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Abstract
The paper describes the closure of infinitely differentiable compactly supported functions in certain second-
order weighted Sobolev space depending on the degree of singularity of weight functions at zero and at 
infinity.
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Introduction

Let I = (0,∞) and 1 < p, q < ∞ . Let u, � , and r be a.e. positive functions such that u and � are locally integrable func-
tions and r is a continuously differentiable function on the interval I. Moreover, r−1 ∈ Lloc

1
(I) and �−p� ∈ Lloc

1
(I) , where 

p� =
p

p−1
.

We assume that D2
r
f (t) = d

dt
r(t)

df (t)

dt
 and D1

r
f (t) = r(t)

df (t)

dt
 . Let C∞

0
(I) be the set of infinitely differentiable compactly sup-

ported functions.
Let W2

p,�
(r, I) be a set of functions f ∶ I → ℝ , having generalized derivatives together with functions D1

r
f (t) on the interval 

I with the finite norm

where ∥ ⋅ ∥p is the standard norm of the space Lp(I).
By the conditions on the functions � and r, we have that C∞

0
(I) ⊂ W2

p,𝜐
(r, I) . Denote by W̊2

p,𝜐
(r, I) the closure of the set 

C∞
0
(I) with respect to the norm (1.1).

Depending on the degree of singularity of the functions �−1 and r−1 at zero and at infinity, the functions f ∈ W2
p,�
(r, I) have 

finite limits lim
t→0+

f (t) = f (0) , lim
t→0+

D1
r
f (t) = D1

r
f (0) , lim

t→∞
f (t) = f (∞) and lim

t→∞
D1

r
f (t) = D1

r
f (∞) or do not have them. The 

(1.1)∥ f ∥W2
p,�
(r,I)= ‖�D2

r
f‖p + �D1

r
f (1)� + �f (1)�,
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elements of the set W̊2
p,𝜐
(r, I) can differ from the elements of the set W2

p,�
(r, I) only by their behavior in the neighborhoods 

of zero and infinity. In other words, depending on the behavior of the weight functions �−1 and r−1 at zero and at infinity, 
the set W̊2

p,𝜐
(r, I) can or can not coincide with the space W2

p,�
(r, I) . If not, then it is necessary to describe its direct comple-

ment to the entire space. The description of the closure of the set of infinitely differentiable compactly supported functions 
in various weighted Sobolev spaces is the subject of numerous papers (see, e.g., [1–7]). In this paper, in terms of boundary 
values, the elements of the set W̊2

p,𝜐
(r, I) are described depending on the degree of singularity of the functions �−1 and r−1 

at zero and at infinity, which allows posing boundary value problems for an equation with degenerative or singular coef-
ficients at a finite point and at infinity.

Description of the set W̊2

p,�
(r, I) in terms of elements of the set W2

p,�
(r, I)

Let I0 = (0, 1] and I∞ = [1,∞) . Let the sets W2
p,�
(r, I0) ( W̊2

p,𝜐
(r, I0) ) and W2

p,�
(r, I∞) ( W̊2

p,𝜐
(r, I∞) ) be the set of restrictions of 

functions f ∈ W2
p,�
(r, I) (f ∈ W̊2

p,𝜐
(r, I)) to the intervals I0 and I∞ , respectively. In what follows, the functions f ∈ W2

p,�
(r, I) 

and their restrictions to the intervals I0 and I∞ will be denoted by the same letter.
Let C̊∞(I0) and C̊∞(I∞) be the set of restrictions of functions from C∞

0
(I) to the intervals I0 and I∞ , respectively. Then, 

W̊2
p,𝜐
(r, Ii) , as the set of restrictions of functions from W̊2

p,𝜐
(r, Ii) to the interval Ii , is the closure of the set C̊∞(Ii) with respect 

to the norm

of the space W2
p,�
(r, Ii) , where i = 0,∞.

Assume that

where �I∞
 is the characteristic function of the interval I∞ and

Theorem 2.1 Let 1 < p < ∞ . 

