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Abstract. We consider the real interpolation method and prove that for general local
Morrey-type spaces, in the case when they have the same integrability parameter,
the interpolation spaces are again general local Morrey-type spaces with appropriately
chosen parameters.

1 Introduction

Let 0 < p 6 ∞ and 0 6 λ 6 n
p
. The Morrey spaces Mλ

p were defined in [10] as the
spaces of all functions f ∈ Lloc

p (Rn) such that

‖f‖Mλ
p

= sup
x∈Rn

sup
r>0

r−λ‖f‖Lp(B(x,r)) <∞ ,

where B(x, r) is the open ball of radius r > 0 with center at point x ∈ Rn. If λ = 0,

then M0
p = Lp(Rn), while if λ = n

p
, then M

n
p

p = L∞(Rn). If λ < 0 or λ > n
p
, then

Mλ
p = Θ, where Θ is the set of all functions that are equivalent to zero on Rn.
The Morrey spaces and their generalizations have found wide applications in many

problems of real analysis and partial differential equations. The boundedness of classi-
cal operators of real analysis in the Morrey spaces and in general Morrey-type spaces
was studied by many authors. See survey papers [2, 3, 7, 8, 12, 14, 15, 11].

Interpolation of these spaces was considered in [16, 6, 11]. It follows by the results
of [11] that

(Mλ0
p ,Mλ1

p )θ,∞ ⊂Mλ
p ,

where λ = (1 − θ)λ0 + θλ1. See also [9], Theorem 3 (v). In [13, 1] it was established
that this inclusion is strict, which raised the problem of giving a complete description
of the interpolation spaces. This problem still remains open.

In [4] a similar problem was considered for a local variant of the Morrey spaces and
for their generalizations involving an additional parameter.
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The local Morrey-type spaces LMλ
p,q are defined for λ > 0, and 0 < p, q 6 ∞ as

the spaces of all functions f ∈ Lloc
p (Rn) such that

‖f‖LMλ
p,q

=

 ∞∫
0

(
r−λ‖f‖Lp(B(0,r))

)q dr
r

 1
q

<∞ ,

with the conventional modification for q = ∞.
Note that LMλ

p,q 6= Θ if and only if λ > 0 for q < ∞ and λ > 0 for q = ∞. If
q = ∞, then LM0

p,∞ = Lp(Rn). Moreover, for p = q, we have

LMλ
p,p = Lp,λ(Rn)

and
‖f‖LMλ

p,p
= (λp)−

1
p‖f‖Lp,λ(Rn),

where Lp,λ(Rn) is the weighted Lebesgue space of all functions f Lebesgue measurable
on Rn for which

‖f‖Lp,λ(Rn) = ‖f(y)|y|−λ‖Lp(Rn) <∞.

It appeared that for p0 = p1, in contrast to the scale of the Morrey spaces Mλ
p ,

the scale of the local Morrey-type spaces LMλ
p,q is closed under the procedure of

interpolation. Namely, the following statement was proved in [4].

Theorem 1.1. ([4]) Let 0 < p, q0, q1, q 6 ∞ and 0 < θ < 1. Suppose, in addi-
tion, that λ0 6= λ1 and 0 < λ0, λ1 <

n
p

if p < ∞ and at least one of the parameters
q0, q1 and q is finite, and 0 6 λ0, λ1 6 n

p
if q0 = q1 = q = ∞. Then(

LMλ0
p,q0
, LMλ1

p,q1

)
θ,q

= LMλ
p,q, (1.1)

where λ = (1− θ)λ0 + θλ1.

Remark 1. Note that in Theorem 1.1 there are additional assumptions on λ0

and λ1: 0 < λ0, λ1 <
n
p

if q < ∞ and 0 6 λ0, λ1 6 n
p

if q = ∞. They appeared

because in [4] in the proof of Theorem 1.1 the equality LMλ
p,q = L̃M

λ

p,q was used where

L̃M
λ

p,q is the space of all functions f ∈ Lloc
p (Rn) such that

‖f‖
L̃M

λ

p,q

=

 ∞∫
0

(
r−λ‖f‖L̃p(B(0,r))

)q dr

r

 1
q

<∞ ,

where

‖f‖L̃p(B(x,r)) = |B(x, r)|
1
p sup

ρ>r

(
1

|B(x, ρ)|

∫
B(x,ρ)

|f(y)|pdy
) 1

p

,

and |B(x, t)| is the Lebesgue measure of the ball B(x, t), and this equality holds only
under the additional assumptions on λ0 and λ1 mentioned above.

