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For a quantum nanostructure the weak-localization corrections to the random-matrix theory are determined for the level-
number variance as a function of the mean number of levels in a given energy interval. In a mesoscopic conductor the results
show that a crossover between the Dyson theory (ergodic rigime) and the Altshuler-Skhlovskii law (diffusive regime) is governed
by a single variable. We compare our numerical results with those obtained by the perturbation theory and the random-matrix
theory. Using the finite-size scaling analysis for the level variance number the critical exponent is extracted.

Introduction

It is of great interest to investigate the number variance 〈δN2〉 of electron energy levels for
quantum finite three-dimensional quantum systems in the metallic regime and in the insulating
regime separately. The problem of fluctuations of the density of states and of the number of
levels in an energy interval of certain width for disordered metals has been solved by Altshuler
and Shklovskii [1]. Using the impurity diagram technique they have shown that the correlations in
mesoscopic spectra are described in terms of the diffuson propagator Π(q) = (πνV )−1(~Dq2−ßω)−1.
These calculations result in the following expression for the variance of the number of states in the
interval of width E

〈δN2(E)〉 =
1
π2

∑
q

ln

[
1 +

(
E

~Dq2 + η

)2
]
, (1)

where η(= −ßω) is the level width due to the escape of an electron from an open sample, and
q = (qx, qy, qz) is the the quasi-momentum of an electron. The term with q = 0 in the sum of Eq. (1)
leads to an expression similar to the Dyson formula but containing E/η instead of 〈N(E)〉. On the
other hand, for a metal connected to perfect leads, E ' η ∼ ET , the variance corresponds to the
universal conductance fluctuations 〈δg2〉 ' 〈δN(ET)〉 ∼ 1. It should be noted that the perturbation
theory yielding Eq. (1) is only applicable when η � ∆. The case of η � ∆ is beyond the perturbation
theory. Then the Dyson variance can be exactly derived using the 0D non-linear σ-model [2].

Since we are interested in deviations from the Wigner-Dyson statistics one can exclude the term
with q = 0 from the sum in Eq. (1) and study the case η = 0. For periodic boundary conditions
imposed on a cube of the size L (similar to the case of an open sample) the wave vector q has the
discrete values

qx =
2π
L
nx, qy =

2π
L
ny, qz =

2π
L
nz, (2)

where nx, ny and nz are integer numbers ranging from −L/2 to L/2. Therefore the deviation from
the Dyson variance 〈δN2〉D is given by

〈δN2〉 − 〈δN2〉D =
1
π2

∑
n6=0

ln

[
1 +

(
〈N(E)〉/Nc

n2
x + n2

y + n2
z

)2
]
, (3)

where the Thouless number

Nc :=
4π2~D
∆L2

, (4)

represents the typical number of the levels within the energy interval Ec = 4π2ET .
It follows from Eqs. (3) that in the metallic phase the conductance g ' Nc/4π2 can be estimated

from the dependence of 〈δN2〉 on 〈N〉. As the conductance increases, the difference 〈δN2〉− 〈δN2〉D
decreases due to increasing level repulsion.

If 1 � 〈N(E)〉 < Nc, Eq. (3) results in a small correction to the Wigner-Dyson formula which is
valid in the weak localization regime. In the limit 〈N(E)〉 � Nc the difference is given by the power
law

〈δN2〉 − 〈δN2〉D = C

(
〈N(E)〉
Nc

)2

, (5)
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where the coefficient C is the sum of a converging series. Generally, it depends on the boundary
conditions. For periodic boundary conditions, it can be calculated numerically

C ≡ 1
π2

∑
n6=0

1
(n2
x + n2

y + n2
z)2

≈ 1.667 (6)

For Dirichlet boundary conditions, i.e. for an isolated sample, the diffusion modes are quantized by
q = nπ/L with nx, ny, nz=0,1,2,... and a different value of the coefficient is obtained C ≈ 0.5202.
Similar estimates of C have been calculated in [3].