 (i) If �−1 ∉ Lp� (I∞) , r−1 ∉ L1(I∞) or r−1 ∈ L1(I∞) , 
∞∫
1

�−p
�
(t)

( ∞∫
t

r−1(x)dx

)p�

dt = ∞ , then 

‖f‖W2
p,�
(r,Ii)

= ‖vD2
r
f‖p,Ii + �D1

r
f (1)� + �f (1)�

Φ0(I∞) = {c�I∞
(t) ∶ c ∈ ℝ},

Φ1(I∞) = {c�I∞
(t)

t

∫
1

r−1(x)dx ∶ c ∈ ℝ},

Φ2(I∞) = {c1�I∞
(t) + c2�I∞

(t)

t

∫
1

r−1(x)dx ∶ c1 ∈ ℝ, c2 ∈ ℝ},

R0W
2
p,�
(r, I∞) = {f ∈ W2

p,�
(r, I∞) ∶ f (∞) = 0},

R1W
2
p,�
(r, I∞) = {f ∈ W2

p,�
(r, I∞) ∶ D1

r
f (∞) = 0},

R2W
2
p,�
(r, I∞) = {f ∈ W2

p,�
(r, I∞) ∶ f (∞) = D1

r
f (∞) = 0}.

W̊2
p,𝜐
(r, I∞) = W2

p,𝜐
(r, I∞).
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 (ii) If �−1 ∉ Lp� (I∞) , r−1 ∈ L1(I∞) and 
∞∫
1

𝜐−p
�
(t)

( ∞∫
t

r−1(x)dx

)p�

dt < ∞ , then 

 (iii) If �−1 ∈ Lp� (I∞) , r−1 ∉ L1(I∞) and 
∞∫
1

�−p
�
(t)

( t∫
1

r−1(x)dx

)p�

dt = ∞ , then 

 (iv) If �−1 ∈ Lp� (I∞) and r−1 ∈ L1(I∞) , then 

Proof Let f ∈ W2
p,�
(r, I∞) and �−1 ∈ Lp� (I∞) . Then

Therefore, there exists D1
r
f (∞) and

If f ∈ W̊2
p,𝜐
(r, I∞) , then there exists a sequence {fn}∞n=1 ⊂ C̊∞(I∞) such that

From (2.1) and (2.2), it follows that D1
r
f (∞) = 0 for f ∈ W̊2

p,𝜐
(r, I∞).

Let r−1 ∈ L1(I∞) and

hold. For f ∈ W2
p,�
(r, I∞) , we have D1

r
f (t) =

t∫
1

D2
r
f (s)ds + D1

r
f (1) . Due to (2.3), we get

i.e., there exists the finite f (∞) and we obtain that �f (∞)� ≤ C‖f‖W2
p,�
(r,I∞) . Hence, due to (2.2), we have that f (∞) = 0 for 

f ∈ W̊2
p,𝜐
(r, I∞) . Then, from the conditions (ii), (iii), and (iv), we respectively deduce that RiW

2
p,v
(r, I∞) ⊃ W̊2

p,𝜐
(r, I∞) , 

i = 0, 1, 2 . In addition, the relation W̊2
p,𝜐
(r, I∞) ⊂ W2

p,v
(r, I∞) is obvious.

Now, for the proof of Theorem 2.1, it is enough to show that

hold under the conditions (ii), (iii), (iv), and (i), respectively.
Let f ∈ W̊2

p,𝜐
(r, I∞) and {gn}∞n=1 ⊂ C̊∞(I∞) such that

W̊2
p,𝜐
(r, I∞) = R0W

2
p,v
(r, I∞) and W2

p,v
(r, I∞) = W̊2

p,𝜐
(r, I∞) ∔ Φ0(I∞).

W̊2
p,𝜐
(r, I∞) = R1W

2
p,v
(r, I∞) and W2

p,v
(r, I∞) = W̊2

p,𝜐
(r, I∞) ∔ Φ1(I∞).

W̊2
p,𝜐
(r, I∞) = R2W

2
p,v
(r, I∞) and W2

p,v
(r, I∞) = W̊2

p,𝜐
(r, I∞) ∔ Φ2(I∞).

∞

�
1

�D2
r
f (t)�dt ≤ ‖v−1‖p�,I∞‖vD2

r
f‖p < ∞.

(2.1)�D1
r
f (∞)� ≤ ‖f‖W2

p,�
(r,I∞).

(2.2)lim
n→∞

‖f − fn‖W2
p,�
(r,I∞) = 0.