In present note we state a similar result for general local Morrey-type spaces
LMλ

p,q(G, µ).
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2 Main result

Let (Ω, µ) be a space with a positive σ-finite Borel measure µ. By G = {Gt}t>0 we
denote a parametric family of µ-measurable subsets of Ω, for which

Gt 6= Ω for some t > 0, Gt1 ⊂ Gt2 if 0 < t1 < t2 <∞ and
⋃
t>0

Gt = Ω. (2.1)

Definition 1. Let 0 < p, q 6 ∞ and 0 < λ < ∞ if q < ∞ and 0 6 λ < ∞ if q = ∞.
We define the space LMλ

p,q(G, µ) as the space of all functions f µ-measurable on Ω
such that for q <∞

‖f‖LMλ
p,q(G,µ) =

( ∞∫
0

(
t−λ‖f‖Lp(Gt,µ)

)q dt
t

)1/q

<∞,

and for q = ∞
‖f‖LMλ

p,∞(G,µ) = sup
t>0

t−λ‖f‖Lp(Gt,µ) <∞,

where

‖f‖Lp(Gt,µ) =

(∫
Gt

|f(x)|pdµ
) 1

p

,

with the conventional modification for p = ∞.

Remark 2. Let 0 < p, q 6 ∞ and a > 0. Let v be a function positive, lo-
cally absolutely continuous, strictly increasing on (a,∞) and such that v = 0 on (0, a],
lim

t→a+
v(t) = α, lim

t→+∞
v(t) = ∞. Moreover, let µ be the Lebesgue measure on Rn. If in

definition 1 we take λ = 1, Ω = Rn,

Gt =

{
∅, if 0 < t 6 a,

B(0, v(−1)(t)), if α < t <∞,

and
||f ||Lp(Gt) =

{
0, if 0 < t 6 a,

||f ||Lp(B(0,v(−1)(t))), if α < t <∞,

then

‖f‖LM1
p,q(G,µ) =

 ∞∫
a

(
t−1||f ||Lp(B(0,v(−1)(t)))

)q dt
t

1/q

=
(
v(−1)(t) = r

)

= ||f ||
LM

v(·)
pq
≡

 ∞∫
α

(
||f ||Lp(B(0,r))

v(r)

)q
dv(r)

v(r)

1/q

,

hence LM1
p,q(G, µ) = LM

v(·)
pq .

A similar argument shows that for any 0 < λ <∞

||f ||LMλ
p,q(G,µ) = λ−

1
q ||f ||

LM
vλ(·)
pq
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and LMλ
p,q(G, µ) = LM

vλ(·)
pq .

Note also that if

Gt(λ) =

{
∅, if 0 < t 6 a,

B(0, (v
1
λ )(−1)(t)), if α < t <∞,

then
||f ||

LM
1
λ

p,q(G(λ),µ)
= λ−

1
q ||f ||

LM
v(·)
pq

and LM
1
λ
p,q(G(λ), µ) = LM

v(·)
pq .

Remark 3. Let 0 < p, q 6 ∞, and let w be a positive measurable function on (0,∞)
such that ||w||Lq(t,∞) < ∞ for some t > 0. Set a = inf{t > 0 : ||w||Lq(t,∞) < ∞}, and
let in Remark 2

v(t) =

{
0, if 0 < t 6 a,

q−
1
q ||w||−1

Lq(t,∞), if a < t <∞,

and α = lim
t→a+

q−
1
q ||w||−1

Lq(t,∞). Clearly, if q <∞, then lim
t→+∞

v(t) = ∞. If q = ∞, then, in

order that this equality also hold, we shall assume, in addition, that lim
t→+∞

||w||L∞(t,∞) =

0. In this case
LM1

p,q(G, µ) = LMpq,w(·)

– the general local Morrey-type space, studied in a number of papers by V.I. Burenkov
and his coauthors 1. See survey papers [2, 3, 5]. Moreover,

||f ||LM1
p,q(G,µ) = ||f ||LMpq,w(·) ≡ ||w(r)||f ||Lp(B(0,r))||Lq(0,∞),

because v−q−1(r)v′(r) = wq(r) for almost all r > a.
A similar argument shows that for any 0 < λ <∞

||f ||LMλ
p,q(G,µ) = λ−

1
q ||f ||LM

pq,wλ(·)

and LMλ
p,q(G, µ) = LMpq,wλ(·) .

