series coincides with o(f, 4, 8) we will call (4, 4) derivative of
the function f and denote it by f“# If A =n",r>0,f=r, then ) =f{) fractional

derivatives in the sense of Weyl and for A, =n",r>0,8=r+1, f*A)=f0 where f is
conjugate function f .

The main task is to find estimates for the modulus of smoothness of a function with a
transformed Fourier series in terms of the moduli of smoothness of the original function for
different parameters 1< p < q <o, for the average value of a bounded variational sequence.

Definition 1. A sequence A:={4,}" belongs to the MVBVS class (mean value of a
bounded variational sequence) if there exists « > 2 and the following condition is satisfied

p
1
inl i — Agsal S C (;Ziiguﬂp) ,
n

for all integers n, where the constant C does not depend on n.
Let o, (f ,§)p be the moduli of smoothness of the natural order k < N of the function , i.e.,
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