(2.3)

∞

∫
1

𝜐−p
�

(t)

( ∞

∫
t

r−1(x)dx

)p�

dt < ∞

∞

∫
1

||||
df (t)

dt

||||dt =
∞

∫
1

|||r
−1(t)

t

∫
1

D2
r
f (s)ds + r−1(t)D1

r
f (1)

|||dt

≤
∞

�
1

�D2
r
f (s)�

∞

�
s

r−1(t)dt ds + �D1
r
f (1)�

∞

�
1

r−1(t)dt ≤ C‖f‖W2
p,�
(r,I∞),

(2.4)RiW
2
p,v
(r, I∞) ⊂ W̊2

p,𝜐
(r, I∞), i = 0, 1, 2, and W2

p,v
(r, I∞) ⊂ W̊2

p,𝜐
(r, I∞)
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Let � ∶ I∞ → ℝ be an infinitely differentiable function such that 0 ≤ � ≤ 1 , �(t) = 1 for 1 ≤ t ≤ 3

2
 and �(t) = 0 for t ≥ 2 . 

The functions f and gn , n ≥ 1 , can be represented as f (t) = f̃ (t) + Ψ(t, f ) and gn(t) = g̃n + Ψ(t, gn) , where

From (2.6) and from

we have that f̃ (1) = D1
r
f̃ (1) = 0 and g̃n(1) = D1

r
g̃n(1) = 0 . Moreover, Ψ(t, f ) = 0 and Ψ(t, gn) = 0 for t ≥ 2 and

T h e  l a t t e r ,  t o g e t h e r  w i t h  ( 2 . 5 ) ,  g i v e s  t h a t  lim
n→∞

‖vD2
r
Ψ(⋅, f − gn)‖p,I∞ = 0  .  T h e r e f o r e , 

lim
n→∞

‖f̃ − g̃n‖W2
p,v
(r,I∞) = lim

n→∞
‖f − gn‖W2

p,v
(r,I∞) = 0 and the behavior of the functions f and gn at infinity determines the 

behavior of the functions f̃  and g̃n , respectively. Thus, without loss of generality, we can assume that f (1) = D1
r
f (1) = 0 

for f ∈ W2
p,v
(r, I∞) and for f ∈ C̊∞(I∞).

Based on this convention, the space norm W2
p,�
(r, I∞) has the form ‖f‖W2

p,�
(r,I∞) = ‖vD2

r
f‖p . Then, assuming that D2

r
f = g 

for f ∈ W2
p,�
(r, I∞) , we have g ∈ Lp,v(I∞) , and inversely, assuming that f (t) =

t∫
1

t∫
s

r−1(x)dxg(s)ds for g ∈ Lp,v(I∞) , we get 

f ∈ W2
p,�
(r, I∞) . Moreover, this one-to-one correspondence is isometric. Consequently, for all F ∈

(
W2

p,�
(r, I∞)

)∗ , there 
exists h = h(F) ∈ Lp�,v−1(I∞) such that

Let

The set B is the annihilator of C̊∞(I∞) , i.e., B =
[
C̊∞(I∞)

]⊥ . Due to the reflexivity of the space W2
p,�
(r, I∞) and the density 

of C̊∞(I∞) in W̊2
p,𝜐
(r, I∞) , we get

i.e.,

Whence, it follows that the inclusions (2.4) hold if and only if

(2.5)lim
n→∞

‖f − gn‖W2
p,v
(r,I∞) = 0.

(2.6)Ψ(t, f ) = �(t)

⎛
⎜⎜⎝
D1

r
f (1)

t

∫
1

r−1(x)dx + f (1)

⎞
⎟⎟⎠
.

D1
r
Ψ(t, f ) = r(t)��(t)

⎛
⎜⎜⎝
D1

r
f (1)

t

∫
1

r−1(x)dx + f (1)

⎞
⎟⎟⎠
+ �(t)D1

r
f (1)

‖vD2
r
Ψ(⋅, f − gn)‖p,I∞ ≤ ‖vD2

r
�‖p,(1,2)

⎛⎜⎜⎝
�D1

r
f (1) − D1

r
gn(1)�

2

�
1

r−1(x)dx + �f (1) − gn(1)�
⎞⎟⎟⎠

+‖v��‖p,(1,2)�D1
r
f (1) − D1

r
gn(1)�.

F(f ) =

∞

∫
1

h(t)D2
r
f (t)dt, ∀f ∈ W2

p,�
(r, I∞).