Theorem 2.1. Let 0 < p, q0, q1, q 6 ∞, 0 < λ0, λ1 < ∞, λ0 6= λ1, and
0 < θ < 1, Ω ⊂ Rn, and let µ be a σ-finite Borel measure on Ω and G = {Gt}t>0 be a
family of µ-measurable sets Gt, satisfying (2.1). Then

(LMλ0
p,q0

(G, µ), LMλ1
p,q1

(G, µ))θ,q = LMλ
p,q(G, µ),

where λ = (1 − θ)λ0 + θλ1. Moreover, there exist c1, c2 > 0, depending only on
p, q0, q1, q, λ0, λ1 and θ, such that

c1||f ||LMλ
p,q(G,µ) 6 ||f ||

(LM
λ0
p,q0

(G,µ),LM
λ1
p,q1

(G,µ))θ,q
6 c2||f ||LMλ

p,q(G,µ)

1 Usually this space is considered under slightly weaker assumptions on w, namely it is assumed
that w ∈ Ωq ⇔ w is non-negative measurable on (0,∞), not equivalent to 0 on (t,∞) for all t > 0 and
such that ||f ||Lq(t,∞) < ∞ for some t > 0. Recall that, given a function w non-negative measurable on
(0,∞) and not equivalent to 0 (t,∞) for all t > 0, the space LMpq,w(·) is non-trivial, i.e. consists not
only of functions equivalent to 0 if and only if w ∈ Ωq. (See [2] for details.) So, w ∈ Ωq is a minimal
natural assumption on w when studying the spaces LMpq,w(·).



50 V.I. Burenkov, D.K. Darbayeva, E.D. Nursultanov

for all f ∈ LMλ
p,q(G, µ).

Corollary 2.1. Equality (3.2) holds under the assumptions of Theorem 2.1 on
the parameters.

Corollary 2.2. Let 0 < p, q0, q1, q 6 ∞, 0 < λ0, λ1 < ∞, λ0 6= λ1, 0 < θ < 1, and
function v be as in Remark 2. Then(

LM vλ0 (·)
p,q0

, LM vλ1 (·)
p,q1

)
θ,q

= LM vλ(·)
p,q ,

where λ = (1− θ)λ0 + θλ1.

Remark 4. Note that the equality(
LMpq0,wλ0 (·), LMpq1,wλ1 (·)

)
θ,q

= LMpq,wλ(·), (2.2)

where λ = (1 − θ)λ0 + θλ1, may not hold even for the case of the power function
w(r) = r−s, s > 0. In this case equality (2.2) holds if λ is replaced by

ν = λ+
1

s

(
1

q
− 1− θ

q0
− θ

q1

)
,

hence equality (2.2) holds only if

1

q
=

1− θ

q0
+
θ

q1
. (2.3)

Indeed, by Corollary 2.1

(
LMpq0,(r−s)λ0 (·), LMpq1,(r−s)λ1 (·)

)
θ,q

=

(
LM

sλ0− 1
q0

p,q0 , LM
sλ1− 1

q1
p,q1

)
θ,q

= LM
νs− 1

q
p,q = LMpq,(r−s)ν .

However, equality (2.2) holds for one special choice of λ0 and λ1.

Corollary 2.3. Let 0 < p, q0, q1, q < ∞, q0 6= q1, 0 < θ < 1, equality (2.3)
be satisfied, and let w be a such positive measurable function on (0,∞), that
w ∈ L1(t,∞) for some t > 0. Then 2(

LM
p,q0,w

1
q0 (·)

, LM
p,q1,w

1
q1 (·)

)
θ,q

= LM
p,q,w

1
q (·)
.

Let M↑ be the cone of all functions ϕ non-negative and non-decreasing on (0,∞).
Moreover, for 0 < λ < ∞ if p < ∞, and for 0 6 λ < ∞ if p = ∞, let Φ↑

λ,p denote the
space of all functions ϕ ∈M↑ for which

2 In [17] this result is extended to all functions w ∈ Ω1.
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||ϕ||Φλ,p
=

 ∞∫
0

(
t−λ|ϕ(t)|

)p dt
t

 1
p

<∞

if p <∞, and
||ϕ||Φλ,∞ = ess sup x∈(0,∞)t

−λ|ϕ(t)| <∞

if p = ∞.
Let, for s > 0 and a function ϕ ∈M↑, the functions Asϕ and Bsϕ be defined by

Asϕ(t) =

{
ϕ(t), if 0 < t 6 s,
ϕ(s), if t > s,

and
Bsϕ(t) = ϕ(t)χ

(s,∞)
(t), t > 0,

where χ
(s,∞)

is the characteristic function of the interval (s,∞).
The proof of Theorem 2.1 is based on the following statement.

Theorem 2.2 Let 0 < p0, p1, q 6 ∞, 0 < θ < 1, 0 < λ0 < λ1, and λ = (1− θ)λ0 + θλ1.
Then there exist c1, c2 > 0 depending only on p0, p1, q, λ0, λ1, θ such that

c1 ||ϕ||Φλ,q
6
∥∥ inf

s>0

(
||Asϕ||Φλ0,p0

+ t||Bsϕ||Φλ1,p1

)∥∥
Φθ,q

6 c2 ||ϕ||Φλ,q

for all functions ϕ ∈ Φ↑
λ,p.

Detailed proofs of Theorems 2.1 and 2.2 and of more general statements of such
type are contained in [5].
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