In the opposite limit, when 〈N(E)〉 � Nc, Eq. (3) gives a slower power law as compared to
Eq. (5) [1]

〈δN2〉 − 〈δN2〉D =
4
√

2
3

(
〈N(E)〉
Nc

)3/2

. (7)

In contrast to the weak localization correction, Eq. (7) is independent of the boundary conditions. In
this limit one can neglect the RMT contribution to the total variance, i. e. 〈δN2〉D . In the ballistic
regime, when E � ~/τsc, i. e. Nc � ~/τsc∆, the variance does not grow with the energy anymore,
〈δN2〉 ∼ (L/l)3. However, this situation can not be reached if the system is close to the border of
the critical regime on the metallic side of the MIT where the energy ~/τsc is of the order of the
maximal energy scale εF ≈ ~2/ma2.

Crossover from Wigner-Dyson to Altshuler-Shklovkii regime

Our goal is now to study numerically how the rigidity of the spectrum behaves in the vicinity
of metallic boundary of critical region of the MIT. It is clear that fluctuations of number of energy
levels in an interval of given width deviates from results obtained by the perturbation theory Eq.(1).
We calculated the dependence of the variance 〈δN2〉 on 〈N(E)〉 and study the deviation from the
Wigner-Dyson statistics. Figure 1 and 2 show the results.

Level-number variance 〈δN2(E)〉 as a function of the average 〈N(E)〉 for linear sizes L = 20 at various disorder
W (orthogonal symmetry). Dotted straight line: Poisson law 〈δN2(E)〉 = 〈N〉. Solid and dashed lines: GOE and

GUE results, respectively. Dashed-dotted line: Altshuler-Shklovskii power law Eq (7). Thick straight line:
critical number variance 〈δN2(E)〉 = κ〈N〉 with κ ≈ 0.27. For disorder W = 5 the unitary result with the

Aharonov-Bohm flux φ = 1/4 is shown for comparison.

Together with the orthogonal result at small disoreder W = 5 the unitary one is shown in Fig.1
for comparison. They almost coincide in the diffusive 〈N〉 � Nc and quantum 〈N〉 � 1 limits, while
in the ergodic regime 1 � 〈N〉 � Nc a marked difference between them is observed, as expected.

Consequently, in the metallic regime with large, but finite conductance g one can study the
GOE-to-GUE crossover for the level number variance governed, for instance, by the change of the
strength of the applied Aharonov-Bohm flux [2, 4].
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The deviation of the level number variance from the Dyson result 〈δN2〉 − 〈δN2〉D as a function of the ratio
〈N(E)〉/Nc for different sizes L and disorder W = 5. Solid line: Eq. (3). Dashed and dotted lines are

asymptotics Eqs. (5) and (7), respectively.

For small disorder, the conductance of a cube of linear size L can be estimated analytically using
the Born approximation. In the Anderson model with the box distribution of the site energies {εn}
the scattering rate of the electrons is

1
τsc

' 2π
~
a3 ρ 〈ε2n〉 '

π

6 ~
a3 ρW 2, (8)

where ρ = (L3∆)−1 is the density of states and a the lattice constant.
In order to calculate the conductance gB in this approximation one needs the r.m.s. of the

Fermi velocity of electrons on the equi-potential energy surface E=const in a simple cubic lattice
(〈v2

F〉)1/2 = λ (aI/~). For the tight-binding model at E = 0 one gets λ ≈ 2.71 and ρ ≈ 0.148/Ia3.
Using Eq. (8) for determining the diffusion constant D = 〈v2

F〉τsc/3 one obtains [17]

gB = ~DρoL =
2λ2

π

L

a

(
I

W

)2

. (9)

From Eqs. (9,4) and assuming a = I = 1, one has in the Born approximation

Nc = Λ
L

W 2
, (10)

where Λ ≡ 8πλ2 ≈ 184. By substituting Eq. (10) into Eq. (5) we find that for N � Nc

(〈δN2〉 − 〈δN2〉D)1/2 = θ
〈N(E)〉W 2

L
, (11)

where θ ≈ 7.1 · 10−3. The Eq. (11) is convenient for the practical purpose, because it gives a direct
relation between the number variance and the initial starting parameters {L,W} of the system
needed for the diagonaliation of the Hamiltonian.