B =
{
F ∈

(
W2

p,𝜐
(r, I∞)

)∗
∶ F(𝜑) = 0, ∀𝜑 ∈ C̊∞(I∞)

}
.

B
⊥ =

([
C̊∞(I∞)

]⊥)⊥

= C̊∞(I∞) = W̊2
p,𝜐
(r, I∞),

W̊2
p,𝜐
(r, I∞) =

{
f ∈ W2

p,𝜐
(r, I∞) ∶ F(f ) = 0, ∀F ∈ B

}
.
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and

hold for all F ∈ B . Since F(�) = 0 , ∀𝜑 ∈ C̊∞(I∞) ⊃ C∞
0
(I∞) for all F ∈ B , then

Therefore, the function h is a generalized solution of the equation

The general solution to the equation (2.7) has the form

where H(t) =
t∫

1

r−1(x)dx or H(t) =
∞∫
t

r−1(x)dx if r−1 ∈ L1(I∞).

By the condition, we have that h ∈ Lp�,v−1(I∞) . From the conditions of (i) of Theorem 2.1, it is easy to see that 
h ∈ Lp�,v−1(I∞) if and only if �0 = �1 = 0 , i.e., h(t) ≡ 0 . Then, F(f ) = 0 , ∀f ∈ W2

p,�
(r, I∞) for all F ∈ B . Hence,

Therefore, under the conditions of (i) of Theorem 2.1, we have that

holds. Let us show that (ii) of Theorem 2.1 also holds. By the conditions of (ii) of Theorem 2.1, we have that v−1 ∉ Lp� (I∞) , 
and from (2.8), it follows that �0 = 0 , while from r−1 ∈ L1(I∞) and (2.3), we obtain that h(t) = �1

∞∫
t

r−1(x)dx ∈ Lp�,v−1(I∞) . 

Then, for all f ∈ R0W
2
p,�
(r, I∞) and for all F ∈ (W2

p,�
(r, I∞))

∗ , we get

If the last limit is equal to zero, then for all f ∈ R0W
2
p,�
(r, I∞) and for all F ∈ B , we obtain that F(f ) = 0 , i.e., 

W̊2
p,𝜐
(r, I∞) ⊃ R0W

2
p,𝜐
(r, I∞) . Therefore,

Let us show that the limit (2.10) is equal to zero. Since, due to (2.3), for f ∈ W2
p,�
(r, I∞) , we have that

F(f ) = 0, ∀f ∈ RiW
2
p,v
(r, I∞), i = 0, 1, 2,

F(f ) = 0, ∀f ∈ W2
p,v
(r, I∞)

F(�) =

∞

∫
1

h(t)D2
r
�(t)dt = 0, ∀� ∈ C∞

0
(I∞).

(2.7)(D2
r
)∗h(t) = D2

r
h(t) = 0.

(2.8)h(t) = �0 + �1H(t), �0 ∈ ℝ, �1 ∈ ℝ,

W̊2
p,𝜐
(r, I∞) ⊃ W2

p,𝜐
(r, I∞).

(2.9)W̊2
p,𝜐
(r, I∞) ≡ W2

p,𝜐
(r, I∞)

F(f ) = �1

∞

∫
1

⎛⎜⎜⎝

∞

∫
t

r−1(x)dx

⎞⎟⎟⎠
D2

r
f (t)dt = �1D

1
r
f (t)

∞

∫
t

r−1(x)dx
���
∞

1
− �1

∞

∫
1

f �(t)dt

(2.10)= �1 lim
t→∞

D1
r
f (t)

∞

∫
t

r−1(x)dx.

(2.11)W̊2
p,𝜐
(r, I∞) ≡ R0W

2
p,𝜐
(r, I∞) and W2

p,𝜐
(r, I∞) = W̊2

p,𝜐
(r, I∞) ∔ Φ0(I∞).

∞

∫
1

r−1(x)

t

∫
1

�D2
r
f (t)�dtdx =

∞

∫
1

⎛⎜⎜⎝

∞

∫
t

r−1(x)dx

⎞⎟⎟⎠
�D2

r
f (t)�dt < ∞,
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then lim
z→∞

∞∫
z

r−1(x)
t∫

1

|D2
r
f (t)|dtdx = 0 . Hence, the equality to zero of the limit (2.10) follows from the relation

Therefore, the proof of the statement (ii) of Theorem 2.1 is complete.
Let us turn to the statement (iii) of Theorem 2.1. From v−1 ∈ Lp� (I∞) and

it follows that h(t) = �0 . Therefore, for all f ∈ R1W
2
p,�
(r, I∞) and for all F ∈ B , we have

which shows that W̊2
p,𝜐
(r, I∞) ⊃ R1W

2
p,𝜐
(r, I∞) , i.e.,

Thus, the proof of the statement (iii) of Theorem 2.1 is complete.
Now, consider the last statement (iv) of Theorem  2.1. Let the conditions of the statement (iv) hold. Then, 

h(t) = �0 + �1

t∫
1

r−1(x)dx ∈ Lp�,v−1(I∞) , and for all F ∈ B and for all f ∈ R2W
2
p,�
(r, I∞) , we have

which gives that W̊2
p,𝜐
(r, I∞) ⊃ R2W

2
p,𝜐
(r, I∞) . Therefore,

The proof of the statement (iv) of Theorem 2.1 is complete. Combining (2.9), (2.11), (2.12), and (2.13), we get that all 
statements of Theorem 2.1 hold. The proof of Theorem 2.1 is complete.  ◻

Now, consider the space W2
p,v
(r, I0) . Let

|D1
r
f (t)|

∞

�
t

r−1(x)dx ≤
t

�
1

|D2
r
f (s)|ds

∞

�
t

r−1(x)dx ≤
∞

�
t

r−1(x)

x

�
1

|D2
r
f (t)|dtdx.

∞

∫
1

�−p
�

(t)

( t

∫
1

r−1(x)dx

)p�

dt = ∞,

F(f ) = �0

∞

∫
1

D2
r
f (s)ds = �0(D

1
r
f (∞) − D1

r
f (1)) = 0,

(2.12)W̊2
p,𝜐
(r, I∞) ≡ R1W

2
p,𝜐
(r, I∞) and W2

p,𝜐
(r, I∞) = W̊2

p,𝜐
(r, I∞) ∔ Φ1(I∞).

F(f ) =

∞

∫
1

h(t)D2
r
f (t)dt =

∞

∫
1

⎛⎜⎜⎝
�0 + �1

t

∫
1

r−1(x)dx

⎞⎟⎟⎠
D2

r
f (t)dt

= �1

∞

∫
1

⎛⎜⎜⎝

t

∫
1

r−1(x)dx

⎞⎟⎟⎠
D2

r
f (t)dt = �1

⎛⎜⎜⎝
D1

r
f (t)

t

∫
1

r−1(x)dx
���
∞

1
−

∞

∫
1

f �(t)dt

⎞⎟⎟⎠

= �1 lim
t→∞

D1
r
f (t)

t

∫
1

r−1(x)dx = 0,

(2.13)W̊2
p,𝜐
(r, I∞) ≡ R2W

2
p,𝜐
(r, I∞) and W2

p,𝜐
(r, I∞) = W̊2

p,𝜐
(r, I∞) ∔ Φ2(I∞).

L0W
2
p,v
(r, I0) =

{
f ∈ W2

p,v
(r, I0) ∶ f (0) = D1

r
(0) = 0

}
,

L1W
2
p,v
(r, I0) =

{
f ∈ W2

p,v
(r, I0) ∶ D1

r
(0) = 0

}
,

66



(2024) 280:61–72Journal of Mathematical Sciences

Assume that

In the same way as Theorem 2.1, one can prove

Theorem 2.2 Let 1 < p < ∞ . 

 (i) If �−1 ∉ Lp� (I0) , r−1 ∉ L1(I0) or r−1 ∈ L1(I0) , 
t∫

0

�−p
�
(t)

( t∫
0

r−1(x)dx

)p�

dx = ∞ , then 

 (ii) If �−1 ∉ Lp� (I0) , r−1 ∈ L1(I0) and 
1∫
0

𝜐−p
�
(t)

( t∫
0

r−1(x)dx

)p�

dt < ∞, then 

 (iii) If �−1 ∈ Lp� (I0) , r−1 ∉ L1(I0) and 
1∫
0

�−p
�
(t)

( 1∫
t

r−1(x)dx

)p�

dt = ∞ , then 

 (iv) If �−1 ∈ L1(I0) and r−1 ∈ L1(I0) , then 

General case

Now, combining the statements of Theorems 2.1 and 2.2, we obtain a description of the set W̊2
p,𝜐
(r, I) in terms of 

elements of the set W2
p,�
(r, I).