Scaling of the level statistics

In this section the scaling scenario of the number variance is studied by using the same numerical
procedure. It is clear that decreasing disorder suppresses the fluctuations δN , so that the variance
changes from 〈[δN ]2〉I to 〈[δN ]2〉M Exactly at the transition the variance behaves linearly with the
average level number, 〈δ2N〉c = κ〈N〉. as in the insulating regime. However the numerical factor κ
is less than unity.

We calculate the dependence of the ratio ’variance-over-mean’

F (〈N〉, L,W ) =
〈δ2N〉
〈N〉

:=
〈[δN(E)]2〉
〈N(E)〉

(12)

on the average number of levels within a given interval E for lattice sizes L = 12, 20 and 28 at
different disorder W varying from 12 to 20, as shown in Fig.3.
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The ’variance-over-mean’〈[δN(E)]2〉/〈N(E)〉/ as a function of 〈N〉 for various sizes L at disorder strengths W :
a)12 and 20; b)15 and 18; c)16 and 17 for lower and upper set, respectively. Critical variance at Wc = 16.5 is shown for

different L: a) 24 (+); b) 28 (×). Solid line corresponds to the Dyson law.

It is obvious that near the MIT this ratio exhibits critical behavior. In approaching the transition,
W = Wc, it becomes size–invariant (Fig. 3). Such a behavior is closely related to the universality
of the critical level spacing distribution. In addition, one can observe that at the crtitical value
of disorder the ration 〈[δN(E)]2〉/〈N(E)〉 decreases with the energy, when 〈N〉 ≡ E/∆ ∼ 1, and
then varies very weakly over two orders of magnitude of 〈N〉, tending to a constant value κ ≈
0.29. For the energy interval E > 200∆ the numerical errors becomes larger due to the finite
number of realizations. As mentioned above, the results are consistent with the suggestion about the
proportionality between the variance and the average level number [6], but deviate from the power
law [7].

Determining the function F (E,L,W ) at fixed energy E similarly to those of the level-spacing
distribution P (s). [8, 9] One finds that the curves corresponding to different L intersect in one
common point close to Wc = 16.5, as expected. Near the critical point, |W −Wc| < 1, the function
can be linearized

F (E,L,W ) = κ+AL1/ν (W −Wc). (13)

The factor A depends on the energy width E, in contrast to that for the scaling parameter α
characteristic of P (s) [9], whose critical behavior is not sensitive to the choice of the energy.

Assuming the validity of the one–parameter scaling law with the constant factor A for the given
energy E, we perform a rescaling with respect to the proper localization volumes. For that one should
take in account the typical volume per one electron state lying in the interval E, i.e. L3

o = L3 (∆/E),
instead of the total volume L3 of the system. After this substitution, the scaling function becomes
depending only on the single variable L0/ξ: i.e. F = f(L0/ξ), where ξ is the localization length.
Then from Eq. (13) we have

F − κ ∝
(
Lo
ξ

)1/ν

. (14)

Thus the dependence of the prefactor A on E is absorbed by the function Lo(E).
The function ξ(W ) is taken from the transfer-matrix calculations [10, 11]. One observes that

all data collapse into the common two–branch curve regardless to L, W , and chosen 〈N〉. This is
the typical critical behavior of the level statistics known from the finite-size analysis of the nearest-
neighbor level spacing distribution P (s) [9, 12, 13].

Indeed, the fluctuations δN in the interval E are mainly defined by the states confined within
the correlation volume ξ3, which are separated by the energy ∆ξ = ∆ (L/ξ)3. The number of those
states is Nξ = E/∆ξ. Therefore

F = κ+ pN
−1/3ν
ξ sign(W −Wc), (15)
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where p is the constant of the order of unity. Note that the power-law dependence reminiscent
of Eq. (refeq:varAKL with the exponent 1/3ν appeares in the subleading order to the linear term.
Obviously, the above rescaling procedure for the level number variance with respect to the correlation
volume is applicable on either side of the transition.