Let �0(t) and �∞(t) be infinitely differentiable functions on I such that �0(t) = 1 , �∞(t) = 0 for t ∈ [0, 1
2
] , �0(t) = 0 , 

�∞(t) = 1 for t ∈ [2,∞) , 𝜓0(t) > 0 , 𝜓∞(t) > 0 for t ∈ ( 1
2
, 2) , and �(t) + �∞(t) = 1 for all t ∈ I.

Theorem 3.1 Let 1 < p < ∞ and the conditions of the statement (iv) of Theorem 2.2 hold. 

(i)  If the conditions of the statement (i) of Theorem 2.1 hold, then 

L0W
2
p,v
(r, I0) =

{
f ∈ W2

p,v
(r, I0) ∶ f (0) = 0

}
.

Φ0(I0) =
{
c�I0

(t) ∶ c ∈ ℝ
}
,

Φ1(I0) =
{
c�I0

(t)

1

∫
t

r−1(x)dx ∶ c ∈ ℝ
}
,

Φ2(I0) =
{
c1�I0

(t) + c2�I0
(t)

1

∫
t

r−1(x)dx ∶ c1 ∈ ℝ, c2 ∈ ℝ
}
.

W̊2
p,𝜐
(r, I0) = W2

p,𝜐
(r, I0).

W̊2
p,𝜐
(r, I0) = L0W

2
p,𝜐
(r, I0) and W2

p,𝜐
(r, I0) = W̊2

p,𝜐
(r, I0) ∔ Φ0(I0).

W̊2
p,𝜐
(r, I0) = L1W

2
p,𝜐
(r, I0) and W2

p,𝜐
(r, I0) = W̊2

p,𝜐
(r, I0) ∔ Φ1(I0).

W̊2
p,𝜐
(r, I0) = L2W

2
p,𝜐
(r, I0) and W2

p,𝜐
(r, I0) = W̊2

p,𝜐
(r, I0) ∔ Φ2(I0).
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 and 

(ii)  If the conditions of the statement (ii) of Theorem 2.1 hold, then 

 and 

(iii)  If the conditions of the statement (iii) of Theorem 2.1 hold, then 

 and 

(iv)  If the conditions of the statement (iv) of Theorem 2.1 hold, then 

 and 

Proof The statement (i) is obvious since it follows from the statement (iv) of Theorem 2.2. Let us prove the statement 
(iv) . In order to prove this, it is enough to show that (3.1) holds. Let f ∈ W2

p,�
(r, I) and the statement (iv) of Theorem 2.2 

and the statement (iv) of Theorem 2.1 hold. Then, these statements imply that �0 ∈ Φ2(I0) and �∞ ∈ Φ2(I∞) exist and

hold. Since f (t) = �0(t)f (t) + �∞(t)f (t) and D1
r
f (t) = �0(t)D

1
r
f (t) + �∞(t)D

1
r
f (t) for all t ∈ I , then

Similarly, lim
t→∞

(f (t) − �∞(t)�∞(t)) = lim
t→∞

D1
r
(f (t) − �∞(t)�∞(t)) = 0.

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = D1

r
f (0) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ2(I0).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = D1

r
f (0) = f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ2(I0) ∔ 𝜓∞Φ0(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = D1

r
f (0) = D1

r
f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ2(I0) ∔ 𝜓∞Φ1(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = D1

r
f (0) = f (∞) = D1

r
f (∞) = 0

}

(3.1)W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ2(I0) ∔ 𝜓∞Φ2(I∞).

lim
t→0+

(f (t) − �0(t)) = lim
t→0+

D1
r
(f (t) − �0(t)) = 0,

lim
t→∞

(f (t) − �∞(t)) = lim
t→∞

D1
r
(f (t) − �∞(t)) = 0

lim
t→0+

(f (t) − �0(t)�0(t)) = lim
t→0+

�0(t)(f (t) − �0(t)) = 0,

lim
t→0+

D1
r
(f (t) − �0(t)�0(t)) = lim

t→0+
�0(t)D

1
r
(f (t) − �0(t)) = 0.
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Therefore, for the function gf (t) = f (t) − �0(t)�0(t) − �∞(t)�∞(t) , we get that gf (0) = D1
r
gf (0) = gf (∞) = D1

r
gf (∞) = 0 , 

i.e., gf ∈ W̊2
p,𝜐
(r, I) and f (t) = gf (t) + �0(t)�0(t) + �∞(t)�∞(t) . Since the sets W̊2

p,𝜐
(r, I) , �0Φ2(I0) , and �∞Φ2(I∞) are pair-

wise disjoint, the right-hand side of (3.1) contains the left-hand side.
Inversely, let g ∈ W̊2

p,𝜐
(r, I) and �̄�0 ∈ Φ2(I0) , �̄�∞ ∈ Φ2(I∞) . We assume that f̄ = g + �̄� , where �̄� = 𝜓0�̄�0 + 𝜓∞�̄�∞ . 

Since �0 and �∞ are infinitely differentiable functions, we have

Hence, f̄ ∈ W2
p,𝜐
(r, I) and the left-hand side of (3.1) contains the right-hand side. The proof of the equality (3.1) is com-

plete. The other statements of Theorem 3.1 can be proved in the same way. The proof of Theorem 3.1 is complete.  ◻

Similarly, we have

Theorem 3.2 Let 1 < p < ∞ and the conditions of the statement (iv) of Theorem 2.1 hold. 

(i)  If the conditions of the statement (i) of Theorem 2.2 hold, then 

 and 

(ii)  If the conditions of the statement (ii) of Theorem 2.2 hold, then 

 and 

(iii)  If the conditions of the statement (iii) of Theorem 2.2 hold, then 

 and 

The following theorem collects cases where only one of f(t), D1
r
f (t) has a finite value at zero or at infinity.

Theorem 3.3 Let 1 < p < ∞ . 

(i)  If the conditions of the statement (ii) of Theorems 2.1 and 2.2 hold, then 

∞

�
1

|vD2
r
�̄�(t)|pdt =

2

�
1∕2

|vD2
r
�̄�(t)|pdt ≤ sup

1∕2≤t≤2
|D2

r
�̄�(t)|p

2

�
1∕2

vp(t)dt < ∞.

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (∞) = D1

r
f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓∞Φ2(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = D1

r
f (∞) = f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ0(I0) ∔ 𝜓∞Φ2(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ D1

r
f (0) = f (∞) = D1

r
f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ1(I0) ∔ 𝜓∞Φ2(I∞).
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 and 

(ii)  If the conditions of the statements (iii) of Theorems 2.1 and 2.2 hold, then 

 and 

(iii)  If the conditions of the statement (ii) of Theorem 2.1 and the conditions of the statement (iii) of Theorem 2.2 hold, 
then 

 and 

(iv)  If the conditions of the statement (iii) of Theorem 2.1 and the conditions of the statement (ii) of Theorem 2.2 hold, 
then 

 and 

The last case is as follows.

Theorem 3.4 Let 1 < p < ∞ . Then, 

(i)  If the conditions of the statement (i) of Theorem 2.1 and the conditions of the statement (ii) of Theorem 2.2 hold, 
then 

 and 

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ0(I0) ∔ 𝜓∞Φ0(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ D1

r
f (0) = D1

r
f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ1(I0) ∔ 𝜓∞Φ1(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = D1

r
f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ0(I0) ∔ 𝜓∞Φ1(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ D1

r
f (0) = f (∞) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ1(I0) ∔ 𝜓∞Φ0(I∞).

W̊2
p,𝜐
(r, I) =

{
f ∈ W2

p,𝜐
(r, I) ∶ f (0) = 0

}

W2
p,𝜐
(r, I) = W̊2

p,𝜐
(r, I) ∔ 𝜓0Φ0(I0).
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(ii)  If the conditions of the statement (i) of Theorem 2.1 and the conditions of the statement (iii) of Theorem 2.2 hold, 
then 

 and 

(iii)  If the conditions of the statement (i) of Theorem 2.2 and the conditions of the statement (ii) of Theorem 2.1 hold, 
then 

 and 

(iv)  If the conditions of the statement (i) of Theorem 2.2 and the conditions of the statement (iii) of Theorem 2.1 hold, 
then 

 and 

(v)  If the conditions of the statements (i) of Theorems 2.1 and 2.2 hold, then 
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