Discussions

We have calculated the dependence of the level number variance on its mean value in a given
energy interval in the metallic regime. The number variance undergoes a smooth crossover from the
Dyson expession for small energy to the of Altshuler and Shklovskii formula in the diffusive regime
for large energy, which is governed by the single parameter, namely the ratio 〈N〉/Nc. Interestingly, in
higher dimensions, d > 3, when the diffusive approximation breaks down, the number variance should
reveal a new behavioral regime governed by an additional microscopic scale (the mean free-path).
Thus, we show that the number variance experiences a smooth crossover from Dyson’s logarithmic
behavior to the Altshuler-Shklovskii power law, when the energy exceeds the Thouless energy.

The number variance has been exploited as a scaling variable in order to detect the critical
behavior at the disorder–induced metal–insulator transition. As a result, the value for the critical
exponent ν and the critical disorder Wc, which were obtained by numerically diagonalizing the
Anderson Hamiltonian for up to 283 lattice sizes, are consistent with those obtained earlier by using
completely different approaches [10].

Critical behavior of the spectral statistics entirely characterizes the Anderson transition where
the localization length diverges with the power equal to the critical exponent. By assuming the
validity of the single parameter scaling we have found that for 3D systems with the orthogonal
symmetry the value of the critical exponent extracted from the finite-size scaling procedure of the
level number variance is close to νCOE = 1.45 ± 0.1. Slightly different number νCOE = 1.34 ± 0.1
has been reported in other works [8, 13]. For the transition with broken T-invariance the value of
the critical exponent is somewhat lower [8] νCUE = 1.35± 0.03, than that for the COE. Finally, for
systems with broken spin-rotational symmetry even lower number νCSE ≈ 1.3 has been obtained [14].
In general, the tendency towards the smaller exponent with decreasing degree of symmetry is in
agreement with the results found by completely different algorithms, e.g. by the transfer-matrix
method [11]. In 4D disordered systems the scaling analysis of P (s)-function [15] provides the critical
exponent ν4d

COE ≈ 1.1± 0.2 smaller compared to the lower dimensions, as expected from the scaling
theory of localization. Thus, the dimension-symmetry scenario of the critical exponent is intimately
related to the generic properties of the corresponding critical ensembles.

Using the scaling properties and independence of the spectral compressibility at different
energies in the spectrum one can construct the mobility edge trajectory of the Anderson transition,
the function Wc(Ec) The phase diagram of the transition resulting from the shape of the mobility
edge trajectory for the uniform diagonal distribution is in accordance with that calculated by
means of the transfer-matrix methods [10, 11]. Similar calculations using the scaling of the spacing
variance have previously been performed in order to determine the phase diagram for the Lorentzian
distribution.
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Жарекешев И.Х.
Теория хаотичеких матриц и скейлинг статистики уровней энергии
В квантовых наноструктурах изучаются слаболокализационные поправки к теории хаотичеких матриц для дисперсии

как функции среднего числа уровней в заданном интервале энергии. В мезоскопическом проводнике результаты показыва-
ют, что переход между теорией Дайсона (эргодический режим) и законом Альтшулера-Шкловского (диффузный режим)
управляется одним единственным параметром. Мы сравниваем численные результаты с результатами, полученными по
теории возмущений и хаотических матриц. Используя скейлинговый анализ конечного размера, в работе вычисляется
критический показатель.

Жарекешев И.Х.
Хаостық матрицалар теориясы және энергия деңгейлердiң статистикасының скейлингi
Квантық наноқұрылымдарда хаостық матрицалар теориясына, энергияның берiлген арақашықтығы деңгейлерiнiң

ортасандық функциясы ретiнде локализациялық өзгерiстер зерттелген. Мезоскопикалық өткiзгiштiқ нәтижелеры көр-
сеткендей, Дайсонның теориясынын (эргодикалық режим) мен Альтшулер-Шкловский заңына (диффуздық режим) бай-
ланысты бiр ғана параметрмен реттеледi. Бiз сандық нәтижелердi қалыпты бағыттан ауытқу және хаостық матрицалар
теориясы бойынша алынған нәтижелермен саластырдық. Жұмыста скейлингдi талдаудың соңғы өлшемдердi қолданып,
критикалық көрсеткiшi есептеп шығарылған.
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